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The equation of state in the grand canonical ensemble is calculated for a system of Bose-Einstein par 


ticles with hard-sphere repulsive interactions and weak long-range attractions. The energy 
this calculation are modified forms of those derived in an earlier paper 
limit of no interactions, and attention is focused on the thermodynamic phases 


levels used in 
The calculation is carried out in the 


of the system. It is shown 


that the gross features of the equation of state of He‘ are reproduced. There are the phases: gas, liquid I, 


and liquid II. The phase transition between gas and the two liquids are first order transitions 


The transi 


tion terminates in a critical point. The transition between liquid I and liquid I! is the Bose-Einstein con 
densation. Liquid II has a negative coefficient of thermal expansion. Across the transition between liquids I 


and II the specific heat is discontinuous in value. In the limit of no interactions, the critica 


| point recedes 


towards zero temperature, zero pressure, and infinite volume 


I. INTRODUCTION 


HIS paper is the logical successor of a previous 
' in which the quantum mechanical energy 
levels of a Bose-Einstein system of particles with 
attractive interactions were calculated. This paper is 
concerned with a calculation of the thermodynamic 
equation of state of the same system. 

The system considered, both in I and in the present 
investigation, consists of .V Bose-Einstein particles en- 
closed in a box of volume 2 with periodic boundary 
conditions imposed on the wave functions. The par- 
ticles interact among themselves with a two-body po- 
tential, which contains a hard-sphere repulsion of 
diameter a, plus a weak long-ranged attraction. The 
system is considered in the limit VN «,2— =~, 
p= N/Q kept finite and small: pa*«1. 

It was shown in I that if the parameters of the 
attractive part of the potential are properly chosen, 
the ground state of the system is a bound state of all V 
particles, with a finite binding energy and a finite 
equilibrium density po satisfying poa*<1. The excited 
states can be described in terms of elementary excita- 
tions, which for low energies are phonons. 

In the present investigation we calculate the parti- 


one, 


with 


* This work is supported in part by funds provided by the U.S 


Atomic Energy Commission, the Office of Nava] Research and the 


Research 


Air Force Office of Scientific 


1K. Huang, Phys. Rev. 115, 765 (1959). Hereafter this will be 


referred to as I 


tion function of the system from the energy levels ob- 
tained previously. From the partition function is de- 
rived the equation of state, which is valid for low 
densities and low temperatures. 

The main result of this calculation is that the system 
exhibits three thermodynamic phases, which are called 
gas, liquid I, and liquid II. Liquid II is distinguished 
from liquid I and gas by the fact that in liquid II a 
finite fraction of all the particles occupy a single quan- 
tum level, whereas in the latter two phases no single 
level is macroscopically occupied. Furthermore, liquid 
II, in contradistinction to the other two phases, ex- 
hibits ‘‘superfluidity.”” The gas phase and the liquid I 
phase are distinguishable only below a certain critical 
temperature, and are separated by a first order transi- 
tion. The gas phase and liquid II are also separated by 
a first order transition. The phase transition between 
liquid I and liquid II is a Bose-Einstein condensation, 
but not of first order, as would be the case in the ideal 
Bose gas. The specific heat of the system suffers a finite 
discontinuity across the Bose-Einstein condensation. 

The motivation for the present work is given in Sec. 
II. Section III explains, in a simple and qualitative 
way, the results of this work in crude form. The subse- 
quent sections describe the details of the calculation. 


Il. BACKGROUND AND MOTIVATION 


The motivation for studying the N-body problem 


with Bose statistics is the desire to understand the 
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but liqu d It exists down to the absolute 
zero of temperature and exhibit uperfluidity.’* The 
specific heat measured along the vapor pressure curve i: 
proportional to 7* near absolute zero, and diverges 
logarithmic is 7 T,, both from above and below 
Krom a molecular point of view, our theoretical 
understanding of uid helium has been confined only 
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tates of the liquid 


equence of é tics, the low-lying 


ire represented by phonon 


excitations, and only phonon excitations, whose en- 
ergies depend irly on their momenta. This immedi- 
ately explain the 7* behavior of the specific heat. One 
then takes over Tisza’s two-fluid model of liquid IT, 
and identifies the “gas” of phonons to be the normal 


1 the rest of the system the superfluid. The 


lity ol ystem 1} then to a large extent 
following Tisza’s thermodynamic considera- 


hydrodynamic considerations. 


itior 


nature of the A tran n remains obscure 
While there Cc! little a yubt in the correctness of 
London’s suggestion that it is a Bose-Einstein con 
densation, the mathematical complexity of the problem 
has so far withheld a detailed understanding. This being 
the case, it \ eto tudy ome idealized mathe- 
matical mode e hope it they provide insight 
into the a il | problem 
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EQUATION OF STATE OI 
tween two liguids, while the gas phase makes first order 
transitions to liquid II and to liquid I, with the latter 
transition ending in a critical point. It is hence impos 
sible to make any comparison between the hard-sphere 
Bose gas and He’, as far as phase transitions are con 
cerned. (The solid phase of He* may be ignored sinc: 
we confine ourselves to low densities and low pressures 
It is obvious that, just as in ordinary matter, the gas 
liquid structure of He‘ arises from the attractive part 
of the intermolecular potential. The fact that liquid I] 
is a bound system is evidenced by the observation that 
the vapor pressure curve separating liquid II and gas 
has a finite slope. Through the Clapeyron equation, thi 
implies a finite latent heat, which in turn implies a 
finite binding energy for liquid IT. The interplay be 
tween the gas-liquid condensation arising from thi 
attraction, and the Bose-Einstein condensation 
from the must be the origin of the 
different phases of He‘. It seems interesting, therefore, 


irl ing 
Bose statistics, 


to study such an interplay of interaction and statistics 
in a simple mathematical model. We can make such a 
model by embellishing the hard-sphere 
attaching a weak long-ranged attraction to the im 
penetrable spheres that were the particles. This is the 
model studied in the present investigation. 


) 
Bose gas 


III. QUALITATIVE EXPLANATION OF RESULTS 


The main results of this work will now be explaine 
qualitatively. It would be instructive if we first do th 
same thing for the hard-sphere Bose gas, 
simpler model. 


whi his a 


The quantum mechanical energy levels of the hard 
phere Bose gas, in the limit of pa*— 0, are labeled by 
a set of occupation numbers {m,}. The ground state 
energy is’ 


E p drap.V. 


The low-lying excited states, in which few phonons ar« 
j 


excited . 


, have the energi 


E{n,j=E 
where £= k 


p)+t > s k(k?+ 16mrap)'n 


This formula is valid only if 


he phonons here appear as independent excitations 


with momenta k and energies k(#?+162xap)!. When so 
n' phonons are excited that their total number be 


omes a finite fraction of V, the energy must be replaced 


by the more accurate formula‘ 


E{n,} 1 + (1—£)* |Eo(p)+ >. k(k?+-16mrapt)'n, 

where & tands as an abbreviation for the fraction of 
We choose units such that h=1, 2m=1, where m» th Ass 
A part € 
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partick with zero momentum 
\ Sy» 
f=] \ a O<E<1 
xk? 
If we put = 1 formula reduces to the previous case. 
Thus the phonons are no longer strictly independent 


| in their energi¢ 


because £ appear Further, the total 
energy of the system, on account of the presence of the 


no longer a sum of phonon contribu 


term (1—£)?, 1: 
tions. There is now a “collective” effect. 
Let us now calculate the partition function of the 
ird-sphere Bose gas. There will exist a macroscopt« 
parameter O<E<1) which is the thermodynamik 


fre ote 


Ss 
The Bose-Einstein condensation will be 
the transition separating the phase in which =0 (gas 


average of 


phase), and the phase in whi >() (degenerate phase) 
In the interest of simplicity we neglect the term 16mapé 
in the phonon energy. This is a justifiable approxima 
tion if the temperature is not too low. The energy levels 


ccordingly become 

E{n,} 1+ (1—£)* |Eo(p) +d. x k'mx. 
Che partition function i 
Pp ie{ ny) 


where B= 1 


perform the 


xT’, x being Boltzmann’s constant. We may 
tates in the following fashion 
First choose a fixed value of &. Sum over all choices of 


V(1--£). Fi 


sum-over 


{ny} satisfying the condition }> eso m 


nally sum over all values of £ from 0 to 1. We obtain 
in this manner 

Ov=d expf I 1— &)? |Fo(p)JOna_ey, 
; ene 


where Oy is the partition function of an ideal Bose 
gas of N particles. The logarithm of Ow, in the limit 
obtained in the usual way by taking the 
logarithm of the largest term in the sum above. The 
value of gE for the largest term 1 denoted by gE. which is 
the thermodynamic average of £ 
8 InOy (1 + (1— £)* |Eo(p 
tAw (2. 7T)=An(Q,T), 
where Aw(Q,7) is the Helmholtz free energy of the 
} ird-sphe re Bose ga of A partic le and A vy (2,7) is 
the corresponding quantity for a modified ideal Bose 


gas in which the weight of the =O level ts ignored ; 
\’=N(1—£). The pressure of the system is given by 
P OA w/OQ In thi diff rentiation, we need not 
differentiate with respect to the implicit dependence on 
2 through & because (0A4/6—&)=0 when §=&. At low 
densities & is determined essentially by minimizing the 


term Away alone, because the other term is pro- 


portional to p. This of course yield 


for & its value for 
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the ideal Bose ga 
0 tf p >a", 
0 if p a 
where p,(7T) is the transition density. With this value 
ol & An becomes exactly the free energy of the true 
ideal Bose ga We thus obtain the pressure as a sum 
ot two term 
P [1+ (1— &)? ]|(0F)/dQ)+P 
where P“ is the pressure of an ideal Bose gas. Thus an 


isotherm obtained by adding to an isotherm of the 
ideal Bose ga rve similar in shape to the curve of 
OR here | i the 


typical isotherm i 


a cu 


02, w ground-state energy. A 


The “kink” in 


derivative 0£&/0(1/p), 


ketched in | ig. 3. 
the curve arises from the which 
is discontinuous at p=p 
Keeping in mind the example just discussed, we can 
crudely explain the results of the present work with 
only a few argument: 
With the interaction in 


addition to the hard-sphere repulsion, the ground state 


Chis we now proceed to do. 
addition of an attractive 
of the system becomes a bound state over a certain 
range of the density p, with negative total energy’ Eo. 
\ qualitative plot of E 

in Fig. 4. The pressure P 
by taking the negative derivative of Eo/N with respect 
4. Due to the inexact- 
ness of the calculation, the pressure becomes negative 


V as a function of p is given 
at absolute zero is obtained 
to p his is also shown in Fig 


for p >p 


well construc 


; but by using a limiting form of the Max- 
tion, we obtain P)=0 for p-'>p 

The meaning of the Maxwell construction is the fol- 
The state 


with that at p 


lowing of the system at p=po can coexist 
0 because they both have the same 
pressure and temperature. For p~'>po~' the free energy 
of the system is lowest if the system breaks up into two 
parts, one being in the state 
the state at p=0 


The Maxwell 
thermodynamic argument, becomes an automatic pro- 


po, and the other in 
0 is of course a vacuum. 
construction, which is usually based on a 


atp 
The state at p 


HUANG 

cedure if one calculates the pressure not in a canonical 
ensemble but in a grand canonical ensemble. Thus we 
already see that at absolute zero there is a first order 
transition of the gas-liquid type. 

In order to obtain the 
temperature we 
system.' It suffices to say that they are again labeled 
by a set of occupation numbers {mx} 


equation of state at a finite 


i 


need the excited energy levels of the 


And, as in the 
hard-sphere Bose gas, the energy may be split into two 
terms, one depending only on the combination of the 
occupation numbers’: 


f=1—N> 


and 
excitations: 


the other is the contribution from elementary 


‘9 


2k Wu, 


E{ny} E, \p 


where, for ¢=1, E, 
and where the phonon energy wx 


¢(p) reduces to the graph of Fig. 4, 
k? for 
approximation w, > 


approaches 
large k. Again let us make the 
that the energy levels become 


E{n,y} = E\_:(p 


In complete analogy with the h 


k? so 


>" 


haw & GW) I 


urd-sphe re 


Bose gas 
gi 
we can immediately write down, for t 


he pressure of t 1€ 
system, the expr ssion 

al 

P j P 

dQ 
where P is the pressure of the ideal Bose gas, and the 
first term qualitatively has the same form as P, 

—JOE The first term above of 

course depends on the temperature through &. 


a2 shown in Fig. 4 


For the sake of illustration, however, let 
02+ P P +P 


A familv of isot} 


us take 
eg OE 


and see what happens 
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in Fig. 5. They are.obtained by graphically adding the 
curve P» to the ideal gas isotherms 1, 2, 3, 4, and then 


making Maxwell constructions when necessary. 

Phe transition line of the Bose-Einstein condensation 
divides the P-p~' plane into two parts. If a point lies 
to the right of this line, it represents a state for which 
&=0. Otherwise —£>0. This is true throughout the Pp 
plane except in the area under the line OPA BCDEQR 
A point lying within this area represents a system com 
posed of two parts in thermodynamic equilibrium with 
each other. For example, at a the two parts are re 
spectively in states P (E>0) and Q (£=0), and at 8 
they are B (E=0) and D (&=0). The area under 
OPABCDEOQR therefore represents the transition re- 
gion of first order transitions. The area below AE has 
to do with those first order transitions between —=0 
and & while that above AE has to do with 
0 and £=0 


> states, 


those first order transitions between & 
, 


t 


states. To use a terminology suggestive of He‘, the 
former are transitions between gas and liquid IT, whil 
the latter are between gas and liquid I. The transition 
region for the gas-liquid I transitions end in a critical 
point C, above which one can no longer distinguish gas 
and liquid 


The transition line of Bose-Einstein condensation 
meets the transition area of first order transitions at 
point A. It can be seen graphically that below point A 
this transition area necessarily contains the line of 
Bose-Einstein condensation, so that the latter never 
“comes out” again. Once inside the said transition area, 
of Bose-Einstein 


meaningful because, as we 


line condensation is no longer 


the 


have said, a point there 


represent a mixture of two states each of which are 
states lying on the boundary line OPABCDEOR. 
Above point A the line of Bose-Einstein condensation 
as 
= 
Fim! z 
14 
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P-T diagram of the present model 
divides liquids I and II. We may therefore call it the 
line of A-transition. 

It is easy to construct qualitatively the P-T diagram. 
rhis is shown in Fig. 6 and we see that it now repro- 
duces the features of the P-T diagram of He‘ (Fig. 1), 
with the exception of the solid phase. 

rhese, qualitatively, are the results of the present 
investigation 

IV. DEFINITION OF THE MODEL 

The starting point of this investigation is Eq. (57) 
of I for the energy levels of a system of Bose-Einstein 
particles with hard-sphere repulsive interactions plus 
weak long-range attractive interactions. The Fourier 
transform of the inte rpartic le pote ntial is 
Vk Sra if |ki>k 


Srb if [ki <k (1) 


Che parameters characterizing the potential are a, 5, 
and ky: 


a=scattering length (diameter) of hard sphere; 
b= total scattering length of the potential at (2) 
zero energy ; 

ko~ (range of the attractive part of potential)". 
There is only one other parameter for this N-body 
proble m, namely the partic le den ity p 

An energy 
ing to Eq. (57) of I, is labeled by a set of occupation 
numbers {2}, where k is a vector in the momentum 
lattice space with lattice constant L=2'. Each ny is 0 
or a positive integer, and the set {mx} satisfies the 


eigenvalue of the V-body system, accord- 


condition 


> t= N. 


(3) 
The energy eigenvalue corresponding to {mx} is E{mx}, 
given by the formula’ 

1 \ E{n,} 


drbp+4map{ g( Ex) + (128/15) (pa*/x)! 


x F (a) Lf (Ex) S4+-1/N) SY RLR 4+ 16mapf (t,x) }¥ny 


k>ko ‘a 
X kL RP +1600’ (p)ph(é,x) bn, (4) 





The quantity a’(p) is given in Eq. (50) of I. We 
not need it her The quantity h has not been 
cal ulated but will not be needed We know, howe ver, 
that h=1 when =1, and in general h< 1. 

The formula is valid under the following r 
triction 


\a) pd 
(b) The s ™ 1 that m, changes negligibly 
Che set {ny} is such that the levels 


Oct upied (low ext itation 


with large 
are not appre 
d) Except mo, no other my, is a finite fraction of NV. 


The ground ens rgy | obtained by setting n V and 


all other ny=0 
E/N trbp+4aap(128/15)(pa*/r)'F(v), (11 


where 1 ky (16rap If one plots this as a function of 
p . the energy 1 every where positive if (b/a) <2kya/r 
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they cannot be of importance in the equilibrium 
thermodynamics ; 

(b) Our calculation is self-consistent, in that we shall 
find no tendency for any level other than k=0 to be 
macroscopically occupied, under thermal equilibrium 

In any event, our model is that the partition function 
shall be calculated from (18). 

Finally, it is convenient to introduce the following 


dimensionless variables and parameters: 
r b ad, 
koa/4r, 
v= kya/ (16xpa*) 


6=xT/ke* 


dimensionless specific volume 


(dimensionless temperature). 


In the above, x is Boltzmann’s constant, and JT the 


absolute temperature. We require 
O< re 1, O< sx E 


(r/8s)—1>0. (20) 


The last condition is the same as (12), the condition 
for binding. From (19) we have 
(pa*/m3)'=s/1 


i ; (21) 
k= (4as/a)6. 


if for fixed a we let r— 0, 5 


Thus, 1 
1 


value of 1 


> 0, then any finite 
would be a low density, and any finite 
value of @ would be a low temperature. In terms of 


these dimensionless parameters we can write 


E{nj=EF' 


f,§) +>- k’nx, 
k+0 


V. THE PARTITION FUNCTION 


rhe thermodynamic properties of the system shall be 
calculated in the grand canonical ensemble. In an exact 
calculation of any physical problem, the results in the 
grand canonical ensemble must agree with those in the 
canonical ensemble. In an inexact calculation, such as 
ours, this is not ne essarily so, but the grand ensemble 
usually leads to more physical results. The well-known 
relation between the two is the following: To obtain 
the equation of state in the grand canonical ensemble, 
make Maxwell constructions, whenever necessary, in 
the equation of state in the canonical ensemble. There- 
fore it is sufficient to calculate the canonical partition 
function. 
The canonical partition function is 
—BAw > 
nk . 
{« xpi - BE’ (f,€) 
° 


exp exp 


BE{n,}) 


] exp[- 
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where 8= (x7), « being Boltzmann’s constant, and T 
the absolute temperature. We perform the partition 
um as follows 1 fixed set of values f, &, 


and sum over all sets of occupation numbers {m,) satis- 


First we pick 
fying the two conditions 


Ny 


5 
k 


These are equivalent to the con 


ea (23a) 


(23b) 


After this is don 
whose ranges are 0: 


we sum over all values of f and &, 
ES fOS fs il An, the 
Helmholtz free energy of the system, we shall need the 
logarithm of the partition function. In the limit VN — 


To obtain 


this is obtained by retaining only one term in the sum 
over f and é, namely the largest term in that sum. The 
values of f, corresponding to this term is denoted by 
f, —. They are interpreted to be the thermodynamic 
averages of f, £. 

We obtain, in the way just described: 


Aw/N=Min,;, f{E'(f,t)/N-Z(,,8}, (24) 


} denotes the smallest value 
of the quantity in the bracket { }, in the range OC E< f 
O< f<1. The quantity Z(/,£) is defined by 


where the symbol Min, ¢f 


, 


Z I ,t \ ) 


B> k’nx), 
nad k 


(25) 


where the sum }-’ is 
and (23b). 

In Appendix A, it is shown that the minimization 
with respect to can be immediately carried out, giving 
the result 


subject to the conditions (23a) 


nondegenerate region) , 
(26) 


(degenerate region), 


16s0 fa 13(e4/@—1)—, (27) 


Since average fraction of partic les with zero 


in é is the 
momentum, (26) expresses the Boss 
tion. In the 6-9 plane, the transition region of the Bose- 
Einstein condensation is the locus of {(0,v) —f.(0,v) =0. 
Appendix A that the free energy 


following groups of 


Einstein condensa- 


It is also shown ir 
can be expressed through the 
formulas. Let 


An/N 


(49 /a)*s*@(6,0) 

(28) 
P= (49/a)?(x/a*)s* (8,0). 
¥(6,0) shall 
respectively, as the free 


The dimensionless quantities @(6,v) and 


from now on be referred to, 
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energy and the pressure. They are given by: 


, , 
Aw) Laas, equation of state), 29) 


Min,;{ @ free energy (30) 


The de 
of the fact that &; is 
ground state energy, i 


momentum (k>k 


tions 6;, Ky, L;y 
qualitatively similar to the 


are 


ig sug 
gestive 
the contribution from ex- 
, and &; is 


mo- 


cited parti ( 


he contribut! from excited particles of low 


mentum O0<; 
Other 
Irom the Iree e! 
entropy 
internal 
A ele 
VI. THE EQUATION OF STATE 
1, Some General Properties 


lo obtai 


Is nect 


tion of state from the free energy, 
ne prope rties of f or), 
(t, (0,1 These 


ts may be summarized 


are 


l¢ yvonich mi I Zes 


\ppe ndix B 


nie Vall 
studied in resul 
as follows 


a The 


transition region of the Bose-Einstein con- 
densation, by f(0,1 f.(0.v)=0, is a narrow 


ribbon in tl v plane which deviates from the transi- 


tion line gas by an amount of the 


n 
order of s. transition volume, as the transition 


HUANG 


ré¢ gion 


9)= 


approa 


7 


is the 
accurate 


tran 

for 

fixed 6 the tran 

the width 6(@) o 

also given in Appen 
by the Bose-Einst« 


as folle 


n, of order rsvo, is 
es separated 


terize d 


Ising 
I 


more xpli 


P(A. 


Ver @, 


> 
160 / lif 


Y 


transition reg 


In the 


terval between 
out by setting 
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with respect to v. However we shall not be interested 
in that. 
lo the 
instruction to make 
necessary. With this prescription, (40)-(43 


formulas (40)—(43), we 
Maxwell constructions 


must append the 
whenever 
yit ld the 
equation of state in the grand canonical ensemble. 

The are 
corre sponde nce with the three terms &;, KH fy and Ly of 
dFo/ dQ. It 
transition region differ by the 


three terms Ye, WH, and Vr In one-to-one 


31). Px is qualitatively similar to - values 


on both sides of the 


amount 


r 2s)(f. t 


=rs649r 2.612) f dx x4(e7—1)—. 44) 


The last approximation is valid for 6<1. Its slopes 
0°/dv also differ on both sides of the transition region 
by an amount of order s*. There are no discontinuities 
in ®y and @,. Thus, due to @z, the total pressure i 
the 


discontinuous both in value and in slope across 


transition region. In physical terms, there is a drop in 


pressure when particles are taken out of the k 
This is the opposite behavior to the hard-sphere gas, in 


0 level 


which the pressure rises instead.® 


2. Lowest Order Approximation 


We 


in the re gion where phase transitions occur. We knew 


are interested in studying the equation of state 
that there is a Bose-Einstein condensation at all tem- 
peratures, and that there is a first order transition of the 
gas-liquid type at absolute zero. What we want to find 
out is what happens to these transitions at finite tem- 
peratures. The energy levels (4) on which this model 
is based are the results of a perturbation calculation in 
which the interaction between particles must be con- 
sidered vanishing small. Accordingly, any phase transi- 
tion that appears in this model must appear at very 
low temperatures (note that this means «7<1, but not 
nec essarily 9<1), 
gas is vanishingly small—so small, in fact, that it can 
be significantly changed by the interactions. Since the 


where the pressure of the ideal Bose 


pressure of the ideal Bose gas actually goes to zero at 
bsolute zero, it is not a priori ruled out that an arbi- 
trarily small interaction can produce significant effects, 
at sufficiently low temperatures. Such an effect is in- 
deed what we seek. 

It is shown in Appendix B that f deviates 


corresponding quantity of the ideal gas only by an 


a result that is hardly sur- 
the 


amount of the order of 
To investigate the equation of state to 


prising. 


owest order in the interactions, it is sufficient to put 


from the 
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Any corrections to the results so obtained would be of 
a higher order. Doing this, we find that @y+@z be- 


comes identical with the pressure ® of the ideal gas: 


y 6.1 > Vo 


SriOte(z) if 2 


SriOte(1) if r<n 


’ 


where % is given by (36), gn(z)=) 2:%/-*s!, and z is 


the root of the equation 
0/0. (49) 
1.341, g,(1) 


2.612. Some of the isotherms of the ideal Bose gas 


are qualitatively shown in Fig. 5. 


Some numbers of relevance are: gy(1) 


The equation of state to lowest order is given by 


+ @ (6.2), (50) 


Ww he re 


V> 09 
(51) 


if v< Vo 


where 1 


f. by (27), and fo by the 


following: 


£ 


1651 dt t* ete 1)- if 


v< Up 


with z given by (49). According to (52) and (49) fo is, 
for fixed 6, a monotonically decrea ing function of v. 
It is a linear decreasing function of v for v< v9. At v= 0% 
both For v> Vo, fo de- 


creases slower than a linear function, and approaches 


and 0f,/dv are continuous. 


an asymptote a 
(53) 


0, & is. apart from a constant fac tor, identical 
dF/Q, shown qualitatively in Fig. 4. At small 
finite 0, & is still qualitatively the same, except 
it has a discontinuity both in value and in 
slope. At some finite 6, ® becomes a monotonically de- 


+ - 


tatt Uy 


creasing function of », and no longer possess a minimum. 
It is now clear that the discussions in Sec. III embody 
the qualitative features of this model 

are similar to those 
istrated in Fig. 5 and Fig. 6, and the interpretation 


rhe isotherms according to (50 


of the various phases is the that discussed in 


ne II] More ar 


same as 


urately, the shape of the gas-liquid 





Line of A~ transition 


Bose “Einstein Condensation) 


Liquid 0 





lic. 7. Transition reg | plane of the | n 
The coefficient « herms xpansion i egative for liqui 
positive for liquid he re r ven in Appendix C 


t 


transition re gion I wn in Fig ‘fs and some rele 


vant calculations are giv n Appendix C. The tempera 


ture ind volum« u I! on the diagrams are i = 
In the li > : nd nm I 
i a ‘ " y ‘ aia rt 


loOllow 


A3) 


ilated by 


the method of saddle-point integration. Introducing the 


point () : t ; dimensionle 
point | 
A point 


critical | 


a negative coefficient 
of ther | cpansion, nl iquid | has a positive co 
efficient. The 1 I or , including a physical 
one, are containe I n aici tl ; of Appendix ( 
Che limit of no interact is to be approached by first 
letting r-— O°, s-— : ; 1 — O* and then letting 


l > (0+. Referring to t lefinitions of 6 and v in (19) in 


a i 
terms of the conventional absolute temperature and 
particle sity, { Lni n that limit the transition 
region (a uy vards the transition line of the 
| towards zero tempera 
te volume. As ex] 
tlation self-consistent 
Since j= , It 1S clea that the average 
number (n viat egligibly from that of 
Bose gas. Therefore tl umption restriction 
use of energy | i that 1, changé neg 


by 


ipproximation use | i. fini liscontinuity 
across the tra 
APPENDIX A. CALCULATION OF THE 
PARTITION FUNCTION 


7 





EQUATION OF 
where Min, m } denotes the smallest value of the curly 
bracket in the range OC yC f, OS f< 1. 

It is now possible to carry out the minimization with 
For this we need to study the prope rties of 
The second equation of (A6) determines z as 


respect to y 
By At 
a monotonik ally increasing function of y. For different 
curves 


sets of values (4,1 we obtain a family of 2 y 


shown qualitatively in Fig. 8. Let 


(0 16s p) fa ti(et/@—] 


the meaning of which is clear from Fig. 8. I 
from Fig. 8 that the range of y is 0 
, and O< y< f,(0,v) if v<2,(0), where 


Los0f dt ae! | 


of y are, for given @, 2, 


clear 
v>v,(6 


A10) 


Equivalently the ranges and f, 
1 a 


\ll 


| 
i 
J 


hic. 8. Graphical air 
for the analysis of (A6 


an A& 


asaeceanaatboacseo= 





Now @, (4,2 
ifter elimination of the dependence on 


is a monotonically decreasing function 
Chis is 
z-y curves 0@,/dy= (6 Inz 


<¢ along one ot the 


Cherefore, 
lum vaiue ol (%, (6,0) 
» value of y. In (A8& 

1 fty 


for given values of 6, v, and f, the 


occurs at the maximum 
, the only other term de 


‘ 


2 which assume its smalle 


also at the maximum allowable y. Denoting by 7 


\8), 


ue of y which for given @, v, and f minimize 


terms ol & y tl means that 


if &< ystem nondegenerate 413 


system degenerate), 


Equation 
At the 


would have deter 


of f which minimizes (A8 
A13) « xpresses the Bose-Einstein condensation 


end of 


where f is the value 


the calculation, where we 
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mined f, the transition region of Bose-Einstein con- 
densation, as a relation between @ and », will be defined 
by f—f 
From here on it is 
results (28)—(34 


0. This gives a phy cal meaning to f 


traightforward to obtain the 


APPENDIX B. BOSE-EINSTEIN CONDENSATION 


We define f to be the value of 


and v, 


which, for given @ 
Thus f is the thermo- 


minimizes @,(6,0) of (30 
average of ignificance lies in 


(sec Appendix \ 


dynamic 
the fact 
f</. defines the nondegenerate region (€=0), BI 
: ; (B1) 


J>f. defines the degenerate region (£>0), 


27) or (A10). The transition re- 
Bose-Einstein condensation is therefore the 
region in the 6-v plane which satisfies 


where f, is defined by 
gion of the 


f(6,v) — f.(0,v) =0. (B2) 


From (7), we may also interpret f to be the thermo- 


dynamic average of the fraction of particles with 


momenta smaller than &p (including the momentum 0): 


B3 


rherefore to study the Bose-Einstein condensation we 
must first study f 
According to (30), @,(@,v) i 
ly sketched in Fig. 9 as functions 
of 6 and v. Referring 
see that f is never equal to 0 or 1 for finite 
0, f=1, re 
pectively. Except at f= f., where &; has a discontinu 
yus slope, both @, and 0@,/d/ 


f satisfic he 


made up of three terms 
Phey are qualitative 
fixed value 


f with some hinite 


4, v, because 0L,/0f, AX ,/df diverge at f 
ire continuous functions 


of f. Therefore ition 


O0a,/df), xcept when f (B4 


If, for fixed 6, f 
then (B4) must be 


isolated value of 2», 
Vv continuity. How 
it 1s 


pos e that f f=f. holds over a 
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finite interval of v. In that case (B4) is invalid over 
that interval. We shall find that the latter is the case. 
Since 0< f<1, 


Einstein condensation can 
occur only if } (0,2 he locus of f.(@, 1 is a line 
in the 6-1 plane 


whe re 


0(A 16s 


It divides the 6-v plane into an upper part and a lower 
part (with # chosen as the ordinate and » the abscissa 
The Bose-Einstein transition occurs somewhere in the 
lower part. 

Assuming /.<1 and referring to Fig. 9, we see that 
in the neighborhood of [ f. the function Ly is a con- 
tant. Therefore it is of no relevance to the determina- 
tion of f in this neighborhood. The function &, has a 


discontinuous lope at f=f 
nf 
do 
aot 


‘ 
are) 


where 
é f ; BS 


Let us keep @ fixed and imagine that v is so chosen 


that fi less than / If we now decrease ?. f would 
move closer to f.. becomes equal to f., and finally be 
comes less than f.. During such a variation of v, the 


‘ 


shape of the curve @ &;+35C;+ L£,in the neighborhood 
of f. goes through the following changes: When f > 
from above it looks like his occurs when v=1 
Then it looks like , in il y it looks like . This 
occurs when v=v,—6. The width of the Bose-Einstein 
transition region is 6. It will be shown that 6~rsvo. 

We call v, the transition volume of the Bos« -Einstein 
condensation. It is given, for fixed @, by solving the 


t quation 


HUANG 


When s— 0 the 
the first. For fin 


1 


order in s that 


Substituting thi 


whe re 


The width of 
order: 


In summary, 
Einstein conde 
plane by a very 
line of the id 
is of the order « 
The line of B 

} 


two pha es cl 


; 
1 


oO 


Nonde vyenerat 


Degenerate 


Phis is ; 


cerning th 


{ 
region of the B 


or v>t,, We 


obtain the 


n the 


bh { 


yield f is 


, 
observation 


a 


tion of 1 


Lween Ui 


bbon is of order r 
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b f ) or 6=0. 


1 
} 2.612) f 
0 


¢/2 + 1+0(s), 


| imal 


1 when 1 


jf— 2x dt tle~*, 


eon 


¢—+1+0(s). 


eo“ 
From these it is easily verified that 


f— fot O(s), (B19) 
e0 


where fo is the j for the ideal Bose gas, given in (52). 


APPENDIX C. EQUATION OF STATE 


We shall study & (6,v), defined by (51). We shall first 
study it for v<v, and then for o> v9. 

For v<vp, let us first consider <1. We may use the 
following approximation for fo: 


fE=1-—16s0e-"" = if vv and 61. (C1) 


Since v<t, (1—fo)<2e~'(2.612)-0 tle" Hence fo 
differs very little from unity. Substituting (C1) into 


(51), and keeping only terms to the lowest order of s, 


we obtain: 
r 2 64s0e—/? 
—1) +4808 wt _-— 
5 Po | * 


t v 


if v<v and 61. (C2 


For fixed 6 the minimum of this function occurs at 


Umin= 3[ (r/8s— 1)+48s8e1/9 (C3) 


Thus, as @ increases, tmin decreases, though extremely 
slowly. This is the origin of the negative sign of the co- 
efficient of thermal expansion. The function 2min Is 


sketched in Fig. 10. 


Vinin 





pt 


° a 





Critical 
* Pownt 


Fic. 10. Plot of tmin against 0, where tmi, is the volume at 
which the smallest value of ®’(@,0) occurs, for fixed 9. The slope 
of this curve furnishes a qualitative picture of the coefficient of 
thermal] expansion 
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When @ increases, to also decreases, and it does so 
much faster than tin. At @=6, the two become equal. 
Above that temperature (C3) is no longer applicable. 
For 6; we have 

#[ (r/8s—1)+ 48st 


8m!(2.612)s0;!, (C4) 


the soluticn to which is 


6,~—(Ins)" as s—0O. (C5) 


Thus 0;<1. This corre sponds to point 1 of Fig. 7. For 
v<vo, we need not consider &’(@,v) at higher tempera- 
tures (unless we want more quantitative information 
about the equation of state 

For v>v, it is necessary to study &(6,v) at all 0. 
When 61, the curve 0’ (0,0) as a function of v has no 
minimum at all. It is everywhere negative and mono- 
tonically decreases until v=, at which point & (6,v) 
abruptly rises as (C2) takes over. Thus, for 0>6,, the 
entire curve & (@,v), for fixed 6, is V-shaped at v= 29. 
This is the lowest point of the curve. Hence ?min “gets 
stuck”’ at 0» for an extended range of @ above 6;. This 
is shown in Fig. 10. 

When @ is sufficiently large, a minimum will begin to 
appear in & (6,0) for »>v. This first happens when 
6=6,. At that temperature the V-shape flattens out on 
the right side to become an L. This corresponds to the 
\-point in Fig. 7. We can determine 6, by the condition 

Lim(00’ /dv): =29 +¢=0. 


«#0 


(C6) 


Differentiation of (51) combined with (52) yields, for 


(C8) 


vie* 
f dx Da Me 
{ 1 — 26 z)\2 | ed. ed 


with z given by (49). We obtain 4, to be the root of 


f 
0 


/&s ~1, (C9 


dx x'(e*—1) m'(2.612)(7/8s). (C9) 


gives 


~1 (C10) 


When @>6),, %min rapidly increases to infinity. Hence 
the temperature 6;_ of the critical isotherm is not far 
above @. The critical temperature is therefore also of 


the order of 1. Figure 10 shows ?,;, as a function of @. 
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Microwave Breakdown of Air 


Puitiep M. PLatzMant 


Hughes Research Laborat 


(Received Ay 


A new approach to the problem of diffusion-contr 
specific cases are considered in detail. The ge 


microwave cavity with a small hemispherical] boss on on 
The theoretical predictions of the method are compar 


ments in air. The theoretical results are found to be ir 


INTRODUCTION 


HE electrical breakdown of gases at microwave 

frequencies has been discussed in considerable 
detail by a number of authors.'~? The so-called diffu 
sion theory has been quite successful in describing 
breakdown so long as the electron mean free path and 
amplitude of oscillation remain small in comparison 
with dimensions of the containing vessel. If the electric 
field can be considered uniform in space, the electron 
density at breakdown satisfies the well-known scalar 
Helmholtz equation. The lowest eigenvalue as deter 
mined by the boundary conditions on the density is 
related to the high-frequency ionization coefficient. If 
the latter is known as a function of electric field, it is 
then possible to calculate the required breakdown field 
However, if the electric field and hence also the ioniza 
tion vary with position, the differential equation for 
the density in general is nonseparable and the problem 
becomes considerably more difficult. Only a few simple 
cases have been considered,*® in which the treatment 
consisted of obtaining an approximate solution for the 
density. 

In this paper another approach to the problem of 
breakdown in nonuniform fields is used. The attempt 
to solve the boundary-value problem itself is avoided 
altogether, and a variational principle is set up for the 
eigenvalue alone. This eigenvalue, together with the 
high-frequency ionization coefficient obtained from dé 
data and an appropriately defined equivalent high 
frequency field, then determines the breakdown field 
The method is applied to a rectangular microwave 
cavity with a small hemispherical boss on one wall 
The strongly divergent electric field in the immediat« 
vicinity of the boss and the more gradual variations 
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AND 


rte 


ril 11 


wrnida 


breakdown in nonunif 


miiguratior 


rm fields is presented. Two 


lare, respectively, a rectangular 


e of its wa i similar cavity without a boss 


ed with a series icrowave breakdown measure 


good agreement with the observed experimental data 


across the entire cavity are taken into account. The 
theoretical results are in good agreement with a series 
of experimental data for the breakdown of air in 
several such cavitie 

The prediction of possible large deviations from the 
uniform-field case caused by small nonuniformities on 
the waveguide surface should prove of interest in high- 
power microwave work insofar as maximum power- 
carrying capabilities can be greatly reduced. In addi- 
of interest in that it extends the 
diffusion theory in a relatively straightforward manner 
to a wider cla 


tion, the theory is 


of problem, heretofore unsolvable. 


DIFFUSION-CONTROLLED BREAKDOWN 


According to the theory of diffusion-controlled break- 
down, the electron density p at the breakdown threshold 


. , pee 
Satisnes the equation’: 


Vot+th p 0). (1) 


The high-frequency ionization coefficient ¢ is given by 


t=p/DE*, 


vhere D is the electron diffusion coethi ient, E the 
electric fit ld, and v 


that is, 1 


the net produc tion rate per electron, 
whe re 


Vir- Vag v;= ionization frequency per 
electron, and v,=attachment frequency per electron. 

If & and v/D ar pace, the solution of 
(1) subject to the boundary condition that p vanish 


at the walls of the container yi Ids 


constant in 


th = ke. 


(2) 


The eigenvalue & has the dimensions of reciprocal 
length; the exact form of the diffusion length A=1/k 
is determined by the particular geometry in question. 
If in addition ¢ is known as a function of EF, the electric 
field required for breakdown is specified by (2). More 
ed as a function of E/p 
only, p being the gas pressure, then (2) defines a unique 
relation between E/p and pA analogous to the Paschen 

for dc breakdow! 

If E is not cor 


gene rally, if ¢ can he expres 


, it can be expressed a 


where E’ i field at some specified point in the region 
of interest. The high-frequency ionization coefficient ¢ 
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is assumed to be a known function of the field, and we 


call ¢’ its value at the point where E=E’. We may 
therefore write 
{ / c | 
(E*=¢' FE’ k ‘ (3) 
c’ E’ @ Dd 
whe ré 
he! = ¢' E’ (4) 
Substitution of (3) in (1) yields 
ig E 
V2o+k’ ( p=0. 5) 
2 E’ 


The problem thus reduces to finding the eigenvalue k’, 
which through (4) determines the field Z’ at breakdown.” 

The validity of the foregoing as it applies to break- 
down in nonuniform fields rests on the assumption that 
at a given point the ionization, and therefore the elec- 
tron energy, are defined by the field at that point. For 
this to be true, it is necessary that both (a) the dis- 
tance through which an electron diffuses during a time 
equal to the energy relaxation time and (b) the electron 
oscillation amplitude must be small compared with 
the distance over which the field changes appre¢ iably. 
Estimates of the and 
amplitude can be made and indicate that both require- 


relaxation distance oscillation 


ments are well satisfied for the experimental conditions 


to be conside red 


THE VARIATIONAL METHOD" 


If either p or its normal derivative vanish on the 
boundary, then with the use of Green’s theorem (5) 


may be written 


- LE\ SEX? 
k’ f Vp)*d / l- re av. 0) 
« ¢ 


In the standard manner it may be shown that 6(k”)=0 


~ 


for p satisfying (5) and either of the boundary condi- 


tions specified above. Furthermore, if ¢/¢’ is nowhere 


negative, k” will have an absolute minimum corre- 
sponding to the lowest eigenvalue. Larger values of k’ 
for which 6(k’ 

The 


procedure \ 


0 represent the higher eigenvalues. 
variational me thod then involves the following 


trial function is chosen for p having a 


ure neral form suggested by the physical situation and 
arbitrary parameters. k”? as 


given by (6) is minimized with respect to the param- 


containing one. or more 


eters, and the value of k’ corresponding to the minimum 
then represents an upper bound on the lowest eigenvalue 
pointed out that Eq. (1) is not strictly valid for 
For this case, since the diffusion coefficient D 
is a function of electron energy and hence of position, Eq. (1) is 
more correctly wr 


It is to be 
nonuniform fields 
itten as 

Vo+ (VD): (Vp)/D+sEp=0 
of energy, and its varia 
be neglected in the subsequent analysis 
The effect of 


D is a slowly varying functior 


positior will 


However, 
tion 
except 
thermal diffusion is also assumed to be negligible 

1 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1106 


with 


sofar as it is included in the variation of ¢ 
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SOLT 


The accurac y of the method of course depends on 


how well the trial function approximates the actual 
solution. However, it is generally the case that even a 
very crude function usua ré in a fairly good 


estimate of the eigenvalue 


HEMISPHERICAL BOSS IN RECTANGULAR 
WAVEGUIDE CAVITY 


The geometry for which the breakdown problem is 
to be solved is shown in Fig. 1, and consists of a reso- 


nant microwave cavity of sides L, 6, and ¢ with a 


hemispherical boss of radius a centered on one wall. 
excited in the 7Eo,; mode 


the hemi phere the field is 


The cavity is assumed to b 
such that in the absence of 
given by 

E= E, sin(ry/b) sin(w2/c), (7) 


where £; is the maximum field at the center of the 
cavity. The hemisphere is 
x=0, y=6/2, s=c/2. 

The experimental results to be presented in a later 
section suggested that over one portion of the range of 
experimental parameters the boss had no effect on the 
breakdown threshold for the cavity, while in the re- 
maining portion its effect was all-important. We there- 
fore shall consider two limiting cases separately. In the 
first the breakdown problem for the 
cavity alone, without taking into account any distortion 
of the field by the boss. In the 
a solution for a hemispherica 
infinite parallel plates and thus neglect the field varia- 
tion caused by the side walls of the cavity. In principle, 
both taken 
taneously; in practice, however, the 


centered about the point 


case, we solve 


e” ond case, we obtain 


boss on one of a pair of 


variations could be into account simul- 


numerical com- 
sis would then be greatly increased. 
It will be seen that for the situation to be considered 


he re, the transition between the 


plexity of the analy 


two limiting cases is 
Therefore, no real “intermediate 
the 


lead to no new understanding of 


extremely sharp. 


region” exists, and more general will 


treatment 
the problem. 


Case 1. Breakdown in the Cavity Alone 























With the electric field in the cavit specified by 
(7). we choose as the trial function for the electron 
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density 


p= f=A sinkox sin™(ry/b) sin™(r2/c), (8 


m/L is the eigenvalue for a uniform field 


between infinite parallel plates separated by L, and A 
constant 


W he re k 


which will cancel on taking the ratio 
given by (6). The properties of this trial function are 
that it vanishes on the walls of the cavity; the variation 
in the x direction is the same as in the uniform-field 
case ; in the y and z directions it is peaked more sharply 
at the center of the cavity than if the field were uni- 
form, because the field, and to a greater extent the 
ionization, are peaked at the center. The parameter m 
determines how strongly the density is peaked. For 
this case we take E’=£; so that the eigenvalue k; we 
determine will be defined in terms of the ionization and 
electric field at the center of the cavity. 

Substitution of (7) and (8) into the integrals of (6) 


then yields 
Lhe 
= 4(—)accs m), 
2 


Lhe 
=A?t —- }S,(m), 
2x? 


ki 2°G,(m) 


IS a 


ko? Sy(m) ’ 


m* -|- 
2m—1 i* 


where 


3-5---(2m—1) 


2-4-6--+(2m) 


G |. 


m an integer, 


22 dy'dz’. 


iat 


Case 2. Breakdown Around the Hemisphere 


) sin?*t?y’ sin?™* 


We now consider the case in which breakdown is 
governed by the nonuniform field in the vicinity of a 
hemispherical boss on one of a pair of infinite parallel 
plates. We assume that the radius of the hemisphere a 
is much less than the plate separation L, so that the 
other plate can be assumed to be at infinity. The field 
distribution may be obtained from the well-known 
solution of the potential problem for a conducting 
sphere in a uniform field. The result is 


E= E,{ (1+ 2a*/r°)* cos*#+ (1—a?/r*)? sin}, (10) 
where F; is the uniform field at large r. 


The trial function is now taken to be 
B(r—a)e~™'* cos#, 


p~g (11) 


where # is the parameter to be varied and B is a con- 
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DS 
The function g vanishes at the boundaries and 
is peaked in the neighborhood of the boss, its maximum 
occurring For this caseYwe take 
E'=F.=3F, so that the eigenvalue ke will be defined 
in terms of the maximum field on the surface of the 
hemisphere. 

The results of substituting (10) and (11) into (6) are 


ra 
f (vera w( )e 2"G.(n), 
. 6 
2ra® 
( )e 2"S.(n), 
Q 


3Go(n)/4So(n), 


Stant. 


At max OT an 


B 


where 


G: ( ) 


1 «© tc 
y(n) ff ( ) u— 1)%e~ 2" (4-1) 442? 
id | C2 
6 3 2 1 
x| ( + Je+(1- + ) fina 
u® u® “ u® 


HIGH-FREQUENCY IONIZATION COEFFICIENT 
AND EQUIVALENT ELECTRIC FIELD 


Before the integrals in (9) and (12) can be evaluated, 
the variation of the high-frequency ionization coefficient 
¢ with electric field"must be determined. The manner 
in which this can be done by using de data has essen- 
tially been outlined in references 6 and 7, and the result 
1S 


3 a/p 


2 UUay 


5/p 
' (13) 


p) 


number of ionizing collisions/ 


Fa 


where p gas pre 
cm per electron, 8 
per electron, ty, 


ure, a 

number of attaching collisions/cm 
electron average energy, and Ea.= de 
electric field. Experimental data for a/p, 8/p, and ty, as 
functions of £4./p are available for a number of gases, 
and therefore ¢ as a function of F4./p can be determined. 

The results are applicable to the high-frequency case 
if in place of Ea an equivalent high-frequency field is 
1 that would re 


used sult in the same net ionization as a 


‘dc tield of the same magnitude. So long as the relaxation 


time for the electron energy is appreciably longer than 
the rf period, the equivalent field is the same as the 
so-called effective field'"” defined as 


(14) 


where E,= effective field, E, ® 
2W. P. Allis, in Handbuch der Physik, edited by S 


Springer-Verlag, Berlin, 1956), Vol. 21, p. 383. 


rms value of the high- 


Fliigge 
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computed trom Eq 


as a function of the parameter m and F,..4/p as 
9) for a rectangular cavity with L?/A?=0.364 
e for in the nonuniform field of the 


al boss having neglects 


is the eigenvalu breakdown 


cavity, the effect of the hemispheri beer 
for 
l and 
coppe c. 


Tics while 
the other two the radius of the boss was 1 
1/64 inch, 


and were constructed by electroforming over a mandrel 


mode. One of the cavities had no boss, 
128 in 
respectively. The cavities were of 
on which a hemispherical indentation could be accurately 
made and centered. Connection to a glass vacuum sys 
tem was made at one end of the cavity through a 
Kovar-to-glass seal. The other end was connected to 
the microwave line via a coupling hole and a vacuum 
window attached with an O-ring seal. 

The cavities were isolated from the vacuum pumps 
and mercury manometers by means of a dry ice-acetone 
trap, which served also to remove water vapor. Data 
were obtained for air at pressures ranging from a few 
mm Hg to one atmosphere. Measurements were per- 
formed with both room air and tank air with no differ- 
ence in results. A fresh gas sample was admitted for 
each breakdown measurement, the system being evacu 
ated and flushed before each filling to avoid contamina- 
tion by products of previous breakdowns.’ 

The 
measuring the breakdown field as a function of gas 
those 


microwave circuit and the procedure used for 


described in references 


1-7, except that the tunable cw magnetron furnishing 


pressure were similar to 


the microwave power operated in the X-band region 


instead of about 3000 Mc/sec as in the earlier experi- 
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minimum; a sudden large increase 

the incident power was gradually 
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DISCUSSION OF RESULTS 
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been plotted in terms of 
curve was obtained 
from the universal ex] on (16 
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na uniform field of magnitude / 
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Ea! = E.1 0q. This 


, between infinite 
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parallel plate ol paration L, 


measure of nonuniform fields in the 


cavity. It is t below a certain pressure 
all three caviti ntially identical results, so 
apparently in gion boss 


bre akdow n al 


arise Iré 


effe ct on 
curve 


cavity alone 
At higher pres effects of the boss 
are readily apparent and result in a very marked lower- 
ing of the breakdown t ( d « t| i h 


e cavity from the 
uniform field case 


lo determine on lengths applic- 
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lent field at the center of the cavity. The agreement 
appears to be excellent, in fact better than could have 
been expected in view of the various approximation 
that have been made. 

Comparison between theory and experiment for the 
limit in which breakdown occurs around the hemisphe re 
is made in Fig. 9. Data at pressures above the transition 
are shown for the two cavities containing a boss. A 

1/k2 is now the appropriate effective diffusion length, 
ind was computed for each experimental point from 
the curve of Fig. 7. The theoretical curve still has the 
but now relates pA» and fy —/ p, 
, refers to the maximum field at the 


universal form (16), 
v he re | 
of the boss. The qualitative agreement is quite satis 


surtace 


factory, particularly in view of the rapid variation of 
ky with | p indicated by Fig. r Quantitative ly, the 
but 
nevertheless allows prediction of breakdown fields for 


agreement is not as good as in the preceding case, 


1 nonuniformity of this nature to better than 20% 





70! 
© 0*2.0x10° CM | 
«0 *4.0x10° CM | 


o 
° 


. 
° 





o 
x 
= 
= 
~ 
5 
5 50 
e 
od 
o 
>. 
a 
~ 
2 
os 


w 
°o 











3 


10 100 
pA,,MM Hg-CM 
theory (solid curve) and experimenta 
points for the region in which the boss has no effect 
breakdown threshold. A,;=1/k; 


obtained from Fig. 5 


| s Comparison of 


on the cavity 


for each experimental point wa 


The fact that the theoretical curve falls somewhat 
above the ex] rimental one is consistent with the fact 
that the variational method only gives an upper bound 
to the eigenvalue. 

The transition from one limiting case to the other, in 
terms of the curves of Fig. 3, can be understood quali- 
tatively in the following manner. At high values of 
E 1 q/p (such that E,,/p is greater than 31.5 volts/cm 
mm Hg throughout most of the cavity) the effect of 
the boss is negligible because the intensified field in th 
vit inity of the boss extends over only a small fraction 
of the total volume and this region contributes only a 
small fraction of the total ionization. As the value of 
FE: «/p decreases, the ionization around the boss be- 
comes increasingly more important until finally, at the 
point that £,.4/p reaches the value 31.5 volt/cm/mm 
Hg, no electrons at al! are being produced except in the 
intensified field near the hemisphere. Clearly then the 
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the hemisphere. A,=1/k? for 


« for breakdowr 
each ext mental point was obtained f | ” 
acn experimenta int as optainead trom Fig. /. 


arour 


In the inter- 
mediate region both parts of the volume contribute to 
the net 


breakdown must occur near the boss. 


ionization. However, for the present experi- 
mental conditions, the transition occurs in a region 
where the slope of the /; .4/p versus pA; curve is small. 
Che flatne in effect the relative 
importance of the ionization in the region of the boss to 
that in the remainder of the cavity. If the curve is 
a slight change in FE q/p to 
a very large change in the ratio, and as a result 
the break is 


however, we would not expect such a sharp transition 


ss of the curve measures 


flat, it takes only 
CAaUs 
sharp. For the case of a nonattaching gas, 
ince the net ionization frequency in the cavity re 
mains finite down to very low values of ) p. Thus 
the relative importance of the two regions of ionization 
is never as great as in the case of an attaching gas. 
of the 
sented by the nonuniformity around the hemisphere, 


of a 


effect of the boss in reducing 


Because mall fraction of the total volume repre- 


one would therefore expect, for the case non 


attaching gas, that the 
the overall breakdown threshold of the cavity would 
be very small. We have taken 


measurements in nitrogen and hydrogen to determine 


a limited number of 


whether this is indeed true. The measurements indicate 
that the 1] 


indistinguishabk 


effect. if present at all, was so small as to be 


Irom exp rimental scatter or the 


effects of slight differences in gas purity from one run 


to the next. 
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onding states implies « 


$8 sections for neutron and x 


ire by one fluid 
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INTRODUCTION 


fi law of corresponding state hows how the 
thermodynamic and transport properties of a 
family of fluids can be determined from the properties 


As ha 


lo any class of ub- 


of one member of the family. been known for 


many years, the principle 

tances for which the law I intermolecular potential 
can be brought into coincidence by changes of length 
; his note it is pointed out that the 


law of corre ponding tate 


and energy al Ir 
can be re adily extended to 
cover the scatteru gy ot neutron 


Way are { ted 


and x rays) by fluids,‘ 


and some in which this extension 


may be useful 


BASIC THEORY 


to classical, mono- 


We re 


molecular fluid 


trict our ntion at first 
in which the intermolecular force is 
in the 


fluids the 


central and two-bod t will assumed, con- 


ventional way,’ that a class of inter- 


molecular pote ntial 


He r¢ 


ais a length and ¢€1 


r is the separation of centers of two molecules; 


an energy characte risti of a par- 
ticular fluid in the cla f j 


fluids of the class 


an arbitrary function, but 
| 


is the same for all 


The Hamiltonian for a fluid of the class is then 
The H | f luid of tl tl 


M is the 


he 7th molecule, 


where mole momentum of 


P; the 
and r; eparation of a pair. The 
* Work perfor 
Energy Commi 
‘H. Kammerlingh Or 
WV athematischen Wissen 
1912), Vol. V, Part 10 
D. ter Haar, Klement 
Company, Inc., New Yor 
3 J. O. Hirschfe 


Theory of Gase 


of a class of fluids 


pressures of all fluids of th 


of the self-correlatio 


neutron 
time-displaced pair correlat 
time displac ed_ self-correlatio1 

first of these which, for « ' is defined as 
the average number density of n at 


1¢ 


7 


and { 


scattering is determined ym I by the 
l 
i 


Consider the 
r after a 
time 0. From 


ical 


time ¢ if a molecule wa 
Eq. (10) of 


monomolecular fluid, on 


ad f 


Here Z is the partition function, 6 is a three-dimensiona] 


the position 


reference 5 | ( i 1 f cla 
G(r,l) 


Yirac delta function, t) i 
of the jth molecule at H is given by (2 
with the dynamical variables taken at time 0. The 
integration in (3 
the volume V of the system 

One now introduces units of | , and energy 
appropriate to the particular fluid; the unit of 
is a, of mass is M, and of energy 1 The 
[t] becomes a(M/e)!. Reduced variables, identified by 
asterisks, are introduced a 


is over al tent with 


ength 


unit of time 


follow 


P*= Pa'/e. 


(P is pressure, T is temperature.) In Eq. (3), rj(é) 
depends on V, r,(0 ry(0), and p,(0 py(Q), as 
well as on ¢, through the equations of motion of the 
system. If reduced variables 
be a universal (i.e., the same for all 


* 1) 


are introduced r,;*(/*) will 
fluids of the class) 
variables V* 


function of the corresponding reduced 


r,*(0 ‘++ Dpy* Q). 
in the integrand of (3) are seen to be universal 
of the reduced variables. Thus t! 


tion, G(r,/ 


, 


Similarly, all of the other funct 


, will be giver 


*L. Van Hove, Phy 





NEUTRON SCATT 
tion of the reduced variables r*, f*, and V*, and of the 
number of molecules N. For large systems V* and N 
will enter only in the combination V*/N, which will 
depend on P* and 7%. It is thus permissible and con- 
venient to consider the state variables to be 7* and /*, 
and to write G in terms of a dimensionless universal 
function G* of the reduced state variables and the re- 
duced microscopic variables r* and ¢*: 


G(2,t)=a*G"* (s* f* . T* P*). (10 


An exactly similar argument relates the self-correla- 
tion function® to a universal self-correlation G,*, as 
follow S° 

Gilith-e Girt; T°P”). 11 

The Van Hove formulas® giving the differential cross 
section for single scattering of neutrons by a monatomi 
fluid in terms of the Fourier transforms of the pair 
correlations may now be invoked. The cross section 
Toon’ (%,w) for coherent scattering with loss of neutron 
momentum #i« and loss of energy fw, per unit solid 
angle and per unit energy range, is 


Goon?k : E c 
Too (%w) f f expli(n- rai) er r,t)drdt, 
hky J + 


where dep is the coherent scattering length, #ko is the 
momentum of the incoming neutron and hk is the 
momentum of the scattered neutron. Using (10) in 
(12), and reducing the other variables appearing in the 
integration, one finds 


Beon?h (“) ff ; 
= a exp[i(x*- r*—w*?*) | 
hky € 


xXG*(9* ff: T* PP \dr*dr*, 


de nk M 4 
«(—) F(x* w*; T*,P*). 
hko € 


12) 


ny \ 


Oooh K,@) 


(13) 


‘7 
Oooh (K,w) 


(14) 


Here F designates a dimensionless universal function 
of the four reduced variables, defined by the reduced 
Fourier transform of G* in (13). Similarly, the inco- 
herent part of the scattering cross section, gine’ (Kw), 
is found from G, and the incoherent scattering length 


Ginck Mv! 
Tine (%,w) = of -) ria a: 2° Fh. is) 
hky € 


Gine: 


where 


P(n* o*; T*,P*) -ff exp[i(x*- r*—wf) | 


XG," (r*,; T*,P*)dr*di*. (16) 
Equations (14) and (15) show how the coherent and 
incoherent cross sections of all members of a class of 
fluids obeying a law of corresponding states can be ex- 
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pressed in terms of nuclear parameters and universal 
functions of certain reduced variables. Thus a measure- 
ment of the scattering at one temperature and pressure 
by one fluid of a class determines the scattering at 
corresponding temperatures and pressures by all fluids 
of that class. 


If the time dependence of the correlation functions is 
sufficiently slow compared with certain characteristic 
times of the scattering,’ G*(r*,(*; T7*,P*) in (13) can 
be replaced with G*(r*,0; 7*,P*) and an integration of 
both sides of the equation with respect to w* can be 


carried out. This gives the differential cross section for 


coherent scattering (without regard to energy changes), 


per unit solid angle 


Tooh (%o) = Ae 2 f exp ixy*-£*)G*(r*,0; T*,P*)de*. (17) 


~ 


Here xo=ko—k with w=0. Recognizing that G(r,0) 

5(r)+ g(r), where g(r) is the ordinary radial density 
of the fluid, (17) is seen to be a reduced form of the 
scattering expression first derived by Zernicke and 
Prins® for the case of x-ray diffraction. Successful use of 
the Zernicke-Prins equation with a law of corresponding 
states to correlate x-ray scattering data from different 
fluids has been made by Ricci.’ 

It should be noted that the micros« opic parameters € 
and a do not need to be known for the application of a 
law of corresponding states, since the critical pressure, 
P., and critical temperature, 7, of a fluid will serve as 
well. One has, from dimensional considerations, 


ex kT, 
and 


ax (kT./P,)' 


Thus, if &7'. is substituted for « and (kT./P,.)' is sub 
stituted for a throughout Eqs. (4) through (17), equally 
valid reduced expressions will be obtained. 


QUANTUM AND MOLECULAR CONSIDERATIONS 


For systems of very light molecules the classical law 
of corresponding states is inadequate, and, as is well 
known,? the universal functions come to depend on an 
additional parameter A*=ha~'(Me)~. In the absence 
of theoretical information on the dependeace of the 
reduced correlation functions on A*, one does not have 
any general way to use the reduced scattering cross- 
section formulas. Corresponding-state considerations 
can be helpful, however, with systems of polyatomic 
molecules that fulfill two conditions: (a) the molecular 
mass M is great enough that the translational motions 
of the molecule can be treated classically, and (b) the 
internal degrees of freedom are virtually independent 
of the translational degrees of freedom. Condition (a) 


* fF. Zernicke and J. A. Prins, Z. Physik 41, 184 (1927) 
’ The author is indebted to Dr. Ricci for communicating his 


esults before pubticatior 
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requires that A* be somewhat less than one. Condition 
(b) would seem to be satisfied by molecule 


spherical shape. A 


of nearly 


iming these two condition , one 


eparates the dynamical variables of molecular trans- 


lation from the variables of internal motion. The con- 


tribution of the translational motions to the scattering 


can then be expre ed ina universal” way with the 


aid of the law of corresponding states, and can be 


evaluated by measurements on any other scatterer of 


the same family. The remaining contribution is from 
internal motions, and in some cases can be evaluated 
forthwith. The ideas will be 


simple case, that in which one or more 


illustrated by treating a 


incoherently 
cattering atoms has a 


iarge cCTOSS section compared 


with all other atoms in the molecule. This is the case 
with molecules containing hydrogen, and the law of 
corre ponding tates | ilready been ipplied succe 

fully to thermodynamic properties of several of these. 


Consider now a molecule containing one or more 


hydroge n atom ind no other atom of large scattering 


cro ection. Employing’ the general results of Van 
Hove,® Glauber,* Zemach and Glauber,’ and others the 
scattering cross section is proportional to the Fourier 
transform of the expectation value of the operator 
Q(«,), where 

Q(x,2)=>°, exp «xr, (O) | explix-r,(t) ]. (18 


Hers 


position of the vth hydrogen atom in a molecule at 


r,(i) 1 the Hei enbe rg ope rator representing the 


over all hydrogen 


time ¢, and the summation 1 atoms 


in one molecule. Put 
b, (2), (19 
where R(t) is the positi 


ion of the center of gravity of a 
ind b,(t) is the position of the vth hydrogen 


} , 
moieculk 


atom in that molecule with respect to the center of 


gravity. Assumption (b) above allows one to treat 
R and b, as statistically independent, and thus to split 
out a factor containing R(O) and R(t right 


ide of (18) and to average it separately. One then finds 


from the 


{2( x2 {2 Kt) (Qine(¢,2)), (20) 
where 
Qe.m. (x,t) =expl —ix-R(O)] expfix- R(t 1) 
and 
Qine(r >, exp «- b,(0) | explix- b, (¢ 22 


All information pertaining to the internal motions of a 


molecule is contained in Q;,:, and all information on the 
translational motior is contained in Q., Under 
assumption (a) above the latter motion can be treated 
classically and subjected to a law of corresponding 
states. Because 2 has been decomposed into a product 
in Eq. (20), the scattering cr ection to which it 


leads can, by a familiar theorem il Fourier tran forms. 
*R. J. Glauber, Phys. Rev. 98, 1692 (1955 
> A.C. Zemach and R. J. Glauber, PI Rev. 101, 118 (1956 
101, 129 (1956 


be express¢ d as a convol 
indepe nde ntly with Q 


tion per molecule is giver 


associated 


T} l the cro seCc- 


x 
ae 
- 
Nm 
+ 


ak wf 
2rhky 
where 
and 
§ K {2 


Apart from the factor 


the cross section for s¢ 


with all its internal mot 


but with its center of n 
is the cros 
atom moving with the « 


ection for iu 


If the substance belong 


corresponding stat 
ing related to the 

in precisely the way tl 
by Eq. | 
inother member of the 


ubstance) can be mea 


15). Thus, if 


and, through (23) or (20 


has been used in a more 


the above reasoning 


foundation 
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Two further applicat 
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dynamic and transport 
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such attention 
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NEUTRON SCATT 
where Seon’’4(%,w) is the coherent cross section of A, 
apart from the factors of scattering length and k/ (hk 
deon4 is the coherent scatte ring length for A atoms, and 
the second term in the expression involves the corre- 
sponding incoherent quantities. For B the scattering is 
proportional to the 
B throughout 


same expression with A replaced by 


Now by use of the principle of corresponding states, 
Seon *(x,w) can be expressed theoretically in terms of 


I 
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measurement of the scattering from both A and B 
at corresponding conditions of temperature and pres- 
sure allows immediate determination of both Sey’’4 (%,w) 
and Sine 4(xw), rather than just their weighted sum. 
Fourier inversion then determines G and G, for sub- 
stance A 

The corresponding substances liquid argon and liquid 
krypton would seem to be well suited for an experiment 


of this type. Theoretical! approximations which have 


Seo 4(%,w), and Sine’ ®(x,w), can be expressed in terms been suggested" for G, and for relating G, to G could 

of Sine’’4(%,w). Assuming that be tested most effectively by such a determination. 
(deon4/dine*)?¥ (Goon? /Gine®)?,  G. H. Vineyard, Phys. Rev. 110, 999 (1958) 
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It is shown that certain analytical properties of the propagators of many-fermion systems lead rigorously 
} proj ) 


This discontinuity in 
It is 
Che same analytic 


to the existence of sharp discontinuities of the momentum distribution at absolute zero 
Fern 


shown that the volume of this surface in momentun 


the momentum distribution is used to define a i surface for a system of interacting fermions 


space is unaflected by the interaction 

roperties are shown to lead, by direct statistical mechanica] arguments, to simple expressions for the low 
I ) i 

temperature heat capacity, the spin paramagnetism, and the compressibility of the system. These expressions 

are very analogous to the corresponding expressions for noninteracting particles. Finally, it is shown how the 


whole formalism may be generalized when an external periodic potential is present (band case 





I. INTRODUCTION 


N this paper we shall be concerned with the existence 

and characteristics of the Fermi surface (FS) for a 
system of interacting fermions, as well as some simpli 
equilibrium properties of such a system. Usually such a 
surface is introduced into momentum space only for a 
system of noninteracting fermions. In that case thi 
surface represents the limit of occupation of the different 
single-particle momentum states in the ground state of 
the system. All the states with momentum contained 
within this surface are occupied, ali those with mo- 
mentum outside this surface are unoccupied. As soon as 
one considers interaction between the particles the 
None 
we shall show that with a suitable definition, 


be 


given a rigorous meaning for a system of interacting 


above definition of the FS becomes meaningless. 
the less, 


and under certain conditions, such a surface can 


fermions. This possibility was first pointed out by 


Migdal,' who noticed that under some circumstances it 


* This work by the Office of Nava 


Research 


was supported in part 


t Now at: Dept. of Physics, Columbia University, New York 
rae ee 

‘A. B. Migdal, J. Exptl Theoret. Phys. (U.S.S.R.) 32, 399 
1957) [translation : Soviet Phys.—JETP 5, 333 (1957) }. See also 





could be so that the mean occupation number of differ- 
ent single-particle momentum states in the true ground 
state still possesses a discontinuity. Migdal’s argument 
can certainly not be general, i.e., it cannot be valid for 
all systems of interacting fermions. Consider, for ex- 
ample, a collection of interacting deuterium atoms. 
These obey Fermi statistics. However, the ground state 
of this system is certainly a molecular crystal made up 
of Dz molecules, and has no trace of a FS in its momen- 
tum distribution. Therefore the existence of a FS de- 
pends on the nature of the forces between the fermions. 
We shall investigate the problem here under the as- 


umption that the forces between particles are such as 


to allow a power series expansion in their strength to 
give a good representation of certain properties of the 
system. We cannot expect that such a power series will 
be truly convergent, but rather that it is at most an 
asymptotic expansion. This was already clear from the 
difficulties which arise in the theory of supercon- 
ductivity when one has even arbitrarily weak attractive 


forces. More recently Van Hove? has indicated how 





V. M. Galitsky a A. B. Migdal, J. Exptl. Theoret. Phys 
U.S.S.R.) 34, 139 (1958) [ translation: Soviet Phys.—JETP 7, 96 
1958 
2 L. Van Hove, Physica 25, 849 (1959 














1154 J}. M 
terms which cannot be represented by a power series 
may be found in the ground-state energy, even in the 
case of very weak repulsive forces. These terms are, 
however, exponentially small (for weak repulsive forces) 
so that in a case like this we would expect the power 
series to give an excellent asymptotic representation. 
Whether or not such expansions are good representa- 
tions for practical cases (say He’, or electrons in metals) 
is an open question. 

We shall deal with this expansion by means of a 
propagator formalism introduced earlier. In Sec. II it 
is shown that certain analytic properties of these 
propagators (which may be established by means of a 
power series expansion) lead to the Migdal result. The 
result is obtained not only for the case where the FS is 
but also for the situation 
(nonisotropic situation) where the FS is distorted by the 
interaction between the particles. It is also shown that 


a sphere in momentum space, 


the volume (in momentum space) of the FS is conserved. 
That is, the true FS has the same volume as the FS for 
the particles without interaction. In Sec. ITI, it is shown 
that the same analytic properties of the propagators 
lead to an expression for the low-temperature heat 
capacity of the system which is quite analogous to the 
expression for noninteracting particles. In Sec. IV, a 
similar treatment is given for the spin paramagnetism. 
Finally, in Sec. V, these results are all generalized for the 
case where in addition to the interaction between the 
particles there is also the external periodic potential of a 
lattice present. This is the case of interest for electrons 
in solids. 

In a later publication we shall show (in collaboration 
with W. Kohn) that the FS as defined here is the same 
as the one obtained from studying the response of the 
to fields (‘‘“Kohn effect’). 
Similarly the response to a homogeneous external mag- 
netic field (de Haas-van Alphen effect) also indicates the 
presence of the same FS. 


system external electric 


II. DISCONTINUITY IN THE MOMENTUM 
DISTRIBUTION 


In order to avoid complications we shall assume 
initially that we are dealing with spinless fermions. 
Therefore our single-particle states are labelled only by 
a momentum k. (We choose units such that #= 1.) Now 
the momentum distribution function is defined as the 
mean occupation number of the state k. This is* 


Ay=Tr{ay'a, exp[B(Q—K+pyN) }}. (1) 
It is easy to see that #, may be expressed in terms of 
the propagator S,’(¢;) previously defined. From the 


definition of the thermodynamic potential 2 we have 


Ny = OQ/ dey. (2) 


Ward, PI 


ed we folk 


‘J. M. Luttinger and J. ( 
* Unless otherwise specif 


118, 1417 


notation ot 


1960 


reference 3 


ivs. Rev 


yw the 


We shall refer to this paper as LW in the future 


rINGER 


Using the expression (LW 55) for 2, and remembering 
that 2 is stationary with respect to first order changes in 


Gy (f1), we get at once 

1 
> exp Ce ; (3 
- €; 


fy 
Gx(¢1) 
(This expression may also be established immediately 
from the expression for the propagator in terms of 
Green’s functions.) 

We shall only be interested in %, in the zero-tempera- 
ture limit (it is only there that a discontinuity can 
occur). In this limit we have 


| cialis 1 
J df exp atu m 4 
2r1 (—ex—G(f 


| 


Ny 


In what follows we 
properties of G,(¢) which are summarized in (LW 58, 
59, 60, 61).° Then (4 
contour to the left 


1 - | 
n,=- f dx Cc. . 5 
2mri x— ey — Ky (x)—iJ (x) 


There is no reason not to expect Ky and J, to be 
smooth functions of k. If this is so, then any discon- 
tinuous behavior of the i, as a function of k can only 
come from a singularity of the integrand. Since J,(a 
approaches zero only in the neighborhood of x=y, any 
possible discontinuous behavior must come from the 
neighborhood of x=. Now consider the k values which 
satisfy the equation 


hall again assume the analytic 


may be written (by closing the 


u—ex— Kyu U. (6 


In general, they lie on a surface in momentum space. 
If there is no interaction be the particles Ky is 
zero, and (6) clearly becomes the equation for the FS in 
the usual sense. We shall call the surface defined by (6) 
the FS of the interacting system.® We next show that the 
momentum distribution a discontinuity as we cross 
the FS so defined. 


Let us consider values of k near the 


tween 


has 
FS. Then the 
equation 

x—e,— Ky (2 U, (7) 


with Ey near yp. 
excitation energy 
FS closest to k. 


will in general have a solution x= Fy, 
We shall call Ey the true single-particle 
of the system. Call kp the point on the 
Then 


k= ko +4, 


where 6 is perpendicular to the FS at ko, and is small. We 


‘In a latter publication we shall give the explicit proof of these 
expressions, at least for the power series expansion of Gy ({;). 

‘If the interaction and the e, are isotropic, then Ky is a 
function of the magnitude of k alone. In this case the FS will be a 
sphere or several concentric spheres. We are not assuming isotropy, 
however, so that in general the FS will not be spherical in shape 
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may write for such values of k 
x—e,—Ky(x)=Zy' (x— Ey) + Oy (x— Fy 2+, (8) 
if x is near Fy. The coefficient Z,~' is given by 
ra] ORK, (x) 
Zy [a ~¢,— K, x) | 1- . (9 
rm Ey, r=Ey 


Ox Ox 


Thus for x near uw and k near ko, we can write the 
denominator in the integrand of (5) as 


x— ex — Ky (x) —1] ,( x) 
= Z. '(x— Ey) —iCy(u—x)?4+ -*) (10 


on making use of (LW 62). Let us write the integrals in 


(5) in two parts 
“ ” “9 
fee « - 
0 aor D 


For small but fixed n the second term cannot give rise to 
discontinuous behavior for %, since the integrand is 
never singular. Writing 


ny =n,'+n,”", (12 


corresponding to (11), we have that #,”’ cannot have a 
discontinuity. For small 7 we may use (10) so that we 
have 


1 ” 1 
i,’ =— f ax| ———_———_——_—_———-—c.c. }. (13) 
wid. IZe—-h)—Cle—ne SC! 
Putting ' 
Ey u— Ax, (14) 
and using 
E,= Exo +3= Exo + Vio! 6=p+ Vik ko é, ( 15) 


where the plus obtains if 6 is parallel to the normal to the 
FS at ko, the minus if 5 is antiparallel to the normal to 
the FS at ko. We have 


Ax + Viol ko 6. (16 


Writing y=u—x, (13) becomes 


1 f | 1 | 
ni,’ =— dy} . —— C.C. } (17 
2ri J 5 \Z. '(Ay—y)—1Cxy’ 


Let us put 
Ax |/Y¥. (18) 


Then (17) becomes 


“ (ay 1) 
an'= f dl - ; 19 
Sel/n (Z» 1272 ( {> 1 24-a,? 


(26) 


where 
ay=Cy| Ay| >0, 


and the minus sign in (19) goes with A, >0, the plus sign 
with A, <0. 


OF INTERACT 
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Now as we approach the FS, 4 approaches zero, and 
therefore a, approaches zero. The integrand in (19) 
then approaches a 6 function so that 


iy’ - [ dl 4 


Z| (FF 1) ). (21) 
(It is easily seen that the small values of ¢ near the lower 
limit give us no contribution as 6 approaches zero. This 
is because the a,” term in the denominator is negligible 
compared to the first term in the denominator.) For the 
minus sign the argument of the 6 function vanishes at 
a point in the range of integration, for the plus sign it 
does not. Therefore we obtain 


fi,’ + a (22) 


for k differing infinitesimally from ko, but in the dire 
tion opposite to the normal to the FS at ko, and 


(23) 


fn,’ =0, 


for k differing infinitesimally from ko, but in the direc- 
tion parallel to the normal to the FS at ko. Finally, 
therefore, we may state the result that as we cross the 
FS at ko in the direction of the normal at ko the function 
n,’ has a discontinuous drop of magnitude | Zko|. Since 
n,’’ is continuous, this shows that the entire momentum 
distribution function has the discontinuous drop | Zo). 
Another way of stating this result is to write 


iy Zr i] é Ey T £- (24) 
In (24) 6(x) is the step-function 
6(x)=1 xr>0 
0 } 0, (25) 


and gy has no discontinuities as a function of the 
momentum k. 

Since the integrand in (5) is positive both ’,’ and fi,”’ 
must be. Further from its definition #, must be between 
zero and one. Therefore it follows that the discontinuity 
must satisfy 


Zxo| <1. (26) 


We shall next show that the FS defined as above has 
the same volume in momentum space as the original 
unperturbed FS. Let us consider first the unperturbed 
FS. This is defined by the equation 

€x = Ho, (27) 
where wo is the unperturbed chemical potential. The 
volume of this surface in momentum space (V gg") may 


be written 
V ps” fo €x). 


On the other hand, the mean number of particles is 
given by 


y 
N=E O(uo— ex) fac Mo €x), (29) 
. x)? 


(28) 
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transform the 
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of the fermion system. Therefore 


? 3 


| V es (27) (30) 


till holds when we replace 
of the new FS), we shall 
ion for N. The discus 

LW 57), no use 


argument 


: ° 
1on 
hav ing be en 
the 


Therefore we have 


€x~ 


he interaction may 
volume. In the 
FS to 
must then remain kp (the 
nperturbed sy 


inge its 


mmetrv re quire s the 
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HEAT CAPACITY 


heat 
teracting fermions at low 


he problem of finding the 


thern ody nami pote ntial 


is given by 
tant wali > 
a volume 


not uw but the number of 
shall see be low, at low 


even powers of the 


Therefore, 


Tunction ol 


The heat « ipacity ill t refo ye a linear 


temperature at low temperatur u is for the ideal 


Fermi gas. It remains to e' 


cient (n°, | 
The expansion of Q ir obtained most 
directly from the expressior . Oe 


LW. This is 


for 2 given in 


grams but 


We also know that thx 
with respect to cl 
Therefore if 


correction to Q, we ¢ 


Gx (E71). 


dependence of the G 
which is the value 
correction to the 7 
diffe rence between t 
get if we 

(LW 62) 

Consider 
contains an 
obtained by cor 
for a single line, 
the diagram, and 
will clearly give 1 


order. 
From 
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where I’) is a contour which goes from + to 
immediately above the real axis, and from — « to 4 
immediately below the real axis. Therefore we may 
write 


r 


i dx{\nLex+Kyo(x)—x+iJ (a 


16 


The term in (46) proportional to 7? is obtained by the 
usual Sommerfeld technique 


fi x)O(u—x)dx 


ow? 
+—(kT)*f'(u)+---. 
6 


Combining (47), (46), and (36) we have at once 


lr ra] 
RD 


k OX 


{InLex + K,°( x) 
—x+iJ °(2)J—c.c.) 


From (LW 68) one has [since x is near p°, J,°(a 
positive infinitesimal ] 
1/2wi) (inDext+ Ky°(x)—x+1)."(x) ]—c.c.} 
O(x— ex — K,y°(x)). 19 
(gain, since the solution of the equation 
x—e,.—K,°(x)=0, 


is just the true single-particle excitation energy Fy, we 
may write 

6(x—e,—Ky°(x))=0(x—E,). (50 
| inally, therefore, we obtain 
r* 0 


k? > —0(x— Ey) 
. 


3 Ox 


=—k? > 5(u°— Ey). 51 
3 M 
The expression (51) for the coefficient of the linear term 


in the heat capacity is to be compared with the result 


k 
3 


5( 0° — ex), 


— 
k 


for the unperturbed system of fermions. All one need do 
to obtain the correct result is to replace the unperturbed 
chemical potential by the true chemical potential and 
the original single-particle energies by the ‘‘true” single- 
particle excitation energies. The expression (51) has 
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been suggested and semi-intuitive grounds by Gell- 
Mann® and by Landau,’ but we are not aware of any 
derivation which proceeds from the general principles of 
statistical mechanics. 


IV. SPIN PARAMAGNETISM 


We must consider the zero-temperature paramagnetic 
susceptibility arising from the spins of the fermions. We 
the effect of the external 
magnetic field on their orbital motion. Strictly speaking, 
this applies to a collection of uncharged fermions (like 
He*) and not to electrons in metals. However, even for 
electrons in metals it will be part of susceptibility, and 
actually it can be measured approximately under some 


leave out of consideration 


circumstances 

We now have to discuss the effect of introducing spin 
into our formalism. For simplicity we limit ourselves to 
spin 4 fermions. The single-particle states must be 
labelled by an index r which gives the momentum k and 
+1). We imagine that there is 
an external magnetic field H in the Z direction, and take 
the axis of quantization of the spins also to be in this 


the spin direction a (o 


direction. Let the particles have an intrinsic magnetic 
moment p. Then the unperturbed single-particle energy 


€y= Eb - pH. (53) 


We now use (41) with the index k replaced by r. A 
word of justification is necessary, however. In the 
derivation of (41) given in LW we made use of the 
isotropy of the situation. This was used only in order to 
establish the fact that in a propagator diagram the 
entering line and the emerging line must represent the 
same state. (See the discussion at the beginning of Sec. 
[II of LW.) In order to preserve this simplicity we shall 
again assume isotropy for the interactions and the e,. 


_ Total isotropy cannot be present, however, because of 


the magnetic field. Still, for spin 4 fermions the emerging 
line of a propagator diagram must represent the same 
state as the entering line. One sees this as follows. 
Represent all possibilities of changing the spin state by 
a two by two matrix, which must be linear in the Pauli 
spin matrices o;. By isotropy this matrix must be a 
rotational invariant, if we also rotate the magnetic field. 
The only invariants involving o; that we can construct 
from the vectors which are available (e,k,H) are 
ak, (o@XH)-k and o-H. The first of these is not pos- 
ible by space inversion, the second is eliminated by 
time inversion. This leaves us only with the third, which 
is diagonal if we take the direction of quantization to be 
along the field. 

In order to calculate the susceptibility we need to 
know the mean magnetic moment M. This is given by 


VM J2(u,V,7,H)/dH (54 
*M. Gell-Mann, Phys. Rev. 106, 369 (1959) 


’ L. Landau. J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058 
tr Soviet Phys.—JETP 3, 920 (1956) ]. 
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OC1 OK 
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To calculate the 
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¥(k 


magnetic moments of the particles due to interaction 


is a measure of the modification of the effective 
between them. It is to be calculated from (64). Inserting 
(66) in (65) 
ceptibility’ 


and expanding, we obtain for the sus- 


Mop 
_ y(k)é(u — Fy 9 
fa ys 
where yu is the chemical potential of the system in th 
absence of the field. 

Thus the low-temperature spin susceptibility like the 
low-temperature heat capacity depends only on the true 
single-particle excitation energies. As a result of the 
factor y(k), however, these two quantities are no longer 
simply related as they are in the case of noninteracting 
fermions. In this connection we may mention that the 
zero-temperature compressibility (K) of the system 
may also be put in a similar form. We start with the 
thermodynamic identity 


1 /aV V san 
tA), Ge 
V\oeP T N? Ons y T 


From our old work, at zero temperature, 
N=51 0G—Ex(u)), (69 
here we drop spin indices for simplicity and. also indi- 
cate explicitly that the true single-partic le excitation 


energies will depend on yw). Therefore 


oN : OF, (p) 
» B 1 ( ) 6(u— E, u)). (70 
Ou/ yr * Ou \ 


We thus 


have 
V 5 Oly (us 

K=—V]1 ( 3(u—E;). 71) 
N? k Ou 


The zero-temperature compressibility therefore 


] } 
aiso vt 


may 
written a function of Fy. However, because of 
the factor {1—[dF, rv} 
the spin paramagnetism or heat capacity, as it is for a 


du jy} it is not simply related to 


ystem of noninteracting fermions. Related formulas for 
the spin paramagnetism and compressibility of a system 
of interacting fermions have also been discussed by 
Landau’ from the point of view of his semiphenomeno 
logical the ory of Fermi li juids. 


V. THE BAND CASE 


We now want to generalize the previous results to the 
in addition to the interaction between the 
particles, each moves in an external periodic potential 
of a lattice, say). The unperturbed single-particle 


case where 


We wish to emphasize that this formula has on! 
here under the assumption of spin 4 fermions, isotropy, and spir 
i between the particles 


peen derived 


independent interactions 


hic. 1. (a) The gen 
eral structure of a propa 
diagram b) A 


propagator dia 


gator 
proper 
gram 


(a) 


energies will then be labelled with a band index n, a 
quasi-momentum k (which ranges over the first Brillouin 
of the lattice), and finally a spin index o. Let us 
again denote al] these quantum numbers by r. The 
general formalism of LW is unchanged, up to the point 
introduce difference comes 
because general conservation rules no longer tell us that 
the entering line of a propagator diagram represents the 
same state as the emerging line. Even if there is suffi- 
cient isotropy so that the spin index does not change, 


Zone 


where we propagators The 


the band index will change in general. (The translational 
symmetry of the interaction between the fermions in- 
sures conservation of k.) The most general propagator 
diagram then has the form given in Fig. 1(a). Let us call 
a diagram of the type in Fig. 1(b) a proper diagram. We 
denote the contributions of all proper diagrams by 


1 1 


Ger (Fi) 
€, § 1 €r’ 


again being referred to as the 
proper self-energy part. The contribution of all 
propagator diagrams will be denoted by S,,-’({1). Then 
clearly 


the quantity G,,(¢, 


total 


XG,, (72) 


Introducing the matrices e, G(¢), S’(¢) defined by their 





1160 


matrix element 


we may write (7 


S’(é 74 
j G C1) 


Since G and S’ hav: 


expre sion for Q [ Eq. (41) of thi 


nondiagonal matrix elements the 
paper | upon which 
most of our work has been based is no longer valid. It 
however. We shall 


is easy to see what take it place, 


how that 2 is given by 


()’ [ contribution linked skeleton 


diagrams, replaced by 


76) 
trace with respect to the matrix 
indice J } lefinitior 76) is be t illustrated by an 
example Consider the skeleton diagram of Fig. 2. Apart 
would 
were tree propagators) this 


from numerical factor the same ones which 


} 


appear if the particle line 


gives a contribution 


rule 


, 


That is, the are just the same as 


those given before exce pt that each line is provided with 


for computing 2 
I 


a final one) which tell what 
to take 

We proceed with an outline of the proof of (75), which 
ion in LW almost 
LW 40) we 


two indices (an initial and 


matrix element of S’(¢, 


follows that of the analogou 
exactly We 


may write 


expre 
note first that in analogy to 


G,, [contribution for all possible skeleton 


diagrams forG, , but with $r(¢))6 


replaced by S just as in (76 


rhis is 


ell-¢ 


simply beca here is a unique way, for the 


ske le ton 


nergy part, of maki 1e reduction to 
diagrams 
Regarding Q, as defined by 5), as a function of all 


the G,,({1), we next hat it is stationary around 


the correct value of G,, ¢ . Consider 
an’ 


0G, r\ Cy) 


In (79) we valid for two not 


necessarily commuting matri ind B 


have u 


Now 
—— 
Cra Lly tne 


of (LW 51 


from 


Therefore, the right-hand sid _ (79) vanishes, and we 


have the required stationary property 


02/0G.-:. 0 (82) 

Next consider \0Q/0X, uw held fixed 
tionary property (82 
the G,, on X, 
explicit r dependence of tl interactions 
gives, just as in LW, 


Then by the sta- 
we can ignore the depende nce of 
from the 
This 


and the only contribution comes 


in O’ 


JAD 


where [G '(¢ reducible 


propagator of g with re- 
spect 
dQ 


r - 
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Fic. 2. A skeleton diagram corresponding to Q’ 


Therefore we have proved that the derivative of (75) 
with respect to A gives the correct result. The proof that 
(75) is correct for \=0 is identical with that in LW. 
Therefore we have established (75) in general. 

Although we have had the band case in mind in 
deriving this formalism, it is of course quite generally 
valid. It is necessary in any problem where the inter- 
action is such that the propagator is not automatically 
diagonal. Other examples where it is necessary are the 
case of particles of arbitrary spin when there is no 
isotropy, and that of an external magnetic field acting 
on the orbital motion of charged interacting particles. 

The same derivation that led to (3) now gives for the 
mean occupation number of state r(7,) 


Ss 1 
n,=- exp r0( . ) . 
8 t t:—e—G(¢,) rr 


For the band case e and G are diagonal in k. Let us write 
r=k, v, v being a discrete index which labels band and 
spin. 


(86) 


Err’ = €rkO kk by» = (ex) Ox, e’, (87) 


G;y= GrvvSx.n = (Gx) Su (83) 
Therefore 
oe 1 
in=- > exp 0")(— ——— ) 
B i fi— ex — G, (¢) ” 


The ‘‘momentum” distribution will be given by 


1 1 
fiy=)>. in =-> exp(¢ 0+) Tr] ———— : -| 90) 
, Bt oi— ex — Gy (F 1) 


We now take advantage of the fact that the trace of a 
function of a matrix is just the sum of the values of the 
function at the characteristic values of the matrix." 


4 See, for example, P. R. Halmos, Finile Dimensional Vector 
Spaces (Princeton University Press, Princeton, New Jersey, 1942), 
pp. 80-85. The required result follows for finite matrices and 
polynomial functions from the last sentence of that section. The 
characteristic values are defined in the case of nondiagonalizability 
as just the roots of the secular equation. 
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This is true whether or not the matrix is diagonalizable 
by a similarity transformation or not. [It will only be in 
very exceptional cases, that a similarity 
transformation not exist which will diagonalize 
e,+G,(¢,).] It is not surprising that the problem of 
finding the characteristic values of a new matrix still 
exists in the theory. Even in the usual Hartree-Fock 
approximation, new bands are defined by the new 
efiective potential which arises 


however, 
will 


from the average effect 
of all the other particles on one of them. In Appendix A, 
we will show how the Hartree-Fock in fact arises 
naturally as a very simple first step in our formulation. 
Let us write the characteristic values of ex+G,(¢;) as 
Ly, (1). The discrete index p is what replaces our former 
band and spin indices. We shall refer to p as the “true” 
band index. From (90) 


Pe 1 
Ny > ¥ exp(¢ *) 
l 


, (91) 
p p Ci— Le (F1) 


Going to the zero-temperature limit, and closing the 
resulting contour to the left, we have (7 an infinitesimal 
positive number) 


:. “ 1 
fy > f ax| 
2mi ° o (*—-9—Ly,(x—t%) 


1 


— . (92) 
x+in—Ly,(x-+in) 
Let us write 


Ly,(x — in)= V«,(x) + iJ p(x). (93) 


The quantity Ox, plays the same role here that e,-+K,(x) 
played in earlier work. The quantity J,,(x) plays ex- 
actly the same role as J,(x) did previously. If we again 
assume the analytic properties that we did formerly 
(they follow in an analogous fashion), then results just 
like our former ones are clearly still valid. For example, 
discontinuities will occur in k space at the values of k 
satisfying 


u—Ox,(u)=0. (94) 


We shall again call this collection of surfaces the FS of 
the system. In general for a metal (94) will only have 
solutions for a few p values; these will play the role of 
the “unfilled bands” in conventional metai theory. For 
an insulator or semiconductor there will be no values of 
p which enable us to find solutions of (94), so that no FS 
and no metallic properties can exist. 

The discussion of the volume of the FS also proceeds 
as before. Analogously to (31), we have 


> Ou = Ox,(u)). 
pk 


(95) 


We now divide the band indices p into three classes: 


(1) Equation (94) is never satisfied, and u—Qx,(u) > 9. 
We cali these the “filled” bands. 





94) | itistied on certain surfaces in 


2) Equation 
k pace. We call these 

3) Equation (94) i 

) We call the r the 
filled band contribute 
where .V, 1 number of k 
determined only by the geometry of the crystal and is 
oninteracting particle problem. It 
of the ¢ ry tal. The 


the ‘“‘conduction” bands. 


never sati fied, and ry 


) 


~Oicg (ys) 


empty” bands. 
95) an amount V4, 
in a band. This is 


Lo 


Keach 
the tates 


ame as for the 1 
equal to the number of unit cel 


contribute nothing. Therefore we have 


the 
l 
empty band 
>’ 0(u—Ox,(u)), (96) 
pk 
total number of partic les present minus 
ands times Ny. We may call it the 
In the conduction band.”’ The 
tion means that it only extends over 


where N, is the 
1 } 


the number of filled | 
parti 


“numbe r ol 
prime on the imn 


nds. Thi 


t} ynnduction ban gives 


| ak 0 Vip lM ) 


more. 


once 
The 
found. By reasoning 


rn 


to (48) we obtain 


low tempera 


100 


can 


Since (100 
| hi give 


introduce the cl 


again 


101) 


once more ide 


particle case 
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HARTREE-FOCK APPROXIMATION 


APPENDIX A. 
f the fort paper the Hartree- 


In terms of th nalism of th 
Fock approximation in int 
Let us consider the cor 

78) ] of the t 
G on ( Then one 


2\ +} 


in Fig. 3) that 


erpretation. 
| as given by 
Call this 
are given 


¢ 
lowe igrams. 


Ges 


[fe 00° x2 Yr, *(1 


12) 1s the 


partic les 1 and 2, an 


Y 
¢ 


where 
spin summations 
particle basis functi 

Clearly G,,- is 
to be Hermitian. Theref 


j 


inde] 


possible Lo 


is diagonal. Ir 


where the é, are 


the 


propagator to t 


excitation 


rful for thos« p for which 


f (102 
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the FS 


tained in t 
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Then by 74 


(A 5) 


> exp(f,0*)S 1) = Orr 
exp[8(é-—w) }+1 


Going over to the zero-temperature limit (A.1) becomes 


roe 


vier! \+(9"'r\ v\ '’2’) 


” 


r'rloler”)—(rr"'|olr"r')}. (A6 
The condition (A.3) on the basis ¥, then become 


Jve 1)Ry,-(1)d2x,=€,5,-°, \7 
where 


K ht+Vun-—A. (A.8 


In (A.8), h# is the unperturbed single-particle Hamil 
tonian of the problem, Vy is the Hartree potential 


Va= Dv fovea, (2)dx2’, \.9 


6(12)=4[v(12)+0(21) J, A.10 


> 


and A is the Dirac exchange operator defined by 
Ad (1 


*(2)8(12)4-(2) 1 A.11 


R is easily seen to be Hermitian, so that (A.7) i 
by taking 


Ky, = ews, 4.12 


which is exactly the Hartree-Fock equation for the 
determination of the y,. The €, are therefore just the 
Hartree-Fock single-particle energies. 


cluding the first-order 
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in the expression (75) for Q, [in- 


keleton diagrams for 2’ given in 


Using G™ and § 


obtain 


(b) of (LW) |, we 


(A.13) 


r'r) |. 


One can obtain the equation for the chemical potential 
directly from this by differentiating with respect to yu 
(and remembering é, depends on n). However, it is easier 
to use the matrix generalization of (LW 74), namely 


1 | 
> exp(¢ 0" ir( ) (A.14) 
8 ' t G(¢)) 


Tor 
In our approximation this becomes simply 


1 
LL expe 0 
Br 1 
ground-state energy 


Therefore the ex 


(LW 9 


be come 


(rr’\vle’r)}. (A.16) 


The expression (A.16) is just the usual expression for 
the energy in the Hartree-Fock theory. It would not be 
difficult to push this type of approximation a step 
further by taking into account all skeleton diagrams for 
vhich the interaction occurs explicitly twice, but we 
hall not enter into this kind of generalized Hartree- 
Fock theory here. We also wish to remark that the 
passage to the zero-temperature limit was not at all 
necessary, and that our equations. form a convenient 
basis for defining a Hartree-Fock procedure for finite 
temperatures. 
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Ions produced in liquid helium by ionization with @ particles have been exy 
particles to study the properties of the superfluid. A time-of-flight method wa 


drift velocity u of the ions in the liquid for various values of the applied el 
T down to 0.5°K. The field independent mobility uw“ =u/& obtained in the 
eases very rapidly below the \-point. Its temperature dependence over mos 
2°K is of the form yp =a exp(A’/kT) and can be explained by the scatt 
collective excitations (rotons) present in the fluid. The nonlinear dependence 
strengths was also investigated and suggests the possibility of ions creating excit 
as an important inelastic scattering process at sufficiently large fields. Some 


suggested 


He motivation underlying the present experiments mobility. On the other hand, the case of larger electric 
is an attempt to investigate the superfluidity of _ fields is also worthy of investigation, particularly since 
liquid helium from a relatively microscopic point of there then exists the possibility of ions creating excita- 
view by a study of the motion of atomic size probe _ tions in the background fluid 
partic les in the fluid. As probe partic les we have used Direct measurements of ion drift velocities in liquid 
ions since the electric charges on such particles make helium above 1.2°K have been reported by us briefly 
them readily observable even in small concentrations — in a previous note.” Ions in liquid helium have also been 
ind allow their motion to be easily controlled by exter- studied by Williams* who made mobility measurements 
nally applied electromagnetic forces By virtue of the above 1.4°K at very high electric fields, and by Careri 
uperfluid property one would expect that a particle — et al.‘ who studied ion motion in heat flush experiments 
moving sufficiently slowly through the quantum fluid 
in its ground state at absolute zero would encounter no EXPERIMENTAL METHODS 
“resistance’’ to its motion.' On the other hand, at higher 


To measure the ioni ilities we adopted, with a 
I 
a 


temperatures the particle will suffer scattering processes ; ; 
, . few refinements, neth ibed In a previous 
determined by the number and nature of the elementary agg =i ; o> 
a ap : ¢ note.2, This meth nits .; ct time-of-flight 
excitations present in the fluid. Thus it should be possi- eal » ae : 
; ; : : measurement of the drift 1 city in a given electric field 
ble, by studving the motion of microscopl probe Fs 3 ’ : 
‘ and has the virtue allowi to work with rather 
| 


articles, to make apparent the possible interactions . ' , ¥ 
DI | small electric fields and c pondingly small drift 


le and a quantum fluid exhibiting super- 
fluidity and to check the collective des ription of the “ae “aS : , 
' 2 fo] stati schematically in Fig. 1. TI particles emitted from 
latter in terms oT elementary excitations. . : . . ; 

“ the Po?” source S (about 10 microcuries) are stopped 


between a parti “ie es tae? 
velocities. The “drift velocity spectrome is shown 


In the present work we have focused our attention on ° . - £0 was , ‘ 

, ~ ' ' ; in the liquid helium within a very short distance (less 
the measurement of the drift velocity « which an ion : : ee eee 

7 “ than 0.3 mm) and there gi ise by ionization to a 
acquires when subject to a force provided by an applied : ses bas os 

; ; sf" . copious supply of ions ie of the latter can be drawn 
electric field &. The simplest situation to interpret is es * est? 
out by an electric fiel nd finally arr at the collecting 


ive 
electrode C. The resulting current J (of the order of 
10- amp or less) is measured with a vibrating reed 
electrometer. The main drift space is defined by the 
grids A and B spaced about 1 apart. The pairs of 


that where & is kept sufficiently small so that the ion 
never acquires an energy appreciably in excess of its 
equilibrium thermal energy in the fluid. The ion then 
resembles most closely an ideal probe which disturbs the 


medium minimally. Under these circumstances u« &, : ‘ T 
grids 4A’ and BB’ act, respectiv , as two gates which 


and the mobility vi u/& of the ion is independent 


‘ ' , we ; are alternately opened and cl 1 in synchronism pv times 
of &. Here the behavior of the mobility as a function of ap : 


per second by the application of square wave electric 


temperature is of particular interest since a decrease in > Bl 
fields between AA’ and bet nb As a result, the 


the possible scattering processes as one approaches the 
ground state of the supe rfluid at absolute zero should be <_ 


dire: tly measured by s 4 orrespondingly enhanced will hereafter 
, 7R. L. Will 
From a quantun hanical point of view, the nature of the ‘G. Carer, 
ited states of the fluid ch that creation of an elementary 13, 186 (1959 
tation by the part is imy ible under these circumstances ’ The method is an a 
for example, the dis no Lee and ( N. Yang in studies in gases by A. M 
the Proceedings of t! lwe ynterer on Theoretical Physics, Soc London) Al29, 162 
Washington University, St oul unpublished), pp. 150 * The spacing betweer 
153 


in our experiments 
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SUPERFLUIDITY IN 1 
number of ions reaching C will be a maximum essentially 
whenever the time To, required for the ions to drift the 
distance so from A to B under the influence of the ele 
tric field & applied between these grids, is equal to an 
integral number of periods v~ of the gating fields. The 
current J» arriving at C is then a periodic function of », 
the separation ? in frequency between any two adjacent 
maxima in J» being a direct measure of T \ mort 
detailed analysis of the action of the gates can be found 
in Appendix B. It may be instructive to point out that 
this method of measuring drift velocities is a close 
analog of the historically important method of Fizeau 
for measuring the velocity of light by a rotating toothed 
wheel.” 

A He’ refrigerator was used to carry our measure- 
ments into the temperature range below 1°K*. Good 
temperature stability is of importance in our experi- 
ments since the ionic mobilities are rapidly varying 
functions of temperature and since, when using rather 
small ion currents, an individual measurement of drift 
velocity is moderately time-consugiing. Hence a device 
exploiting the temperature stability of a boiling liquid, 
like He’*, has a decided advantage over the ordinary 
adiabatic demagnetization setup. In our arrangement, 
Fig > the 


shown in 


thermal enclosure containing the drift velocity spectrom 


copper can (d provides an iso- 
eter as well as some carbon resistance thermometers. 
The He‘ (about 80 cm? of liquid) necessary for the 
experiment is introduced into the can (a) through the 
capillary tube (c). The latter has a quite small bore 

to minimize heat into 
the copper can by Het film flow. The brass can (b 


diameter (0.005 in transport 
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Fic. 1. Schematic diagram of the velocity spectrometer used 
for the measurement of ion drift velocities. The grid assemb! 
shown on the right is immersed in liquid helium. S is the Po*” 
source and C the collecting electrode. The main drift space is 
between grids A and B, F being a guard ring which helps to main- 
tain a uniform electric field in this region, while A’ and B’ are the 
pulsed grating grids. The batteries indicated in the diagram 
actually provide variable sources of dc potentials for the grids by 
the use of suitable potentiometers 


7 See, for example, F. A. Jenkins and H. E. White, Fundamental 
f Optic McGraw-Hill Book Company, 1957), 3rd ed., p. 385 

* Similar He’ refrigerators have been described by H. A. Reict 
and R. L. Garwin, Rev. Sci. Instr. 30, 7 (1959), and by V. P 
Peshkov, K. N. Zinov’eva, and A. L. Filimonov, J. Exptl. Theoret 
Phys. U.S.S.R. 36, 1034 (1959) [translation: Soviet Phys.-JETP 
36(9), 734 (1959) ] 
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ic. 2. Schematic diagram of the He’ refrigerator. The main 
parts of this device are explained in the text. The symbols are 
VP =mechanical pump, DP = diffusion pump, G= vacuum gauge 
The bulb (m) provides He exchange gas for preliminary cooling 
lown, while (m) denotes a small gas holder (GH) which stores the 
He* used to fill the experimental chamber (a). The radiation trap 
in the He* pumping line is designated by (e) 


provides the vacuum jacket which insulates the can (a) 
thermally from the surrounding Het bath at 1.2°K. 
The amount of He working substance of 
the refrigerator is 300 cm’ of NTP gas, corresponding 
to approximately } cm The liquid He’ is 
evaporated in the small chamber (d) in the top of the 
copper can (a). The temperature of the He’, and hence 
of the experimental ch 


used as the 
of liquid 
amber (a 


on it with the pumps (/ 
by the by-pass valve (/ 


, is lowered by pumping 
and (g), and can be controlled 
rhe refrigerating action can 
be made continuous by recondensing the He’ at 1.2°K 
in heat He‘ bath and then 
allowing it to trickle back down into the evaporating 
chamber (d) through the low-temperature throttle 
valve (7) and the capillary (k 


exchange with the main 


lemperature measure- 
ments below about 1.2°K were made by calibrating 
run the thermometer 
against the vapor pressure of He*® measured when the 
He’ in (d) is used as a vapor pressure thermometer 
under static conditions, i.e., with the pumps (f) and (g) 
shut off. The refrigerator is « apable of func tioning down 
to temperatures of about 0.35°K. A long-term tempera- 
a drift rate of the order of 0.001°K 
per hour can be obtained without special precautions. 


during each carbon resistance 


ture stability with 


EXPERIMENTAL RESULTS AT LOW FIELDS 
We first 


mobility w’’*» 1 


discuss the field-independent zero-field” 


, the mobility measured in a range of 


* The calibratior 
pressure vs temperature 


Phys. Rev. 106, 175 (1957) 


irements of the He® vapor 
| R. Roberts, 


loriak and T 
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deg 
| ionic mobility u yn a logarithn 
| temperature 7~'. The 
il points obtained with 


scale 
reciprocal absolute 
d triangles denote experiment 
apparatus, the two points with 
nts mac vith the main drift 


vertical tails indicating 
space increased in length 
ses denote the old data of I multiplied 
to bring their absolute values into 


ta in the region of ove rlap 


electric field values & sufficic ntly small so that the drift 
} 


velocity «is proportional to &. Physically this region of 


acterized by the fact that & i kept 


e energy imparted to an lon by 


mall com 


ipphiec 1 Sin a mean free patl lj 


\s will be apparent from our measurements, the mean 


t 
Iree path Increase 


Hence. 


necessary to 


very rapidly with decreasing tem- 


perature especially at low temperatures, it 


work with rather small electri 
For 
an ion corresponds 


1 K, Le. to an 


for a mean free path of 


become 
fields if one wishes t« aintain the condition (1) 
example, the ' 
ipproximately ature of 
energy ol 
required to satisfy the 

herefore, be taken in the 


ck that one 


| so that the 


indeed 


pre VIOUS 
drift velocities at various 


temperature I ! variou alues of the 


applied 
erature dependence ot the zeTo 


eld mobilit wn in Fig. 3. This a plot of 


e¢ same type as that 


shown in I, nperature range 


2 K ‘ ven LDI inc! the 


decreasing my] ratul ( ne 


below 1 mobilities 


with A-point is 
certainly a very cing mon ti of the 
fluid character of the 


super- 
jum in which our probe 
particles are moving. For 
mobility at 0.5°K ibout 
the A-point (2.18°K 

In Fig. 3 the 
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by equations of t 
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limit of experimental ert 
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measured zero-field mobilit hould be accurat« 


within 2°. The absolute va of the mobilities are 


less well known since electrica lige effects near the 
grids make the effective lens he drift space between 
and B mewhat uncertain. To 


ource of 


grids | check thi 


possible ised the present 
apparatus to measur under identical 
conditions except that 1 lrift space AB was changed 
in length by a factor he tw ts of measurements 
agreed with each ot! Hence we believe 
that the absolute value mobilities can 
be trusted to within comparal acy. Finally it 
should be hat tl esent measurements 


mentioned 


overlap the temperature rar arlier measure- 
of I taken with a 


more 


ment ipparatus and 


with a primit 
volving sinusoidal inste ] atin 
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These excitations can be treated, at temperatures 
sufficiently below the A-point, as a dilute gas of quasi 
particles." The dispersion relation for the excitations, 
1.e., the relationship between their energy ¢ and momen 
tum p, has recently been directly measured by neutron 
scattering : According to this collective des« ription, 
ions moving in the liquid suffer collisions with thé 
*xcitations present in the fluid.“ At temperature: 
greater than about 0.5°K, the collisions limiting the 
mean free path / of the ions are predominantly thos 
with the excitations of large momentum, i.e., with 
rotons. An ion in liquid helium represents, in a collective 
description of the liquid, an excitation of a new kind 
of the fluid as a whole. Associated with the ion excitation 
there exists a dispersion relation connecting its energy E 
to its momentum P. We shall assume it to be of the form 


E=T+(2M)'P*, (4 


where M ts an effective mass parameter for the ion and 
I’ is a constant independent of P. In the presence of an 
electric field &, simple kinetic theory then yields for the 
ion drift velocity u« the relation Mu=e&r, r being the 
mean time between ion collisions. The ion mobility is 
then 
M )r=(e/M)K0,, 


Lu é 


where (v,,) is the mean relative speed between ion and 


He re 


roton 


(Myo ir)" 6 


where o,, is the ion-roton scattering cross section and n, 
is the number of rotons per cm’. Writing the dispersion 
relation for the excitations in the roton i 
customary form 


region in the 


A+ (2 po) "(Pp po)’, 


one finds, using Bose statistics for the excitations 
n,=2(2m)'h* pr? (wokT)' exp(—A/kT) 


In the region of small electric fields (0;,) is simply the 
relative speed under thermal equilibrium conditions, i.e 


(vy 


where v,; and v,= (d¢/dp) are, respectively, the ion and 
roton velocities. For the ions, which are sufficiently 
dilute to obey classical Boltzmann statistics, the equi 


=3kT M. for the rotons 
Hence, neglecting the small 


partition theorem yields (v/ 
one computes (v,?)= kT /u 
A consistent elaboration of this point of view applied to many 
aspects of the liquid helium problem can be found in the review 
paper by I. M. Khalatnikov, Uspekhi Fiz. Nauk. 59, 673 (1956) 
or, in German translation, Fortschr. Physik 5, 211 (1957 
2 J. L. Yarnell, G. P. Arnold, P. J. Bendt, and E. C. Kerr, Phys 
Rev. 113, 1379 (1959 
“The situation here is analogous to that of a few He’ atoms 
dissolved in liquid He*, a subject discussed theoretically on the 
basis of the theory of elementary excitations by I. M. Khalatnikov 
and V. N. Zharkov, J. Exptl. Theoret. Phys. U.S.S.R. 32, 1108 
1957) (translation: Soviet Phys.-JETP 5, 905 (1957) ]. 
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distinction between the rms and mean values, 


(RT / ps 1+30/M)? (9) 


the following 


dependence of the ion mobility 


One thus would predict temperature 


M id 7 exp A bk] A kh 8.65°K. (10) 
of A is the one obtained from neutron 
- If the ion-roton interaction is assumed 
, of the form 


section oi is simply a 


where the value 
cattering data 
to be like that between hard spheres, e.g. 
Vod(r,—r,), then the cross 
constant. 

The experimentally observed temperature depen- 
3) of the mobilities is very similar in 
form to the simple theoretical prediction (10); the acti 


vation energy A is 


den¢ ec (2) and 


within the 
limits of error of our present measurements essentially 
the same 


for the positive ions, 


as that derived from neutron scattering,” 
while being slightly less than this for the negative ions. 
Che description of liquid helium in terms of its collective 
excitations appears, therefore, basically correct in 
act ounting for the interaction of an ionk probe partic le 
with the quantum fluid. The fact that the experimental 
temperature dependenc: is represented best by (2) 
without the pre-exponential factor 7”! of (10) is prob 
ably only of minor significance since the assumption of 
a hard sphere interaction between an ion and roton ts 
unlikely to be realistic. With an interaction varying 
more smoothly with distance, the cross section would 
depend on the relative ion-roton velocity ; €.g., 0% Vir 7, 
>0. By (9), oy then effectively contributes to 
the temperature dependence (10) of uw’ a factor T'”. 
That is, for y=2, there would be no pre-exponential 
temperature factor in (10). It 
difficult to make 
ciples, about the 


with + 


seem rather 
any statements, based on first prin 


would 


interaction. It is 
of the theory of elemen- 
tary excitations in its present stage of development that 
the interactions between the quasi-particles are not 
derived from the actual Hamiltonian of the liquid, but 
are instead customarily assumed on the basis of purely 


actual lon-roton 


prec isely one of the deficiencies 


phenomenological arguments. 

It has already been pointed out that in the tempera- 
ture range from approximately 1.5°K up to 2°K the 
experimental points tend to lie slightly above the 
straight lines (2) of Fig. 3. This deviation accounts for 
the fact that the parameters A’/k deduced in I from 
data obtained above 1.2°K were lower by 0.5°K than 


2 
those given in Eq. (3). The deviation is consistent with 


the neutron scattering results’ which show that the 
effective value of A decreases as the temperature is 
raised to the vicinity of the A-point."'® The physical 


ignificance of this shift in A is simply that the density 

“ The neutron scattering data™ yield 
5/k = 8.68 —0.00487 K. Thus 4/k 
1.1°K to 1.8°K 


‘6 The deviation might also be due, in 


the empirical relation 
decreases by 0.5°K from 
part, to a violation of the 


ondition (12) discussed below 
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He’ mean free path and thus should determine the He® 
diffusion constant D;. The theoretical temperature 


dependence of D; should then be of the form” 
D;« exp(A/kT) (13 


for reasons analogous to those leading to the mobility 
expression (10) for our ions. The connection here is a 
very close one since the diffusion coefficient D,; for ions 
in liquid helium is related to their mobility uw by the 
Einstein relation 


dD, = (kT @)u, 14 


so that a direct comparison between the diffusion co- 
efficients of He*® atoms and of ions in the liquid is 
possible. Though the measurements of D; by Garwin 
and Reich** show the exponential! behavior predicted 
by (13), the activation energy deduced from their 
results is A=13.5°K, i.e., about 50% higher than one 
would expect from the well-known roton parameter A 
or from the mobilities of the ions. The reason for the 
appearance of this anomalously high value is not clear.” 
It might be pointed out that the He’ concentration 
used in their experiments is rather high, of the order 
of 1%; this is about 10" times higher than the con- 
centration of about 10° ions/cm? used in our experi- 
ments. At 1.5°K one computes by (14) for positive 
ions D,;=4.8X10-° cm?/sec, which is about 4 times 
smaller than the corresponding value of D;.¥** The 
difference is not unreasonable since one would expect 
a larger scattering cross section and a Jarger effective 
mass for an ion as compared with a neutral He* atom 


FIELD DEPENDENCE OF DRIFT VELOCITY 


We finally turn to a discussion of the ion drift velocity 
u as a function of electric field & at a given value of the 
temperature. Figure 4 shows a typical experimental 
curve of this kind obtained at a temperature of 0.75°K 
The nonlinear dependence of u on & is quite apparent, 
the deviation from proportionality setting in at in 
creasingly smaller values of & as the temperature is 
reduced. A characteristic parameter significant for the 
field dependence is the ratio ¢ defined in (1). One 
expects that, as long as ¢1, u« &. For larger value 
of & there should be a region where u« &}. Finally, if & 
is made sufficiently large, it should become possible for 
ions to create rotons in the background fluid. As shown 
in Appendix A, the creation process becomes possible 


only if the ion kinetic energy exceeds a critical value K, 


2 The detailed theory for D, is given in reference 13 

* R. L. Garwin and H. A. Reich, Phys. Rev. 115, 1478 (1959 

* It is possible that the effective mass of a He’ atom is relatively 
small compared to that of an ion. It is then possible that the 

lition (12) may not be satisfied by a He’ atom in the tempera 

ture range above 1.3°K from which the value of A was deduced 
in these experiments 

26 The indirect determination of D, by J J M. Beenakker, K 
W. Taconis, et al. [see Progress in Low-Temperature Physi 
edited by J. C North Hoiland Publishing Compar 
Amsterdam, 1955 p. 134] yields values of D, with 

tivation energy sin to that of reference 22, | 
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Fic. 4. Dependence of the positive ion drift velocity « and 


corresponding mobility w= on the applied electric field & at 
0.750°K. Part of a curve of u vs & at the lower temperature of 
0.675°K is also shown for comparisor 


which is necessarily greater than A, but which depends 
also on the effective mass M of the ion. Hence the 
creation process should come into play when e&/>K,, 
and should become increasingly important as the main 
field is 
increased further. In the limit of quite large fields this 
should become the predominant scattering process and 


scattering process for the ion as the electri 


should lead to an ion drift velocity limited essentially 
by its critical velocity necessary for the creation of a 
roton. It should be clear that creation of an excitation 
by an ion corresponds to an inelastic scattering of the 
ion in which the latter loses energy in raising the liquid 
as a whole to a higher excited state separated by a well- 


defined quantized energy. The situation is analogous 


to the classical Franck-Hertz experiment in which an 


electron suffers an inelastic collision in raising an atom 
to a discrete excited 

At 0.75°K the measured zero-field mobility yields 
by (5) the estimate />6.5X 10 
M> Mx... Thus 


for & 


tate 


* cm if one assumes that 
, for &=1 v/cm, e&l/k>0.075°K. Hence 
>().2 and thus it is reasonable that in 
Fig. 3 the curve of u vs & should already begin to depart 
from proportionality at fields as low as this. It should 
be noted that in a detailed theory of the field dependence 
of the mobility”* the effective mass M would be an 
important parameter. A study of curves of the type of 
Fig. 4 might 


3v/cm, ¢ 


then allow one to make estimates about 
the magnitude of M. Furthermore, since the energy R, 
necessary to create a roton is, by Fig. 6, of the order of 
10°K for reasonable values of M, it follows that creation 
at fields of 130 v/cm 
10 My., for fields & greater than 


of rotons should become possibl 
for M 
Thus it is 


or less: e.g.. 


20 v/cm clear t the process of creation of 


rotons by ions is one which becomes of importance at 


values of & well within the range of our experiments. 
26 Such a detailed theor sr Vallabie 
blem of io n gases has been treated by G. H. Wannier [ Bell 
stem Tech. J. : 7 } nd that of electrons in liquid 
n by R. G. Arkhipov cptl. Theoret. Phys. U.S.S.R. 33, 
JETP 6(33), 307 (1958) }. 


though the related 











Fic. 5. Drift velocity u for positive ions as a function of the 
reduced field parameter &’. The latter has been taken equal to 
&/ = 4X 10°3(T ty &) cm sec deg +, where & is the applied elec 

tric field and wy is the measured zero-field mobility at the given 
absolute temperature 7 proportional to the dimensionless 
parameter e&/(k7) where | is the ion free path. The experimental 
points were obtained fror 
listed on the drawing 


measurements at the temperatures 


Unfortunately we have not yet been able to extend our 
measurements to significantly larger values of electric 
field it at large values of the electric 
field the experimental 
frequency (which at lower fields or higher temperatures 
exhibit very well-defined periodically recurring peaks 
allowing accurate determinations of time of flight) tend 
to show appreciably reduced amplitudes of these peaks 


The reason is th: 
curves of ion current vs gating 


so that me«sure:nents of « become increasingly difficult. 
The reason. jor this experimentally observed behavior 
are not yet clear to us and are under investigation. 
Finally, one might expect, if ¢ is indeed the character- 
istic parameter determining the dependence of drift 
velocity u on &, that the curves for the field dependence 
of u at various temperatures might all be combined into 
a single curve if considers « as a function of the 
“reduced field” g=e&l/ (3kT and (9), 
l is related to the zero-field mobility gs” by la Thy 
this arguirent suggests that a universal curve should 
be obtained if u is plotted as a function of the reduced 
(Tp 


where the values of u 


one 


Since, by (5) 


field parameter ” &).27 Figure 5 shows such a plot 
for the abscissa have been taken 
from the experimental data of Fig. 3. It is seen that the 
drift velocities measured at the various temperatures 
do indeed fall fairly well on a common curve for the 
. from 0.75°K down 
to 0.50°K corresponding to a factor of over 50 in the 


temperature range investigated, i. 


magnitude of u 


CONCLUDING REMARKS 


The work described in this paper suggests several 
other lines of investigation involving the study of liquid 


helium by means of ions. There are, first, some quite 
Michael 
with a universal curve, 
rather than yw itself. This 
ce in the appearance of 


Professor Sanders kindly 


pomted out te ] ni { be consistent 
one ought ng or nate 7 us 
modimcation mé ( minor ditterer 


the curve of Fig 
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natural extensions of the present experiments. (a) The 
mobility measurements should be carried to lower tem- 
peratures (e.g., down to the temperature of 0.3°K avail- 
able in the present apparatus) to study the situation 
where scattering of ions by phonons becomes predomi- 
nant. One expects the mobility to vary like T~" in this 
temperature region, where m can be quite large.** To 
make the phonon scattering observable it will, however, 
be necessary to reduce significantly the natural abun- 
dance of the He’ impurities in the liquid helium by 
methods based on superfluid filters or heat flush. (b) It 
would be of interest to overcome present experimental 
difficulties to extend the drift velocity measurements 
to larger values of the electric field, a domain where the 
process of roton creation by ions ought to be of major 
significance. (c) Measurements of the ion mobilities as 
a function of pressure would while. In 
atm, the 


the density of the 


also be worth 
going from atmospheri 
melting pressure of helium at 0°K, } 

liquid increases by 18%.” As a result, the parameters 
characterizing the excitation spectrum of the fluid ought 
to change significantly and a change in A, for example, 
ought to manifest itself quite cl 


pressure up to 25 


in a change of the 
Arguments based on 
measurements of the coefficient of expansion of liquid 
helium™ would lead one to expect’a decrease of A by 
about 10%. (d) A much more difficult experiment would 
be a study of the vortex lines in a rotating container of 
liquid helium by their scattering of ions. The experiment 


would require rather low to make the 
ufficiently small. 


early 
slope (2) of the mobility curves 


temperatures 
scattering of ions by other excitations 
Another set of experiments 
magnetic field. (a) At 
mobilities can ; 
magnetic field H. For H perpendicular to the main 
electric there 
F,,=eHu/c at right angles 


involves the use of a 


sufficiently low temperatures, 
be determined by ion deflection in a 
force 
to the electric force F,=e&. 


field & exists a mean magneti 
As a result the ions will move in a direction making an 


angle @ with &, @ being given approximately by 
(15a) 


Alternatively, a small electric field &; can be used at 
right angles to both & and H to reduce 
deflection to zero and to make this into a null method 
For H :, 
so that the method ought to be applicable at tempera- 
tures below about 0.6°K. Since the “Hall mobility” thus 
necessarily be equal to the “drift 
trometer (this 
charge is not perma- 


the magnetic 


10° gauss, @>0.1 radian for u> 10° cm? v sex 


measured need not 
mobility” measured by the velocity spe: 
can happen, for example, if the 


** One would predict »=9 if assumes 
ion by a phonon is similar to that 
of wavelength large compared to it 
the Einstein relation (14) applic 
vhich gives the calculated diffusior 
helium in the temperature range of pl 

”W.H. Keesom, Helium (I 
Amsterdam, 1942), p. 240 

*” Reference 16, p. 66 


that scattering of an 
by a sound wave 
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nently attached to a given ion), these measurements 
might also help in elucidating the nature of the ions. 
(b) A determination of the effective masses of the ions 
would be of considerable interest. The most direct 
method that suggests itself is measurement of the ion 
cyclotron resonance frequency w,.=eH/(Mc) in a given 
magnetic field H. A necessary condition for the feasi- 
bility of this experiment is that the time 7 between 
collisions of the ion be sufficiently large compared to 
the cyclotron period of revolution, i.e., one needs 
721/w.. By using the expression for w, and Eq. (5) 
this condition can be written in terms of the ion mobility 
as 


wH/c>1. (15b) 


For H=10* gauss one thus needs n42 10* cm? vy sec, 
so that the experiment ought to become feasible at or 
below about 0.5°K. In this field the resonance frequency 
would be w./(2r)=3.8 Mc/sec for M=Mnue. Because 
of the small frequency and the small number of ions 
involved, the detection of cyclotron resonance by 
absorption of power would be prohibitively difficult; a 
method based instead upon detection of the effect of 
cyclotron resonance upon the ion beam would seem 
indicated.* 

Ions should also be useful in some hydrodynamic 
experiments. At temperatures which are not excessively 
low the ions have mean free paths small enough so that 
they suffer many collisions with the excitations of the 
fluid. Hence the ions will participate in any convective 
motion of the excitations, i.e., they will move with the 
“normal fluid.”” The experiments of Careri et al.* have 
verified this fact in heat flush experiments. Now, in 
conventional hydrodynamic experiments on ordinary 
fluids like water, ink is often injected to label the fluid 
motions in a visible way. In an analogous way ions 
introduced intoliquid helium should act effectively as an 
“ink” that would selectively label only the normal com- 
ponent of the fluid; in addition, since a known drift 
velocity can be superimposed upon the ions by applica- 
tion of a known electric field, the magnitude of the con- 
vective velocity of the normal component can then also 
be measured. For example, the problem of the hydro- 
dynamic instability of liquid helium is one which in- 
volves the interactions between normal and superfluid 
motions in an intricate way” and is one where the ion 
“ink” might be useful. We are currently exploring, with 
Dr. Donnelly, the possibility of using ions and suitable 
probe electrodes in an experiment on hydrodynami 
stability of liquid helium contained between rotating 
cylinders. 

Finally, measurements of ion mobilities in liquid He® 
at low temperatures (<0.5°K) would be of considerable 
interest since they would yield information about the 


1 A method similar in principle to that used by J. H. Gardner 
(Phys. Rev. 83, 996 (1951)] for the determination of electron 
cyclotron resonance represents one possibility 


#R. J. Donnelly, Phys. Rev. Letters 3, 507 (1959) 
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low-lying excited states of a Fermi liquid and could be 
compared with recent measurement of the self-diffusion 


in liquid He? 
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APPENDIX A. CREATION OF AN 
EXCITATION BY AN ION 


Consider the process in which an ion of momentum P 
and energy £ creates an elementary excitation of 
momentum p and corresponding energy ¢ in the back- 
ground fluid, the ion thereafter being left with momen- 
tum P’ and energy £’. The conservation theorems for 
momentum and energy impose the conditions 


P= P’+p, 
E=E'+e. 


(16) 
(17) 


For the ion we assume the dispersion relation of Eq. (4). 
Solving Eq. (16) for P”, and combining with (17) and 
(4), then yields the relation 


P-p= Pp cosd=Me+ hp, (18) 


where @ is the angle between p and P. Since cos@<1, it 
follows that the velocity of the ion V=dL/dP=P/M 
must satisfy the condition V>W, where 


W = «p+ (2M), 


and where V=|V/ and p 
tion is then only possible if 


V>W, 


(19) 


p|. Creation of an excita- 


(20) 
W being the minimum value of the function W. 

Using the dispersion curve for the elementary excita- 
tions,” Eqs. (19) and (20) show that creation of phonons 


becomes first possible when V>c, ¢ being the velocity 
of sound. In addition, for M not too small, the condition 
dW /dp=0 determines another minimum value W = W, 
corresponding to the minimum ion velocity needed for 


the creation of a roton. As long as M>0.9 Mug, Wi<« . 
For Mo, W,- , the familiar Landau 
result for the critical velocity of a macroscopic body.” 
The dependence of W, on the effective mass M of the 
ion is shown in Fig. 6. 


>58 m/sec 


In order to examine the creation process in somewhat 
greater detail, it is necessary to make some statements 
about the cross section ¢, for creation of an excitation. 

, In the absence of detailed knowledge of the ion-roton 


* H.R. Hart and J. C. Wheatley, Phys. Rev. Letters 4, 3 (1960) 


“ See reference 10, p. 16 
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icates the velocity of sounc 
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necessary 


inte Tac tion, one can Zivé a simple argume nt based upon 


a 6-function type interaction, i.e., assuming that the 


matrix element F pertinent for the creation process is 
just a constant. This implies a purely statistical argu 
: 


ment based only upon the volume of phase space avail 


able to the created excitation. Then one can write 


do, fv F265 (e+-E’— £)6(p+P’—P)d*pa'P’ 


rf Ve t \ p PP cosé pd pd (cosé). (21) 


For a given initial ion velocity V, one then obtains a 
i of the form 


do pdp 
of p such that 


nonvanishing cross section 


in the range of values 
cos8= W/V <1. 


To discuss the situation of roton creation close to 
threshold one need only know the behavior of W close 
to its minimum value W, occurring at p=. There one 
can write 


(24) 


with A=p [A+ (2yo)"'p Integrating (22) over the 
possible values of p as determined by 23) yields near 
the threshold for roton creation the total cross section 


dependen e on V 
W)}. (25) 


After creating a roton the ion will be left with a momen- 


tum component P» in the direction of its original 
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momentum P. Fora given n momen- 
tum loss 


26) 


can be computed by 
values of p with the 
The result near thre 


P P , 


In the limiting c: 
high electric field inelastic ion scat 
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temperatures or 
tering involving 
process. A 
ng 1on motion tis 

ic field 
ton creation 


roton creation shoul 
simple way of visuali 
consider that the i erated | tne electri 
to some mean velocity V (> W,) at which r 
occurs with appreciable pr 
velocity falls back to ; lean velocity | and 


acceleration process is repeated his should lead 


ty, after which the ion 


limiting ion drift velocity u i t '). For reasonable 


too small, 
numerical estimates based on (27) show that (P— P,’) 
apprecial all than P 
Hence u will not be much sma 


values of the effective ma VU 
can be expected to be 
locity 
If all 


-, then 


V at which roton creatior 


roton creation occurred at 
u é/p 60 m/sec 


APPENDIX B. OPERATION OF THE DRIFT 
VELOCITY SPECTROMETER 
We discuss briefly a simplified analysis of the action 


of the gating fields in the drift velocity spectrometers. 
The discussion should make clear 


of the instrument as used 


the mode of operation 
in the present experiments; 
account the nonideal be- 
to make estimates of 
easured velocities. 

1B of length 
field 


& applied between A and the gate spacing 


in addition, by taking into 
havior of the gates, it allows one 
the absolute values of the n 

The ions traverse the lain dri pact 


Sy in a time 7?) under t influer the electri 


between A and A’ by s;. TI of operation is such 
that the gate is ‘opened’ 1/© times per second for 
a time r=/© by applying a fi & 
A which causes ions to tra‘ the space A’ 
T,. We assume f <4; also, in t] nge of interest where 
vis low, r>7}. The ratio g=7; Sg Measures the 
departure from the i 
by an ion within the gat 
compared to JT». During 
each cycle the gate is “clos 
and A a reverse field &,’ 
left inside the gate space b 
get collected. The gate 
depleted of ions when 


between 1’ and 


{ ina time 


idea 


second consisting 
dimensions and mode of « 
If the first gate A’A i 


the times 0 (k=0,1,2, 


gate 
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arrive in front of grid B at times (RO+7,4+7 5) in 
bunches lasting a time (r— 7). The action of the second 
gate BB’ is then to select for transmission past B’ to 
the collector C only the part of each ion bunch arriving 
during a time @, the magnitude of 0(0<@<7r—T7)) 
depending only on the time difference between the 
arrival time of the bunch at B and the opening time kO 
of this second gate. The calculation of @ as a function 
of the delay time (7,+7») is straightforward. Thus one 
can express the integrated ion current A =6@/© (meas 
ured relative to that obtained if the gates are perman- 
ently open) arriving at the collector C as a function of 
the gating frequency v. The result is a series of peaks, 
each peak of A vs v being triangular in shape. For the 
m’th peak (m=1,2,3, ; for m=0, there is only a 
half triangle) the apex of the triangle corresponds to a 
maximum intensity A,,= f—g(1+g)~'m and occurs at 
the frequency vm mi where 


p= (14+-g)°Te". 28) 


The two frequencies at which the intensity A of the 
triangular peak falls to zero are, respectively, v_~? = 
(m— {)To" and v,_,‘t’= (m+ f) (14+2g)'To". Since the 
gates are not ideal, i.e., g>0O, each peak is somewhat 
asymmetrical in shape with (¥_—vm_~))/(¥_°??— 
Vm”) = 142g. Experimentally one finds, at least in the 
range of electric fields sufficiently small so that the 
mobility is substantially, field independent, that the 


(0) 


observed peak shape and‘asymmetry agree quite well 
with these predictions though the peak amplitudes 
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tend to decrease more rapicly with increasing order m 
than the foregoing simplified analysis would suggest. 
The important point is, of course, that the peak maxima 
occur at integral multiples of a fundamental frequency 
b. This is experimentally very well satisfied, and at 
least three successive peaks have always been used in 
determining the fundamental frequency in any experi- 
mental measurement. Knowledge of # then leads to a 
determination of the time of flight 7) through Eq. (28), 
the factor involving g=5,/S9 representing an approxi- 
mate correction for the nonideality of the gates. The 
previously mentioned agreement within 5% of values 
of the drift velocity obtained when the main spacing so 
was changed by 70% was obtained by taking this 
correction factor into account 

Finally it should be mentioned that we have also 
used an alternate mode of operation in which the gates 
0 in the gate space. 
Ideally this should lead to a storing of the ions in the 
gate space until the next opening of the gate. One then 
gets symmetric peaks at integral multiples of the 
frequency »=7 and the amplitudes of successive 
peaks decrease very slowly. Despite the apparently 
greater simplicity of this mode of operation, the first 
mode of operation in which &, is reversed in order to 


are closed by putting the field &; 


close a gate, involves a better defined gating action 
and has proved to be less subject to ambiguities, espe- 
cially at larger values of the electric field when the 
nonlinear dependence of drift velocity on field becomes 
pronounced. 
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In this paper a new equation is derived which is a quantum mechanical analog of the 


joltzmann equation. To these ends a new quantum mechanical distribution function is employed 


which 


is particularly useful in this case. Quantum corrections for longitudinal plasma os are evaluated 


for a low-density plasma, and it 


principle 


1. INTRODUCTION 


NATURAL starting point for many investigations 
of quantum statistical mechanics is the use of a 
so-called quantum mechanical distribution function 
(q.m.d.f.).! Probably the best known example of a 


q.m.d.f. is Wigner’s function? defined by 


(m/h)v is the and p is the 


He re k 


(one-particle) density 


wave vector 
matrix. For simplicity of notation 
we use here a one-particle description, the generalization 
straightforward. We do not wish 


the prope rties of Wigner’s 


to N particles being 
to give an analy ! of 


function ince this has been done elsewhere. Here we 
wish to point out however, that F(r,k) as defined by 
(1) satisfies an equation of motion which is similar to 

classical 


lact, the 


classical Liouville equation for the 


probability distribution space. In 
directly into the 
limit of A=0. Mean 
from F in 


imply treating F as if it were a classical 


equation satisfied by over 


classical Liouville equation the 


values of observables may be obtained 
many cases by 
probability function. For instance, integrating (1 


all k space yields 


the den ity 


over 
mmediately the diagonal element of 
(observable 


matrix which is the particle 


density in configuration space 


J Firk)@k=p(rr 


however, that F is not an 
be since this 
the exclusion principle. 
like the 


author, 


We wish to emphasize 
course, it 


variance with 


observable which, of cannot 


would put it at 
F is merely a calculaticnal aid much 


found by the 


very 


wave function. Independently 


yet already brietly mentioned in the literature,‘ is the 
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Here c*(k) is the complex conjugate of the Fourier 
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state we 
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already been successfully employed by the author® to 
and ex ial dey - of 
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disentangle internal freedom 
ng of comple xX 
molecules. We will see in juirements 
of indistinguishability of parti nay be met ina 


Be fc re 


very simple way by PF. real 


advantage F has in our p problem 


proceeding to the main object ¢ this paper, 1.€., the 


derivation of an equation for collective motion of 


an electron plasma and the quent determination 


of a dispersion relation for will briefly 
quote some of the basic properties 

1. The 
easily obtained from the 
the Schrédinger equation 


Liouville equation sa 


definitior together with 


Hy 
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defined by: 
[exp(—iV,-Vi)—-1] VF 


(V,-Ve)"V (nF (r,k), 


and the 
V(r). An alternative expression is possible with the aid 
of the identity: 


gradient V, only operates on the potential 


exp(+taV,-V, \o(r,k) 


= (2%a)* [ aah’ 6(+xX) 


1 
xexp(+ (k’—b)-x), 9 
a 


and is 


exp(—iV,-Vi)—1 VF 
I 


= (2x) f exreLv (+x) —V(r) P(r, k’) 


Xexp(—i(k’—k)-x). (10) 
Remembering that k= (m/h)v, we see that Eq. (7) 
for F goes directly over into the classical Liouville 
equation by taking the limit #=0. 


te) 
lim{Eq. (7)} +( 
h—W a 


1 
4 vv )P V.V(r)-V.F. (11) 
al m 


2. The connection between F and F already 
mentioned by Takabayasi* is 
exp(}iV,- Vi) F =F, (12) 

which follows directly from (3) and (9). 

3. The integral of any function of r and k G(r,k) 

° - rs . 
with F over all phase space is equivalent to the quantum 
mechanical mean of the so called well ordered product.‘ 
In other words, if 


G(r,k) => aagr*-k?, (13) 
ap 


then 


1 6 
[Ge Poweree= y> an ( v,) ), (14) 
a8 


1 


so that the momentum operator always acts on the 
right of the conjugate position operator. 
4. It is 


[Posen =p(r,r), 


[Power >. w,| cn (k)!?, (16) 


i.e., the integration of F over half of the phase space 
yields the probability distribution of the conjugate 
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space. The analog does not always hold in more com- 
plicated cases. For instance hSfkPak is not the current 
density j. But it is easy to show that 


j nla PRP Cee 


where &{@} means the real part of @. 

In Part 2 of this paper we will derive an equation 
for the singlet distribution function® F(v,k,t) of an 
electron plasma by employing essentially the same 
statistical arguments as those used in the derivation 
of the Vlasov equation.’ In Part 3 the equation obtained 
will be linearized. The first case then to be considered 
is the of distinguishable particles. Solutions 
~e'®«) will be seen to exhibit the same dispersion 
relation as the “plasmons” introduced by Bohm and 
Pines.* Subsequently the dispersion relation of density 
fluctuations ~e*®*-* will be obtained for the case of 
fermions with due regard to exchange in lowest order 
of a perturbation expansion with respect to hw,/kT 
(the ratio of a “plasma quantum” to the thermal 
energy, w, being the classical plasma frequency: 
w,’=4re’N/m). It will be shown that the leading 
contribution to the dispersion relation is due to exchange 
in this case. 


case 


2. DERIVATION OF THE QUANTUM MECHANICAL 
COLLISIONLESS BOLTZMANN EQUATION 


The starting point of the derivation is Eq. (7) 
which we will write down for an N electron system: 


Oooh N th N * 
( + > k; Vr; _ Vi? ) Pe ony ska») 
C 


1 om i=l 2m i=! 


i N on 
=sLexp(—# 2. Vey Wey) 1J 2 ae 
, 


tiie “<i | t—f;| 


«Pry (nr; ‘ty; ky- + -ky,f). (18) 
We already introduced the Coulomb potential of the 
electrons explicitly. The fact that we consider only 
the electron distribution function in Eq. (18) implies 
that we treat the ions as an immobile background 
homogeneously distributed which does not disturb the 
electron distribution with the only purpose to neutralize 
the space charge in thermal equilibrium. We define 
singlet, doublet, etc., distribution functions as usual by: 


Ps(r,-- ‘rg; ky---ks,t) 


= v8 f (ene) SP. (9,- **Fw; k,- . -kyl). (19) 


& Singlet, doublet, etc., 
system are here of course 
see Part 2) 
7™N. N Bogoliubov, Astia Doc No 
Cambridge Research Center (unpublished 
*D. Bohm and D. Pines, Phys. Rev. 92, 609 


listribution functions for an N-body 
defined in the same way as usual 


AD-21 3317, Air Force 


1953). 
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The integration takes place over all phase space of 
N-S particles as indicated by (d*rd*k)*~-* in formula 
(19). We obtain an equation for the singlet distribution 
function by integrating Eq. (18) over all sets of co- 
ordinates r;,k; but one. Performing this operation, 
observing the fact that Py is symmetric with respect 
to interchange of r;,k; with any r;,k;, discarding surface 
integrals in the usual fashion, the following equation 
is obtained: 


Oh h 
( +—k-V,—i v2 ) Pur) 


ol om 2m 
ie*N 


: [exp(—iV,-V.)—1 If evan'|r—r . 
h 


«FP (r,2’;k,k’t). (20) 


Here N is the number of particles per cm*. Equation 
(20) is not a closed equation. It entirely corresponds 
to the first equation of the B-B-G-K-Y hierarchy of 
equations in classical statistical mechanics.® In order 
to close Eq. (20) we may express F, as a functional of 
F,. Turning for a moment to the classical case we 
known that the collisionless Boltzmann equation is 
obtained by merely replacing F2 by a product of F; 
functions.’ This of course, is equivalent of saying that 
the correlation between the particles is negligibly 
small. The same conslusion cannot be drawn im- 
mediately for F', of Eq. (20) since it is not an observable. 
However, it is rather obvious that a neglect of cor- 
relation means in this case that the wave functions 
which determine F, may be expressed by a product of 
properly symmetrized single-particle functions in the 
case of indistinguishable particles. With this assump- 
tion it is easily shown that the following formula holds: 


Po(eyr’ kk't)= (A+ E)P i (ek OP i(k’), = (21a) 


with E=0 for distinguishable particles, 


E= +exp[—i(k—k’):(r—r’) ]Paw 


+ sign for bosons, — sign for fermions. 


(21b) 


Py is the permutation operator defined by Pxx-d(k,k’) 
=@(k’,k). Equations (21a) and (21b) are proven in 
the Appendix. A comparison of Eqs. (21) with the 
equivalent formulation for the Wigner function (1) as 
given by Ross and Kirkwood" reveals the advantage 
of the q.m.d.f. (5) over (1) in our case. In fact, accord- 
ing to Ross and Kirkwood the two-particle Wigner 
function is only expressible by means of a complicated 
integral operator as a functional of the product of two 
single-particle distributions. We now obtain from (20) 
using (21) a closed equation for the motion of a quantum 
plasma which is the direct analog of the Vlasov 


* A set of equations derived independently by N. N 
M. Born, H. S. Green, J. G. Kirkwood, and J. Yvon 

© J. Ross and J. G. Kirkwood, J. Chem. Phys. 22, 1094 (1954), 
Appendix B. 


Bogolubov, 


VON 


ROOS 


equation." It is, dropping the index 1 of the singlet 
distribution function: 


Oh h a 
(- +—k-V,—i ve) F (r,k,t) 
ol om 2m 


ie?N 


=——[exp(—iV,-Vi)—1 If even r—r’|-"(1+E) 
h 


* FP (r.k,t)F (r’k’t). (22) 


In order to simplify Eq. (22), we are now changing 
the normalization from k space to velocity space by 
requiring that 


foe Firki)= fa P'(e.v.t). 


Dropping the prime again we then that the 
exchange term on the right-hand side of Eq. (22) may 
be written as [using Eq. (21b) and the substitution 
(m/h)(v—v')=u] 


(23) 


notice 


- j j ~- ad ; ; 
ferevin.- r’ | EF (r,v,t)F (r’,v’t) 


= (:h/m)* f reu\ns- r’|— exp[—iu- (r—r’) ] 
«P(r, v—(h/m)u, t)F (r',v,t). (24) 


Here we distinguished the position coordinate r in the 
potential by an index since the gradient V, in Eq. (22) 
only operates on the potential. Formula (24) may be 
simplified by using the Fourier transform in velocity 
uy % ) 

space for F’ defined by 
F(r,v,) fa f(r,1,t) exp(il-v). (25) 


Expressing the first right-hand side of 


Eq. (24) with the aid of Eq. (2: » see that 


ferev r,—r| “EF 
in} 
(2) fete 
m . 
~ h 
<P (r+ Lv), (26) 
m 


iV,- Vi 
(26) yields by using formula (9 


h 
|e(-i vee) 1 If 
m 


Operating now with exp -1 on expression 


r dv’ EF (r,v,t)F (r’,v’,t) 


1945 


1 A. Vlasov, J. Phys. (U.S.S.R.) 9, 25 
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h |" m J 
x—-—l, — EHF) 
h 


= +(27) tf ais’ 
m | 


<P(r+ “1 vt) 


im 
xexp/ -—(v'—v)-xtil- (27) 





In the last expression we dropped the index of r since 
it is not necessary any longer. The integration over x is 
straightforward and we obtain for the exchange part 
of Eq. (22) the following final expression: 


ie?N 


“he ote v1) f ever’ r|“E 


<F (r,v,t)F (r’,v’,t) 


h eN 
= Fi— ~ f erexpiil vite? 7 Gael vs) 


m* 
: | 
—- -f av — spat v ) 
2r° |\v—v’'|? m 


where P means the principal value for the integration 
over v’. The + sign refers to the two cases: bosons (+) 
or fermions (—). The first term on the right-hand 
side of Eq. (22), i.e., the term without the exchange 
operator E can be handled in an analogous fashion. 
We do not report here the fairly simple calculations 
but quote the final result. The equation satisfied by 


F(r,v,t) is 
a h 

(. +v-V,—i— ve) Pn) 
at 2m 


e’N 1 P 
=% — f arav Fey's) _f eu 
h 2x? u? 


h 
<exp[iu- (rr) P(« v+—u, ‘) Pins.) 
m 


eNh h ‘ 
Fi- — fe exp(il-v pled? P(r Lvs) 
m? m 


1 dv’ P 
2 fF a(etivs)} 0 
2x? v—v’'|? 


f is defined by Eq. (25). Equation (29) is the starting 
point for our investigations of the quantum plasma. 
It is the quantum mechanical analog of the collisionless 
Boltzmann equation. Two properties of Eq. (29) are 
established immediately: 1. If F is solely a function 
of velocity [F=F(v)] then Eq. (29) is identically 


(28) 
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satisfied. 2. By taking the limit A#=0 Eq. (29) goes 
directly over into the classical collisionless Boltzmann 
equation (Vlasov equation"). 


3. LINEARIZATION AND DETERMINATION 
OF DISPERSION RELATIONS 


Equation (29) constitutes a rather difficult integral 
equation. The problems of most physical interest 
however, are those in which the overwhelming majority 
of particles is in thermal equilibrium. We therefore 
linearize Eq. (29) by putting 


P = Fo(v)+F,(t,v,0), 


and consider F;<<F so that terms quadratic in F; may 
be neglected. Specifically we assume: 


(30) 


F,(r,v,t)=a(K,v,t) exp(iK-r). (31) 


Entering Eq. (29) with this expression and neglecting 


terms of order higher than the first in @ yields the 
following equation : 


F) hK? 
( +iK-v+i JK.) 


at 2m 


4ere*N 1 h 
= 4 — = fav a(K,yv’ alr o( v4 K)—Fa()| 
h RK? m 


4ne2Nh P 
-j—— f dy/—— 


m 


- {a K,»’,t) 


v—v'|? 


h 
x| Folv)—Po( w+ K) |-0(Ks) 
m 
h 
x| Faw) —Fo(v'+ K)| . 
m 


The last term of Eq. (32) is due to exchange. For 
distinguishable particles it must be omitted. Further- 


(32) 





’ more, in this case we assume F(v) to be the Maxwell- 


Boltzmann distribution 


Fo(v)= (¢/x)' exp(— ev’), e=m/2kT. (33) 


he equation governing the motion of the Fourier 
transform (31) of the perturbed distribution in the 
case in which the particles may be considered dis- 
tinguishable reads then: 


fs) hK? 
(—+iK-v+ JK, 
al 


2m 


m 1 h 
=iw,?— — | Fol v4 K)—Fu)| 
h K? m 


x fev a(K,v’,t). (34) 
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We introduced the classical plasma frequency 
(35) 


A solution of Eq. (34) is easily possible by employing 


a Laplace transformation with respect to time in 
exact analogy to Landau’s procedure." We do not wish 
to perform these calculations here since this would 
essentially mean a repetition of Landau’s calculations.” 
However, a dispersion relation for plasma oscillations 
is found from Eq. (34) by assuming a time dependence 


of a in the form 


a(K,v,/) = 8(K,v)e 


Inserting (36) into (34) we find after division 


t(—w+K-v+hK?2/2m) and integration over v that 


fe 


which leads after a simple substitution to the dispers 


Fo 
| Ww fa 
< w—K-v 


This relation is the same as that obeyed by the 
“plasmons”’ of Bohm Pine We would like to 
make two remarks of caution at this point. First, we 
know that a, the Fourier transform of F; 
Eq. (31) |, is general observable. So it 
eems that a dispersion relation as Eq. (38 
what artificial. However, Eq. (15) of the introduction 
shows that a simple integration over the velocity space 


Fi(v+(h/m)K)— Fo(v 
w+K-v+(hK?/2m) 


1on 


relation 


Vv) 


(hK? 2m)? 


and 


being 


not in an 


is some- 


is all that is needed to generate an observable from a. 
this But this 
integration does not affect the spacial and temporal 


in instance the density distribution. 


dependence. In other words, the (observable) density 
distribution displays the very same frequency versus 
the per- 


turbed q.m.d.f. does. Secondly, the integral in Eq. (38) 


wave-vector relationship as (unobservable) 
is strictly speaking not defined because of a singularity 
those for the 
vanishes. a problem which has been in 


values of v which denominator 
This 
vestigated by various authors for the classical case. 
We a detailed analysis here but 
wish to point out that the proper choice for the inte 
gration in (38) is to take the principal value and that 
strictly speaking all Rs 


but this damping is 


for 
post ; 
into 


cannot enter 


olutions we 


are damped 
particularly small if Eq. (38) is 
satisfied 

We now turn back to Eq. (32 


the quantum corrections in 


Our aim is to obtain 
»west order to the classical 
dispersion relation valid for an electron plasma ‘of low 


density. In order to do this we expand a and KF in 


SS_R 
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powers of # by writing 


a(K,v.t 


mv 26 
(2) 
h 2kT 


Since the classical limit is obtained’ for 6— WE 


find the expansion in powers of # correct to order ft 


F(v) (€ wr) exp ev’ 


39 


(41 


wer of # give the 


with e from (33 and 


(32) and comparing equal p 


Inserting Eq into 
follow 


ing set of equation 


Equation (42), being of order yurse just the 
| J 
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classical Vlasov equation from which we obtain the 
well-known classical dispersion relation for 


F(v) 
l=a pf ae 2 
wo— K-v) 


From Eq. (43) follows by observing (42) and (45) that 


(46) 


45) 


0. 


Ww) 


There are no effects to first order in h. It is a matter of 
simple algebra to show subsequently by utilizing 
Eqs. (42), (43), (45), and (46) that we from Eq. (44) 


is given by: 


F(v) v) 
(wo—K-v)* 


| - fo - 
& m? (wo— K-v)* 


2 
f eva’ v-—v' | 
2m? K*. 


K- (v’—v)K-V,- F(v’)K-V,F(v) 
wo—K-v)*(wo—K-v’) 


xX +7) 


This then is the first non-vanishing quantum correction 
we were looking for. Expression (47) may be simplified 
considerably by noting that our interest lies mostly in 
density distributions which are spread out over regions 
considerably larger in volume than Ap* where Ap 

kT /4re*N )' is the Debye-Hiickel length. 

In this case, an expansion in powers of K is allowed. 
This expansion yields for the classical dispersion 
relation Eq. (45) the well-known result 


wo= wel 14+ 3 (ADK)? ]. 18) 
To lowest order in K equation (47) then leads to: 
u [K-(v/-v)} 
Ww ao , d*vd"1 
4m’? K? v’ —y 2 
*K-V.F(v)K-V, Flv’). (49) 


This integral can be done in an elementary manner 
with the result: 
7 Wye 
=—— ——_ 2 (50) 
60 m?® 


Wes 


so that the final result is 


LR? 
W= Wo TA*we 


3 7 she,\' | 
= up| +| ty ( 9) Joon]. (51) 
2 120\eT 
The quantum correction exhibited by Eq. (51) is 


really a very small correction. Even when hw,~kT, 
, at electron densities of about 10** particles per cm* 


i.€ 
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and at room temperature this correction is an order 
of magnitude smaller than the classical correction of 
Eq. (48). 

In conclusion we would like to point out that Eq. (32) 
(the linearized collisionless Boltzmann equation for 
the quantum distribution function) is felt to be a good 
approximation also for a high density electron plasma 
of a metal for instance. The neglect of collisions should 
not be a deterrent for actual applications of Eq. (32) 


since the Pauli principle vastly inhibits collisions. 
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APPENDIX 


Here we wish to prove the relationship (21) which 
expresses the doublet distribution function by singlet 


functions in case of negligible interactions. The 

definition (5) for P may be written spec ifically 

al , - 

Fy (re'; kk’) = So weshas (0 f)cag* (k,k’,t) 
Kexpl—i(k-r+kh’-r’)]. (A) 


Here a@ is a set of quantum numbers for a two electron 
The distribution function 


configuration. singlet is 


given by ° 


Prk 2. WaWa(rt)ca* k./) exp' ik-r). (B) 


a 


Under the assumption of no interaction the two-particle 
wave function pag may be expressed by 


1 
Vos = (Vol t)Ve(e) Wal Wale), (C) 
V2 


and a similar expression for cag(k,k’), 
Inserting (C) and the analogous expression for 
Cas* into (A) gives the desired result provided that 


Was Wa 8, (D) 
namely 
P(r’ kk’) = Py ek OP (re k's 
texp[ —i(k—k’)-(r—r’) ] 
FP i(rJk't)P y(2',k,t), (E) 


where the + sign refers to bosons (fermions). 
Expression (D) is of course true if particle interactions 
are neglected. 

Note added in proof.—After completion of this work 
the authors attention was drawn to a recent paper by 
Ehrenreich and Cohen [H. Ehrenreich, M. H. Cohen, 
Phys. Rev. 115, 786 (1949) ], in which an equation was 
derived [Eq. (8) in the above mentioned paper ] which 
is identical with our Eq. (34). It is felt that our deriva- 
tion has the advantage of physical lucidity. 
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The problem of a gas of particles all of the same charge, imbedded in a neutralizing medium of uniformly 


distributed charge of the opposite sign, is considered in terms of classical statistical mechanics. If a dimen 
sionless parameter ¢, roughly the inverse of the number of particles contained inside a Debye sphere, is 
small compared to unity the Debye-Hiickel theory is a good first approximation. For this case the corrections 


in the next order in ¢ are derived for the potential of mean force and the interaction energy. It is shown how 


this correction has to be modified for very small particle separation; the expansion in 


powers of € 1s not 
' 


strictly a Taylor expansion and factors such as Ine appear in the higher terms. Methods are given for 
numerical calculation of some auxiliary functions even when the parameter ¢ is not small 


1. INTRODUCTION 


N a recent paper’ one of us has discussed cluster 

expansion methods for calculating the equation of 
state of a gas of particles interacting with a long-range 
potential. In this paper some numerical results will be 
presented for the case of charged particles. We consider 
N particles, each with charge g, in a box of volume V 
at a temperature T. 
w(1,2), is defined by: 


exp[—w(1,2)] Ow? fi fas---an 


Xexpl-— 


1<t<j<N 


The potential of mean force, 


u(i,7) |, 


where 


Un fsa: dN expl- > w«(i,7)], 
1<t<geN 


u(i,7)=U (ty)/RkT, U(r.) being the interaction poten- 
tial. {dj denotes integration of the vector position 
coordinate of particle 7 over the volume V. In reference 
1 it was shown how w(1,2) can be written as a cluster 
expansion in terms of a function I'(1,2) defined by the 
integral equation 


r(1,2) f(1,2)+p f 43 #(1,3)0(233), (1) 


where p= NV~" is the particle density and 


expl — (1,2) ]—1. 


r is a scalar function of a single vector variable, the 
interparticle distance y,;. The potential of mean force 
can be written 


f(1,2) 


w(1,2)=u4(1,2)+ (1,2) —T'(1,2) — X (1,2) (2) 

* Supported in part by joint contract of Office of Naval Research 
and U. 5. Atomic Energy Commission with Cornell University. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. Submitted in partial fullfillment of the requirements for 
the degree of Doctor of Philosophy at Cornell University. The 
numerical calculations presented herein were performed at 
Los Alamos on an IBM-/04 computer under the auspices of the 
U. S. Atomic Energy Commission. 


1E. E. Salpeter, Ann. Phys. 5, 183 (1958 


where X consists of an infinite sum of multiple integrals. 
Each multiple integral corresponds to some 
12-irreducible, wiggly line” 
are defined 


“simple 
diagrams 
and and some 
examples are given in Fig. 6 of that paper. The integrand 
of each multiple integral involves some combination of 
the functions [ and f. 

We consider only the special case of the 
potential between particles of identical 
(imbedded in a uniform neutralizing medium), so that 
u(i,gs=Q/rgkT. It is introduce the 
Debye length Ap as the unit of length and to define a 
dimensionless parameter e, 


R="; Ap, Ap (41g p kT 
e=@?/ApkT 


diagram. These 
discussed in 


reference 1 


Coulomb 
( harge q 


convenient to 


Pp/kT)}. 


(42rpXp* tor 


The ratio of the Coulomb potential energy to the 
thermal energy is thus of the order of ¢ for separations 
of the order of the Debye length and is of order e! for 
separations of the order of the “interparticle distance” 
p*. In this notation (1,2) = «/R. 

For a fixed value of R, the function f in Eq. (1) 
approaches — (1,2 -¢€/R as € approaches zero. In 
this limit (1,2) approaches the Debye-Hiic kel correla- 
tion function 


T'o(1,2) (-—¢, kTr; 2) exp(—Ti2 Ap —(e R e*, (4) 


When « is small the successive groups of cluster terms 
represent, at least in a certain sense, an expansion 
in powers of «. The order of magnitude of a diagram 
containing / lines and & points is e'~*, since each line is 
of order ¢ and each integration gives a factor of order 
Ap*p~e". We do not discuss the question of the 
rapidity of convergence of the higher terms in this 
expansion. However, we investigate another point which 
illustrates the fact that our expansion in powers of « 
is not strictly a genuine Taylor expansion : for values of 
R in the range «<.R<1 we shall encounter no difficulty 
and are able to expand I in powers of e, the first term 
being Io; but for R<e, this expression fails and we 
have to modify the calculation. 

In Sec. 2 we describe the evaluation of [ up to 
second order in €; including expressions valid for Re. 


1180 














CORRECTION TO THE 





In this section we also describe numerical evaluations 
of ['(R) for any value of «. In Sec. 3 we discuss the 
evaluation of the potential of mean force, w(R), and 
of the correlation energy up to second order in ¢. In 
Sec. 4 we discuss other auxiliary functions of R which 
contain partial summations of higher order cluster 
terms and can be evaluated numerically. Results are 
summarized in Sec. 5. 

It should be remembered that the problem inves- 
tigated in this paper is somewhat of an academic 
question, since in any real problem with particles of 
positive charge, the negative neutralizing charge is 
of course also in the form of particles and not a uniform 
charge distribution. We could not investigate such a 
problem with the methods of the present paper which 
are based on classical statistical mechanics and “take 
seriously” the infinite potential at zero interparticle 
separation. For infinite attractive potentials any 
rigorous classical theory gives divergences which can 
only be eliminated by quantum mechanics. Apart 
from the academic interest of investigating a simple 
classical problem in detail, there are some practical 
problems in which particles of one sign contribute most 
to the correlation energy. For instance, in the ionized 
hydrogen gas in the interior of a very faint red dwarf 
star the electrons are fairly degenerate, with Fermi 
energy very much larger than the ionization potential 
of hydrogen. The electrons are then uniformly dis- 
tributed to a fairly good approximation. The protons, 
on the other hand, are quite nondegenerate, so that 
classical statistical mechanics should be a fairly good 
approximation and our dimensionless parameter e¢ for 
the protons is slightly smaller than unity. 


2. EVALUATION OF THE FUNCTION [ 


First we wish to show that the solution ['(R) of the 
integral equation (1) can be expressed in closed form 
in terms of a one-dimensional integral for any value of 
«. We denote by X(&) the three-dimensional Fourier 


transform of any spherically symmetric function X(R). 


D 


X(k)= (44 Hf dr r sin(kr)X(r), 


x 


X(R)= (aR) f dk k sin(kr)X (k). 


The Fourier transform of Eq. (1) is then simply 
r'(k) = f(k)[1—pf(k) P. (5) 


For large R the function {(R)=e—“”—1 approaches 
—u(R) and its Fourier transform is not well defined. 
We therefore use the usual procedure of replacing the 
Coulomb potential by a Yukawa potential, u(R) 
= — (e/R)e~**, and let a tend to zero after evaluating 
the Fourier transform. This yields 


S(k)=—(Are/R)2kerm, n= (4ek)?. (6) 
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Substituting Eq. (6) into Eq. (5) we obtain from the 
inverse Fourier transform the desired resuit 


2¢ 7" Qhersy 
- f dkk 
T R 0 + 2kerm 


Expression (7) for '(R) can be evaluated numerically 
for any given values of « and R, using tabulated? 
values of kerm. Such numerical evaluations were 
carried out for several values of « and R. The results are 
plotted in Fig. 7 and discussed in Sec. 5. 

For small k we can use the expansion of kergy to get 
an expansion for I'(&) in positive powers of k and «, 


r(R) sin(RR). (7) 


2keran 
I'(k) = 


1— (4 /16)n’— (1/48)n* lnn+O(n‘), 


8) 
— (4e/k?)[1—k?— (9/4) h*§— eR! Ink- +), \ 


By carrying out the Fourier transform® of successive 
terms in this expansion, we obtain an asymptotic 
expansion for '(R), the first few terms of which are 


l'(R) = 12e€R-*— 200 R?+O0(ER- InR). (9) 


This asymptotic expansion in inverse powers of R is 
a good approximation for any value of ¢ as long as 
well as R>1. Unlike the Debye-Hiickel 
approximation I'9(R)=— («/R)e~*, the exact function 
I'(R) for finite values of ¢ does not fall off exponentially 
with R but only as R~*. This falloff is still sufficiently 
fast for all integrals in the higher cluster terms to 
converge. 

We now restrict ourselves to cases where «<1 and 
attempt to express ['(R) in terms of an expansion in 
powers of ¢. Let fo(R) = —u(R)=—€/R and 


r,(R)=P(R)—To(R); 
fi(R) = f(R)— fo(R)=e-®#-14+6/R, 


R>e« as 


(10) 


where I’, is the solution of the integral equation, Eq. (1), 
when f is replaced by fo and is given explicitly in 
Eq. (4). T',(k) and T'o(k) are the three dimensional 
Fourier transform of [',(R) and Io(R), respectively, 
and 


Po(k) = fo(k)[1—pfo(k) P°. 


From Eq. (5) we have I',(k)=IP(k)—To(k)= file) 
x[1—pf(k) }'[1—pfo(k) }". Using the identity 


[1—pfo(k) [1+plo(k) ]=1, 
we find 


I, (&) = fi(k) [1+ 08 o(&) PLI-— VA) FP, 
Y (k) =pfi(k)[1+ pT 0(k) ]. 


Using Eq. (6) and the fact that fo(k) = —4wek-, one 


(11) 


? For definition and tables of the ker. function, see H. B. Dwight, 
Tables of Integrals (The Macmillan Company, New York, 1949). 

* For details of the evaluation, particularly the treatment of 
the term in Ink, see M. J. Lighthill, An Introduction to Fourier 
Analysis and Generalized Functions (Cambridge University Press, 
New York, 1958), Chap. 4. 
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can show that 
V(k (1 — 2keren) (1+ k?*) 
VY (k) reduces to ermk/4(1+?) when e&<1 and Y(k) is 
less than (1+ for all « and &. If «<1, then the 


maximum value of Y is approximately {we and the 


Taylor expansion of Eq. (11), 


converges rapidly. Substituting the form of Y(&) given 
in Eq. (11) into Eq. (12) and taking the Fourier 
transform, we obtain the desired expression, an expan- 
sion for I',;(R)=I,(1,2) in terms of an infiite series of 
multiple integrals, 


of | and all terms of I';‘?’, etc., 


over two or more spatial variables. 


Che remaining term 
involve integral 
Any term in | involves in its integral the product of 
n+ 1 factors f/ 
Keeping € lw 
not necessarily R>1 


R>>« (but 
make the 
occurs In 


first consider the range 
For tl range we 
approximation of replacing /; wherever it 
Eq. (13) by the first term of its Taylor expansion in 


powers of €¢, i.e., by 


fi(r €*/2r’. (14 
Carrying out the integrations in Eq. (13) after making 
this substitution give 
I; R fi(R 
(e/8R)[ (R—3)e®E(R R+3)e"E_(R 15 
where 
EAR { ax x 'e / R 1 ¢ 
For R>1, Eq 15) becomes asymptotically T, R 
i J J 
12e°R-® which is simply the first term in our more 
general asymptotic expansion, Eq. (9). For RS1, the 
right-hand side of Eq. (15) is of order &(1+ | InR 
and the error caused by the substitution of Eq. (14 
is of relative order ¢«/R. In this range of RS 1, 1,°” is of 


for n>2. As 
and use the 


and | is of order e”* 


we can replace [, by Tr; 


order &(1+R 
long as Re, 
expression (15 for T 
order ¢ for R>1, 


, the error being only of relative 


R for R<1 


and order é 


AND 


I I SALPETER 

For all terms in the finite series in Eq. (13) which 
involve integrations over two or more variable the 
important range of ea iriable r of order unity, 
however small R is. The substitution of Eq. (14) in 
these integrals is then a good approximation for all 
values of R alway A é 1 

However, there are just two terms in the series, each 


of which involve an integral over a single variable. 
For these two integrals one important range of integra- 
tion is é 
Eq. (14) is inadmissable for RS ¢ and the exact expres 
fi(R)=e"*®—1+6¢/R must be used. In thi 


range we have R<1, since «1. Using this exact expres- 
sion for fi, but neglecting terms of order R 


113~Ts2~T\2, SO that the approximation of 


sion 


, 
or higher, 


we find for the relevant tegral in I 


I(R dof a3 1,3) f1(3,2 


1 R°bo(R/« 16 
where ¢ ¥(1 0.57722 
Oi (2 by 1+ hy I 
1 

2 ] exp t 

o2(x) = $xa—7o2x°+[1 i + (OO 17 

xX E_(a + (1/60 
 (60x?— 24%—47—14 
Although the other tert n | are of order e*, the 
R+e 


term shown in Eq. (13) is actually of order « 


f R. We find 


and mu 


18 
- . 
F(x Ly J lu u u \ \ 
We finally obtain for A 1 H r I relative 
order R and é 
r,(R fi(R 
e{Ine—0.0956+ R77; InR+} e—(0.1206 
+o (R/e)+F (R/€ tR°b2(R/« } 19 
rhe functions ¢;, ¢2 and F are plotted in Fig. 1. For 
x<<1 one finds @)(x)C~2 by , @ ~4a rf v2, F(x) 
~4 In2—4—4$x+}2' so that for Re | 19) reduces 
to neglecting R?/eé and higher tert 
I R R\~™me e+0.4953 R Je ) 
For <R<1 
o1(x)&~ Inx—0.0772+ 4 + Inx+0.7520 
oo(x)owlna 0.9106-+ +-() ORO4 
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so that in this range (neglecting &/R?, R’ and higher 


terms 


Pr, (R)— fi( Rye {inR—0.1728+ (€/R) (4 In(R/« 
+ 1.3689)+ R°C} InR—0.2724 }} 21 


If the term in ¢/R is neglected, then Eq. (21) reduces to 
the first few terms in the expansion in powers of R for 
the expression in Eq. (15). 


3. SECOND ORDER APPROXIMATION TO w 
AND THE INTERACTION ENERGY 


The two-body correlation function of greatest 
physical interest is usually w(1,2), the “potential of 
mean force.”’ It is mentioned in Sec. 1 and discussed in 
more detail in reference 1. w(1,2) is related to the 
auxiliary function ['(1,2) by Eq. (2), where X(1,2) 
=> ~2” X,(1,2) consists of an infinite sum of multiple 
integrals, each one related to some “simple 12, irreduc- 
ible, wiggly line” cluster diagram. In the corresponding 
integral each single wiggly line stands for T and nm 
wiggly lines in parallel stand for the expression 


(nm !)3,"+[ (m—1) 1 f6,."", 
6,(1,2)=P(1,2)—f(1,2). (22) 


The order of magnitude of a diagram containing / 
wiggiy lines and & points (other than the end points, 
which are not integrated over) is e-*. We write w(1,2) 
wo(1,2)-++-w,(1,2), where wo(R)= —To(R) = (€/ Roe *. 
We are interested in the correction w; only to its 
lowest order in e, i.e., second order. To this order 
we have 
w(1,2) = f,(1,2) —T'(1,2) — X2(1,2), 
—w,(1,2) =[11(1,2) — f:(1,2) J4+-X2(1,2), 


(23) 


where X>, stands for all diagrams with /—k= 2. The dia- 


grams are shown in Fig. 2, and we have 


X2({1,2 pf a3 r(1,3)[1?(3,2)— f7(3,2) J 


4 bot [a3 fas r(1,3)1'(4,2)[12(3,4) — f2(3,4 
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Fic. 2. All diagrams with |!—k=2. These give the quantity X9. 
We need to evaluate X» only to lowest order in ¢ and 
therefore replace [ by I'p and f by fo in the integrals 
in Eq. (24). For these integrals (and any integrals for 
the higher terms X,) the range of integration ryj~ «1 
is not of great importance even when R=ri2.<e. The 
integrals with or without these substitutions converge 
even when R — 0 and the substitution of T by Io and 
f by fo causes no trouble for any value of R. With 
these substitutions the integrals in Eq. (24) can be 
carried out analytically and give 
X,(1,2)=(é 8R){e Ri t(e R_1) 
+ (3—R)(E_(R)+E,(R) —1n3)] 
+e®(3+R)[E_(R)—E_(3R)]}. (24) 

We now have to substitute this expression into Eq. 
(23), using for (1,2) the expression from Sec. 2 appro- 
priate to the particular range of R, i.e., Eq. (15) if 
R>>«, Eq. (19) if R«1 

If Eq. (15) is appropriate it is interesting to note that 
our expression for u :(1,2) reduces to 


w,(R , tr) f a3 10(1,3)0A(3,2) 
+(e /2e fas fas I'o(1,3)1'2(3,4)1'o(4,2), 


which was first derived by Strel’tsova using an integral 
equation attack.‘ 

We finally give the simplified forms our expressions 
for w,(R) take on when the various inequalities apply. 


w,(R é[lne+1.427+R/2e], (25a) 

~—é[InR+0.7592—R 

+R? (41nR+0.3078) + (€/R) 
« (4 In(R/6)+1.3689) J, 


Re: 


e«<RK1: w,(R) 


(25b) 
a RR fe Ar 4(1 ¢ R) 

+ (R—3)(E_(R)—1n3)] 

+ ¢®(34+4R)E_(3R))~ee-® 

x [ —0.1373+-0.5786R™ 


+O(e*)], 


(25c) 
rhe last expression shows that w,(R) falls off exponent- 
ially for large R, the R-* term in [—/f having been 
cancelled by an equal and opposite term in X}. 

One of the quantities of interest one can compute 
from the potential of mean force is the correction energy 
due to the electrostatic interaction. It is defined as 
the sum of the mean of all the pairwise interaction 


‘E. A. Strel’tsova, Zhur. Eksp. i. teoret. Fiz. 26, 173 (1954). 
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4. FURTHER SUMMATIONS 


— << OO It is possible to sum explicitly certain sets of simple 


(7) chain diagrams. Define S(R) to be the contribution from 


si CO~-O oC) 3 YO Sirians the series of diagrams showr 
S(R) =[1+ /(R) lfexp[T(R 
expLT'(R)— fi(R (28 


(c) 
, . y, ~—, —, Now we let A(R)=S(R)+ f,(R) and define T(R) to be 


the contribution from the series of chains shown in 


it Fig. 3(b). The Fourier transform of T(R) is 


Fic. 3. (a) Diagrar forming the function S. (b) Diagrams 
forming the function « ) Lowest order diagrams not included 
in 7, or 7”. (Order @.) (d) Lowest order diagrams in 7’ but not 


in 7. (Order é.) 





energies per particle 


Evorr= (N 2v) farv 1,2)[exp(—w(1,2))—1] 


(kT/8me f ak u(R)Lexpt -w(R))—1 


« 
£ 


1 
kT dR RL exp(—w(R)) 
) 


. 


The 1 in the integrand is from the interaction with the 








uniform background charge of opposite sign. To obtain 
the correlation energy through order é it is sufficient to 


compute 


1” IG 
E-core/RT f dR R{wo(R)+w1(R) i 


+ [ 1—exp(—wo(R))—wo(R |}, . 

. ee a 7 After some manipulation, 
and use expression (25c) for w,. The integrations can 
be carried out analytically One obtains S(k)+ fk 
Ercorr/ kT be—}e*[} Inet (C—F+} In3 (27 ol S(k 


lhe numerical value of the coefficient in round brackets : 
Comparison with Eq ar to 


I'(k). If in the formulas for k) we repla i(k) by 
A(k) we obtain 7(/ ow j )~&R for 
Using this fact it can be shown that the 

iries asymp- 





re mere me 


large R 
leading nonexponential term ir v 
totically as &R 

One can write the di 
instead of “T-lines.”’ 
parallel will stand for 


n!)“[T—(S+T 


L 


in exact analogy wit 





5 The express! ) ) 
R. Abe, Progr. Theoret 


net} 





somewhat_different 
evaluation of the correlat 
J. Chem. Phys. 26, 804 
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Furthermore, corresponding to Eq. (2), 
FP one 


w(1,2) = f,(1,2) -[7 (1,2) —$(1,2) ]—Xr(1,2) 
= A (1,2)—7 (1,2) —X7(1,2), 


we have 


(30) 


where Xr is the sum of “simple 12, irreducible T-line”’ 
diagrams. Note that A—T contains all the terms of 
X, (Fig. 2) and that the leading terms of Xr are of 
order é& (for e<1). These arise from the diagrams 
shown in Fig. 3(c). It is possible to sum the “‘7-lines” 
exactly in the same way. Define S’(R), T’(R) to be 
the contribution from diagrams like those in Figs. 
3(a), 3(b), respectively, with ‘“7-lines” replacing the 


? 


“ 














R 


Fic. 6. The function —e“e*T' (R) for e=0, 











4 





R 


Fic. 7. The functions '(R) and 7(R), each multiplied 


by ee® for «= }. 
“T-lines.”” We find 
S’(R)=[1+S(R)+T(R) ] 
Xexp[7(R)—S(R)—TP(R)]—1—T(R 
expLT(R)— A(R) ]—1—T(R), 


folk) +A'(k) 
1—pfol(k)—pA’(k) 


T’(k) 


A,’ (1,2) 


w(1,2) 


S’(1,2) +A (1,2), 
A'(1,2)—T"(1,2)—Xr-, 


(33) 


with Xr being the sum of “simple 12, irreducible 


T’-line”’ diagrams. T’ contains T and the leading terms 
£ 


DI 
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° ' 2 
H 


8. The functions '(R), T(R), and 7’(R), each 
multiplied by «‘e*® for e=1. 











in 7” that are not in T (for e«<1) arise from the diagrams 
shown in Fig. 3(c). These are of order &. The leading 
terms in X7-, like those in Xr, are those from the 
diagrams in Fig. 3(c) 

This process can be carried on ad infinitum. Hopefully 
the sequence 7, 7”, will converge, and the limit 
function, 7”, can be used in the evaluation of diagrams 
of higher connectivity, like those in Fig. 3(c). These 
equations are equivalent to those derived by Meeron 
and Rodemich.*® 

We have calculated 7(R), A(R) and T’(R), A’(R) 
numerically for the coulomb case for «= yy, 4, 1. 
I'(R) was found by performing numerically the integral 
indicated in Eq. (7), using tabulated values of the ker, 
function. A(R) is then given by Eq. (28) and from it 
A(k) computed. Equation (29) is used to obtain T(z) 
and one more numerical transform gives T(R). Similarly, 
T(R) and A(R) into Eq. (31) give A’(R); its transform 
into Eq. (32) gives 7’(&) and a final integration provides 
T’(R), The results are shown in Figs. 7, 8, and 9 and 


will be discussed in the next section. 


5. DISCUSSION OF RESULTS 


We discuss first our results for the potential of mean 
force w(R), where R is the distance between two charges 
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Fic. 9. The functions (A —7)/we and (A’—T”’)/wo, 
plotted against R for e=4 and for e=1. 


* E. Meeron and R. R. Rodemich, Phys. Fluids 1, 246 (1958). 
Meeron, J. Math. Phys. (in press) has demonstrated the con 
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Experimental Plasma Flow into a Vacuum Magnetic Cusp Field* 


F. R. Scott 
John Jay Hopkins Laboratory | 


A directed dense plasn a has been observed to penetrate and be 


held 


Ion density in the central region of the cusp was measured to be 8.510 


AND R. I 
r Pure and Applied Science, General Alomi 


(Received April 11 


WENZE! 
San Die 
1960 

j 


letaine: a vacuum cusp magnetic 


A gross measurement of the directed velocity of the deuterium plasma was (8.5+0.5) K 10* cm/sec 


at 16 usec after injection and had 


a decay constant of 13.5 psec. Magnetic probe measurements are shown which indicate the gross reaction 
of the magnetic field to the injected plasma. Observation of impurity emission indicates that the plasma 


electrons cool rapidly and that the collision-dominate 


cusp ring 


ECENTLY considerable interest has been shown 

in acceleration and trapping of dense plasma in a 

cusp magnetic field.'* The present note is a report of 
experimental observations of ‘“‘trapping”’ of a collision 
dominated plasma. A schematic of the system is shown 
in Fig. 1. The plasma accelerator is a modified conical 
pinch tube*® previously used for strong shock experi 
ments. The addition of a fast gas valve which introduces 
only a puff of gas allows the injection, heating and ac- 
celeration of the puff into an evacuated cylinder.‘ The 
valve is similar to one reported by Per Gloersen.* The 
cusp field into which the plasma flows is formed by four 
concentric coils connected in series. The current in the 
front pair is directed in the opposite sense to the current 
in the downstream pair forming a null field in the center. 
The directed axial velocity of the ejected diffuse 
plasma was measured indirectly. By placing a solid 
normal surface at several positions along the cylinder, 
all plasma flow is stopped and a buildup of ion density 
occurs at the surface position. By observing the time of 
appearance of ion pressure-broadened emission light 
10 A away from Ds) at each of the surface positions, 
i gross value of the axial plasma flow velocity was found 
to be (8.50.5) 10° cm/sec. This corresponds to a 
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Fic A schematic diagram of the equipme 
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* John Marshall, Phys. Fluids 3, 134 (1960 

5 Per Gloersen, Rev. Sci. Instr. 3], 146 (1960) 
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1960 


| plasma is in contact with the container walls at the 


directed energy of 60 ev for deuterium. Optical obser- 
vations of the radial spreading through a i-inch aper- 
ture indicated that the internal temperature is of the 
order of 5 electron volts 

In order to determine the gross response of the cusp 
field to the injection of the plasma, the axial component 
of the cusp field was measured at several positions with 
a small magnetic probe.* The results are shown in Fig.2. 
to be noted are first the drastic 
decrease of the field on the upstream side indicating a 
conducting fluid has penetrated the field, second only a 


The general feature 


slight change in the downstream peak field indicating 
no transmission of plasma. There is also a general de- 
formation of the field in the downstream direction and 
finally the relaxation in 10 usec to a configuration close 
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ANGSTROMS 
to the initial field distribution. The gross description is 
compatable with the notion that the field has absorbed a 
large axial momentum from the plasma. 

“trapped” plasma 
the spectral shape of the Ds emission line was measured 
in three positions as indicated in Fig. 1. 
the results from measurements taken at position 2 under 
the same operating conditions as in Fig. 
the The.shape of the emission line fits the recent 
theory of Griem, Kolb, and Shen? 
' 8X 1()'5 


To determine the ion density of the 
Figure 3 shows 


2 excluding 
probe. 
for the broadest line 
for an ion density of The temperature depen- 
rhe shape of the line 
affected by the equipment resolution, 
the could be made for 
lowing an e folding decay time of 


dence is insensitive in this region. 


at later times was 
but 
at least 


an estimate of ion density 
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Electron Scattering in High Magnetic Field 
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Electrical conductivity in a strong magnetic field is calculated for the case of scattering by delta-function 
impurities. The impurity concentration is taken as sufficiently weak that collision broadening may be 
neglected. The scattering by an individual center is solved exactly rather than by perturbation theory. 
As a result, transition probabilities for an electron at the bottom of a Landau level vanish, rather than 
diverge. Expressions are given for the longitudinal and transverse conductivities in the oscillatory range, 


and in the quantum limit range for degenerate and nondegenerate statistics 


to those employing collision broadening is discussed. 


I. INTRODUCTION 


HE transverse motion of an electron in a magnetic 
field is greatly restricted; hence, in a qualitative 
sense, one may view the free motion of the electron as 
being one-dimensional, along the direction of the field. 
The density of states is profoundly altered and this 
manifests itself in the oscillatory variation with field 
of the diamagnetic susceptibility, and the galvano- and 
thermomagnetic coefficients.! However, we feel that the 
one-dimensional aspect of the electronic motion has 
not been given sufficient attention in the study of the 
scattering of conduction electrons by imperfections. 
One notes that first-order time-dependent perturbation 
theory, applied to a one-dimensional elastic scattering 
problem, predicts infinite transition rates for a very 
slow incoming electron, in violation of conservation 
theorems. A correct solution would have the reflection 
coefficient approach unity. 

In recent work in the quantum theory of magneto- 
conductivity, the scattering rates have been approxi- 
mated by first order time-dependent perturbation 
theory.2-* This approximation has had the defect in 
that for electrons with small propagation vectors along 
the magnetic field, it predicted diverging scattering 
rates for elastic scattering. This, in turn, gave rise to an 
infinite transverse conductivity. Cutoff procedures or 
theories of collision broadening were invoked to obtain 
meaningful results.4* No quantitative theories of 
collision broadening have been produced. 

In this paper attention will be given to the situation 
in which the density of scattering centers is so low 
that collision broadening may be neglected. Finite 
conductivity is obtained provided that one uses an 
improved treatment of the scattering by an individual 
center. The model for the scattering potential will be 
taken as a random array of delta functions. While this 

1A review of A. H. Kahn and H. P. R. Frederikse, Solid-State 
Physics (Academic Press Inc., New York, 1959), Vol. 9 

2S. Titeica, Ann. Physik 22, 128 (1935). 

*P. N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956 

*E. N. Adams and T. D. Holstein, J. Phys. Chem. Solids 10, 
254 (1959 

5G. E. Zilberman, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 762 

1956) [ translation: Soviet Phys.-JETP 2, 650 (1956) ] 


* B. Davydov and I. Pomeranchuk, J. Phys. (U.S.S.R.) 2, 147 
1940 


The relation of this theory 


is, perhaps, an oversimplified choice, it does lead to 
solutions in closed form and suggests methods for 
treating the more difficult cases. This model was used in 
the analysis of the magnetoresistance of bismuth.® 
Also, it is probable that such quantities as field depend- 
ence of magnetoresistance, determined in this way, may 
be of interest in the analysis of experimental data. The 
calculations will be performed for an electron with a 
constant, isotropic effective mass. 


II. WAVE FUNCTIONS AND THE 
SCATTERING PROBLEM 


The Hamiltonian for an electron in a magnetic field 
“ot 
Ho 


(1/2m)[ p+ (e/c) A}, (2.1) 


in which m is the effective mass, p the canonical 
momentum, e the numerical value of the electronic 
charge, and A the vector potential. Electron spin will 
be neglected in this treatment.’ The kinetic momentum 
mv is related to p by 

pt (e/c ) A. 


mv 


(0O.Hx,0), for magnetic field 
H in the z direction. The Hamiltonian is then 


We choose the gauge A 


Ko= (1/2m)[p.?+ (py+mwx)?+ p,”], (2.2) 


ell /mc. The eigenfunctions and corresponding 
eigenvalues are 


where w 


[1/(LyL)! \on[ at (Ak, /mw) je*ve**, = (2.3a) 


(2.3b) 


Ynkyks 
Enkyke= (h*k,?/2m)-+ [n +h uw, 


where k, and &, are real propagation constants, m is a 
positive integer, and @, is the one-dimensional harmonic 
oscillator wave function. The x part of the wave 
function is centered at position 4»= —hk,/mw. The 
eigenfunctions Eq. (2.3a) are normalized in the region 
O<y<Ll,, O<2<L,. The density of 
electronic states per unit energy range—unit volume 
is given by 


1/1\% /2m\8$ max 1 
(a(S) Ease 
2\2x h? J no E—(n+})hw }! 


7 Notation is the same as that of reference 1 


= 6f <2< @, 


(2.4) 
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where the summation is over all positive integers for wave is given by 
which the expression FE) is real 


* . . i” , 
We now construct the Green’s function, 1. the rh 


; y-¥ 


olution of the equation 


In term 


From eq (2.10 
scattering into stat : are ¢ jual, 1.¢.. 


scattering is symmetric robability per 


: 
I 
unit time of transition from state nk,k, 


The presence of the in i denominator ensures that ; . , ol 
, ’ ’ ° l given DY Ul! 
the Green lunction will contain waves running , 
component ot 


outward from the source point.* Executing the summa , 
find for th 1 


tion over &, in Eq a we obtain 
hk, W, 


Mw 


iain con Had we used the Bort 
L hw |} 24 tion of Eq. (2.8), the term 
of Eq. (2.11) would hav 
for the possible magnitt of k, at energy FE. Further which prevents W fron 
implification IS possible, but not necessary for our divergence of transition 


purposes. It is to be noted that the part of the Green’s small wave vector is characteristic of thet It ained 
function containing ’ for a fixed n, is of the same when one uses the Born approximation in a one-dimen 
form as that for a particle in one-dimensional motion in _ sional problem. This divergence is in no w dependent 
the absence of a mag! field.’ We also observe that on the form of the potential We also note that for large 
Gy(t,r inn (I Vo the transition probabil 

We now compute the scattering by a delta function In the applications of 
potential at the ordinate origin, V(r) VA(r Let be interested in the s 


£0 ; 


' é, ' . of impurity center 
the incoming wave ol the form y Wrkyks with I . 


impurity concentratior 
between scattering 


energy EE. Then tl ive function for the scattering 


state will . } 
assumption the trat 


summed and averaged 


ties of concentration 


olution of Eq (2.8) is 


, 
(0 


V oGe(00 


For more complicated ntials variational methods 
which retain normalization will prove useful. Introduc- 
fae the magnetic wave fenctlons and the dualty of III. LONGITUDINAL CONDUCTIVITY 


states per unit gy rang find scattered The relaxation time for 
TI has been derived by Argy r 
°r,. Mm. M " I ] tical Physi f 
cGraw-H 4 
Chay 


or the decay of momentun 


see rel 
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magnetic field and is given by 


1 k,’ 
> (1 )W nays they ky’. 31 
kh.) 


T nk n'ky'ke’ 


Chis formula was derived on the basis of time-dependent 
perturbation theory. We shall assume that it is correct 
when the more exact values of the previous section ar¢ 
used for W. To evaluate r, we first note that W vanishes 
unless k,' +k,. Then for the scattering by delta 
functions, we perform the sum on &,’ and obtain 


1 


W nkyks on'ky’kn’, 


SG 


i nk ’ 


where k n 


2.12), we obtain 


takes positive values only 


Applying Ea 


ar n( E) 
nV e- , 
h 1+2°V.?n( FE)? 


The longitudinal relaxation time is thus found to 
depend only on the energy. We note that when the 
energy is very close to (n-+ b)hw, 1.€., close to the 
bottom of a level, This follows 
from the discontinuous behavior of nm(Z) as may be 
seen from Eq. (2.4). This result differs significantly 
from those predicted by the Born approximation, which 


Landau TH, 


yields a vanishing 7 for such energies. 
For the longitudinal conductivity oz, one may use 
a distribution function analysis." The Boltzmann-type 
equation is 
S—fo 
— x 3 4 
TL\ E) 


where / is the distribution function over the magnetic 
states, fo its equilibrium value, E, the applied longitud- 
inal field, and 7, the relaxation time calculated above. 
We solve to first order in the applied electric field 
and calculate the current. The result is" 

(2/L,L,) > 


— 


f (nk k.)(—ehk./m) 


nk ks 
iky ks 


2e 1 /2m\! ° 

ed 

m (2x)?\ h* n J inthe 
Of 

n+4)hw |ir(E)—dE. (3.5 
dF 


x (LF 


The first factor of 2 in Eq. (3.5) takes account of the 
electron spin. 

The conductivity can be evaluated for severai 
ranges of interest which are specified by the relative 
magnitudes of the Fermi energy, Er, hw, and kT. 


1 P. N. Argyres, Phys. Rev. 109, 1115 (1958) 


HIGH MAGNETI¢ 1191 

(a) Oscillatory range, degenerate statistics, (Ep>>kT, 
Er>>hw): The conductivity is expanded in powers of 
hw/Epr with the aid of Poisson’s summation formula.'” 
rhe first two terms of this expansion yield 


2é | mErV | 
14 


29h" 
Vir kT hw j f 
()2 
hw Ep r=] 
cos| (2arkE/hw) (7 4) | 
x . (3.6) 


sinh(22’*rkT / hw) 


33m V omy 


rhis result agrees with those which would be determined 
by perturbation theory, but for the factor (14+-m'*ErV.? 
2r*h' 

(b) Quantum limit, degenerate statistics (Er < }hw, 
Er>>kT): In this domain, the only terms contributing 
to Eq. (3.5) and n(£) are for which n=0. The 
result is 


those 


8 ep emu" 
oI T (3.7) 


’ 
Damn, V Phe 4° hn, 


where Ep® is the Fermi energy for H=0, T=0. The 
econd term represents a deviation from H* dependence 
of the resistivity. It is probably not important, as 
at extremely high fields the electron gas becomes 
nondegenerate. 

(c) Quantum limit, nondegenerate 
<K$hw, Er kT): The result is 


statistics 


(Er 


2e*nh® em un 

2rmkT)'+ (3.8) 
mn; V 2w rhn,;(2emkT)! 

The resistance in this range is linear, but departs from 
this behavior at very high fields, low temperature and 


trong scattering potential. 


IV. TRANSVERSE CONDUCTIVITY 


For the transverse case, we shall begin with the 
expressions for conductivity given by Argyres,'* Adams 
ind Holstein,’ and Kubo e¢ al.'* Their results for strong 


magnetic fields are 
hk, hk, ) 
Ms mw 


KW nkyks -n'ky’ks’, 


(4.1) 
(4.2) 


9 
ne” / Mw 


2R. Courant and D 

hysik (Julius Springer 

3 P N 
published ) 

“R. Kubo, H. Hasegawa, and N 
Japan 14, 56 (1959 


Hilbert, Methoden der Mathematischen 
Verlag, Berlir 1931), Vo} I, see pp 63-65 
Argyres and L. M. Roth, J. Phys. Chem. Solids (to be 


Hashitsume, J. Phys. Soc 
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These formulas relate the diffusion of carriers under 
scattering to the conductivity. The transverse resistivity 
is given by 


PT Or (Oz2°+Oxy?). (4.3) 


Though the results, Eqs. (4.1) and (4.2), were obtained 
by perturbation theory, we shall carry them over to 
our analysis by using our more accurate value of W. 
Substituting Eqs. (2.12), (4.1), and (4.2) into Eq. (4.3) 
and simplifying, we obtain 


nym V Pw* 


4 neh 


«J 
[E—(n+4 


pr=- 


—~ 
n,n’ 


(n+n’+1) 


hw |*LE— (n’+4)hw }! 


1 Ofo 
x —dE. 
1+Vo'rn(E)* dE 


(4.4) 


If the factor [1+2?Vo’n(£)? | were absent, the integral 
would diverge for 7#0. We evaluate this expression 
for several regions of interest. 

(a) Oscillatory range, degenerate statistics (Er>>kT, 
Er>hw): The conductivity again is expanded in 
powers of hw/Er. The result is 


4 enym'®V (Er \? 
3h hw 


11 kT show! 
“Az) = 
V2 hw\Ep , 


( ost _( 22 Ep/hw)— (3/4) ] 


(—1)’(»)! 


x ; (4.5) 


sinh (22*vkT /fw) 


In this last result we have used the limit of small Vo 
after performing the integration of Eq. (4.4). This 
result is in agreement with that of Zilberman.® 

(b) Quantum limit, degenerate statistics (Er < fhw, 
Er>kT): The only relevant terms in Eq. (4.4) are 
On the assumption that 


those for which n=n’=0. 


T2zy>O22, We obtain a transverse resistivity 


Onrm'V 2w* 1 


Pr — 
16n7hi?x* 


(4.6) 


(Ep®)*-+ (9/32) (w* V 2m? /2?h?) 


Thus we expect the quantum limit, degenerate, mag- 
netoresistance for point defects to vary first as H® and 
then linearly with H. At sufficiently high fields the 
electron gas will become nondegenerate. 


(c) Quantum limit, nondegenerate statistics (Er kT 


<hw): On the assumption that o,,>>¢,2, we obtain 
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nV om‘ 


3 
‘ 
2m 


h? 


Vo? (hw)? (2m 
2'x*kT ( h? 
V 2 (fw)? 

22kT ( 


At very high fields the asymptotic form, 
— 1/x may be used to give the result 


-- ex 
4ne*h?(2amkT)! 


e7E1(—x) 


xB -- 


2rnyh? 1 


Pr iia 


H-2 me? (2rmkT)! 


i.e., the resistivity saturates 


V. CONSIDERATIONS OF COLLISION BROADENING 


Previous theories have obtained finite transverse 
conductivities by invoking collision broadening.‘ This 
takes account of multiple scat not 
treated in this paper. Collision broadening is introduced 
by “folding” into the density of states a factor (A/mr) 
xLE’ T (h, r)? |", where 7 is the de ay time for energy 
relaxation. This process removes the 

density of states associated with tl 
Landau level. In the present theory t 
infinity in transverse conductivity is accomplished by 
the factor [1+-4?Vo?n(E)* | of Eq. (3.3). The results 
of this paper are valid for cases in this last 
factor dominates in removing the infinity. This domain 
is defined by the following conditions: 

(a) eV n(E)*>1, implying that first order pertur- 
bation theory is not valid. In this range we have 
rhn(E). 

(b) E>h, T; 1. that collision broadening may be 
neglected. The relaxation times 7 and rz will be of the 


tering, which is 


infinity in the 
ie bottom of each 
he removal of the 


which 


(5.1 


1 TI 2ny 


same order of magnitude 
The most striking anom 
limit range. Combining the 
for degenerate statistics in the 
t, provided 


ilies occur in the quantum 
find 
the 


ibove conditions, we 
quantum limit, that 
present approach is pertiner 


Ny“ us 
iv 


5S), 


a condition which can n semimetals 
For extrinsi 


(5.2) is not met and a 


semice he condition of Eq 
the 
must be used. However, we feel 
proper 


ry of collision broadening 
hat a valid theory for 
treatment of 
tart. We are 


use 


¢ 


this case should contain the 
scattering by one center led 
to this view by the following estimate. If we the 
delta-function impurity as a model for n-type, degenerate 
InSb, we may choose Vo to fit the conductivity in 
zero magnetic field. Using this value of Vo in the 
presence of the magnetic field, we find that 4*V o?m(£)? 
>1 for typical quantum limit conditions 
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In this paper some relations between dielectric properties of diagonal cubic ionic crystals are derived on 
| ; 


the basis of the shell model for ions of Dick and Overhauser 
Also it is shown that Dick 


are in a good agreement with experimental data 


rhe ontain no model constants, 


relations, which « 
and Overhauser overestimated 


the number of electrons in the shells of the ions, which accounts for the failure of their quantitative treat 


ment. In 


a. INTRODUCTION 


ITH the use of the simple classical ionic model it 
is possible to derive, for diagonal cubic crystals 


18, the following relation (Szigeti'): 


én t2\?4rN 
Le*s*. 
Mw: 


Here 
volume with a reduced mass uw and charges +Ze, €o is 
the dielectric constant at low and e, the extrapolated 


\ is the number of pairs of ions AB per unit 


value of the dielectric constant at optical frequencies 
and w,/ 2m is the frequency of maximum light absorption 
in the infrared. The parameter s has been introduced 
because of the failure of the experimental data to sati fy 
1 (for the alkali halides the value 

range 0.7<s<0.9); formally it is an 
effective charge parameter, with no further relation to 
the model. This has recently prompted some authors to 
develop a somewhat more complicated model of the ions. 


the relation with s 


of s are in the 


Dick and Overhauser? assumed that an ion consists of 
sphe rical 
consisting of the nucleus and tightly bound inner 
electrons. In an electric field the shell is supposed to 
retain its spherical shape, and to move bodily with re- 
pect to the core (see Fig. 1). The polarizability of the 
ion is made finite by a harmonic restoring force of spring 
constant k which acts between the core and the shell. In 
a crystal the repulsive forces between the 
assumed to act between the shells, and not between the 
i old model; therefore they 
polarization of the ions. This 
assumption is based on a quantum mechanical calcula 
tion on the origin of the repulsive forces between two 


shell of m outermost electrons and a core 


ions are 
cores (or masses) as n the 


modify the electronic 


helium atoms: the interaction between the exchange- 
charge and the nuclei appears to be the main compo 
nent, and the exchange-charge clearly is a very sensitive 
function of the distance between the shells of the atoms. 

As a further correction they included the “exchange- 
charge polarization’: when repelling ions are moved 
with respect to one another there is a change in the 


: B. Szigeti, Trans. Faraday Soc. 45, 155 (1949): Proc 


London) A204, 51 (1950 
2 B. J. Dick, Jr., and A. W 


1958 


Roy Sox 


Overhauser, Phys. Rev. 112, 90 


the appendix the paper of Hanlon and Lawson on the same subject is discussed 


exchange-charge distribution, leading to a dipole mo- 
ment. They calculated the influence of both effects on s 
and found that about half of the deviations of s from 
unity could be explained in this way, the influence of the 

hort range interaction polarization” being somewhat 
larger than that of the ““exchange-charge polarization.” 

In this paper we will make use of the shell model of 
Dick and Overhauser to derive relations. 
These relations do not contain model constants and are 


some new 
in good agreement with experimental data. We have 
neglected “‘exchange-charge polarization” because so 
many arbitrary assumptions are needed to calculate this 
effect, that even its order of magnitude is uncertain. 
Moreover the success of our relations shows that the 
effect must be of minor importance or compensated by 
other unknown effects. Further we will show that the 
method used by Dick and Overhauser to estimate the 
rons in the outer shells of the different 
than other more direct 
methods. The approximate values we found lead to an 
effect of repulsive forces on the value of s of the right 
magnitude. Also an interesting figure about the relative 
importance of the different polarization processes at low 


number of elec 


t 
ion leads to higher values 


fre quen ies is obtained 
Direction polarizing freld 


Shell with, shell centre 


4*4,-4. 


. 


© 


4,4 
Polorrzed stote 


Fic. 1. Dick and Overhauser’s shell 


inpolarized state the centers of cores and 


model for ions. In the 
shells coincide. In the 
polarized state they are separated by a distance d; so the distance 
between the cores (the masses) has been diminished by an amount 
A, the distance between the shells by an amount A—d_4+d 
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Hanlon and Lawson’ have used a model only slightly 
different : they stated that because of the large curvature 
of the repulsive fields the influence of a repulsive force 
on the polarization of an ion will be larger—say f times 
—than that of an electric force of equal magnitude 
They adjusted / for NaCl to make their formuias fit the 
value of s from relation (1),and with this value of f they 
got a good agreement for all other alkali halides. How- 
ever, in the Appendix it is shown that this model leads 
to a formula that is different from the relation for s 
they derived, which makes the value of the agreement 
obtained questionable. Moreover our success with the 
model of Dick and Overhauser shows that this extra 
complication is not necessary to obtain agreement. 


b. DERIVATION OF THE RELATIONS 


b.1. Free Ion Polarizability 


If an atom (ion) is in an electric field E= Eye‘** the 
equation of motion of its shell of » electrons relative to 
the core is: 

nek —kd 


—nmord, (2) 


where d is the distance between the centers of core and 
shell and m and e the electronic mass and charge, re- 
spectively. So we have a polarizability 


P med (ne)? mn\~' 
a.‘ 1—w’- ‘ (3) 
E E k k 
At lower frequencies where w?(mn/k)<1 we obtain 
afte = (me)?/k (4) 


From Eq. (3) it is clear that m and & can be calculated if 
one knows the free ion polarizability and its dispersion ; 


y 
+ 
A 


(n,+Z)* (n_—Z)* 
- oo — 
ki k 


1— nt - 


In the limit w Eq. (11) gives the value of the 
polarizability a, to be inserted in the Lorenz-Lorentz 


x , 


formula: 
(= n ‘) 
é-—1 3 Nat n_e)* k, k 
ay a 12 
én +2 4rN k, k 1 1 1 
ikk 
In the limit w=0, the stati polarizability ay of the 
Clausius-Mosotti relation is obtained: 
ég—1 3 \ hy +-Z ‘e* n—Z)*e* Le 
i ao= 4 -+ 13) 
éo +2 4rN k, k A 
5 J. E. Hanlon and A. W. Lawson, Phys. Rev. 113, 472 (1959 
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i 
{ 


been actua \ t nd Overhauser for 


this has 
rare gas atom 
b.2. Polarization in Crystals 


We denot« 


— and to cation 


nions with a suffix 
further the spring 


referring 
iffix + ; let 


quantities toa 


witha 


constant of the repulsive force between the shells per ion 
pair be A and the local field be /;. In the cases we con- 
sider we may approximate FE; by E,;=Eo+(49/3)P; 
where Jy is the applied field and P the dipole moment 
per unit volume. Further 4=A,—A-_ is the relative 
displacement of the masses M, and M_ of the ions, or of 


the cores. 
The equations of motion of the ion shells, if we neglect 
the inertia of electrons, ar 


n_eE,—k_d_+A(A—d_+d,)=0, (5) 
ni eF,—kid,—A(A—d_+d,)=0. (6) 

For the cores 
n_—Z)ek;+k_d M_wA_, (7) 
—(n.+Z)eE,+-kid, MwA. (8) 


As only the relative displacement A is relevant, we can 
eliminate A, and A_; with the use of Eas. (5), (6), (7), 
and (8) we obtain 


pw A= ZeE,+ A(A—d_+d, (9) 
The dipole moment per ion pair is 
p= —ZeA+n_ed_+ny,ed,. (10) 


For the polarizability per ion pair a 
Eqs. (5), (6), (9), and (10) 


p/E, we get from 





n> on? (n,+n_)?) 
eso 
Ak, Ak_ kik 
-_———_--— (11) 
1 1 
ios ) 
k, k 


The infrared absorption frequency w; occurs when there 
is a finite polarization without application of a field ; for 
transverse waves there is no depolarizing field and so we 


have E= (42/3)P or a,=3/4eN. Then Eq. (11) yields, 


with the use of Eqs. (12) and (13), the relation 
1 
Ma: (14 
ée+21 1 1 
ik, k 


12), (13), and 


the form of the Sziget 


Simple algebraic manipulation of Eqs. 
(14) leads to an equation of 


relation (1), s is the following function of the model 











THEORY OI! DIELECTRIC 
parameters: 
n n a,™ ae* 
k ns n 


2 4 2 1+ 
7 oar vet ze( Seneca ) 
Ak k a. s. 6 


Here it should be remarked that if in the formulas LII-1, 
V-33, 32, 28, and 31 of Dick and Overhauser’s paper we 
put the value of D equal to zero (thus neglecting th 
‘“exchange-charge polarization”) we get our formulas 
(3), (12), (13), (14), and (15), respectively. 


b.3. New Expressions for s 


Making use of Eqs. (4), (12), and (14), Eq. (15) can 
be written as a function containing no model parameters : 


€ot2 ww?’ 
l-—s (a, "+a free), 16 
é.+2 Ze" 
Now we may assume that, for all alkali halides of 
T ible III, 
2 
—> and therefore s<1. 
n % 


Then Eq. (16) can be used to calculate the values of s 


fase I. Comparison of s values, calculated from Eqs. (1) and 
16). The values of «. used are those of Tessman, Kahn, and 
Shockley,* which differ somewhat from Szigeti’s. (In the two first 
columns all other factors are equal, in the cases of LiF and RbI 
Szigeti probably has made a calculation error.) {| 4|) is the mean 
absolute deviation of s values from those of column 2 


s from Eq. (16) 


s from Eq. (1) a‘*-data 


Com ¢o-data eo-data Fajans- a'‘'**-data 
pound Szigeti> Roberts* Haussiihl4 Joos Pauling* 
Lik 0.87 0.83 0.81 0.77 0.77 
NaF 0.93 0.93 0.83 0.96 0.85 
NaCl 0.74 0.73 0.76 0.74 0.68 
NaBr 0.69 0.71 0.74 0.69 0.71 
Nal 0.71 0.71 0.77 0.64 0.64 
KCl 0.80 0.78 0.80 0.83 0.80 
KBr 0.76 0.75 0.77 0.78 0.81 
KI 0.69 0.70 0.72 0.72 0.74 
RbC! 0.84 0.83 0.84 0.86 0.76 
RbBr 0.82 0.81 0.79 0.30 0.30 
RbI 0.89 0.79 0.81 0.75 0.76 
CsCl 0.84 0.86 0.91 0.80 
CsI 0.79 0.82 0.83 0.83 

A 3.9% 4.2 5.6% 


¢ See reference 7. 
* See reference 4. 


* See reference & 
>» See reference 1 
¢ See reference 6 


*L. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927) 
*K. Fajans and G. Joos, Z. Physik 23, 1 (1924 
*S. Roberts, Phys. Rev. 76, 1215 (1949) 
S. Haussiihl, Z. Naturforsch. Al2, 445 
* J. R. Tessman, A. H. Kahr 
890 (1953) 


1957) 
and W. Shockley, Phys. Rev. 92 
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laste II. Comparison of s values from Eq. (1) and Eq. (17). The 
data used are from Landolt-Bérnstein.* 


Compound Variable quantity s [Eq. (17)]  s CEq. (1)] 


NaCl lemperature 0.66 0.73 
NaC] Pressure 0.64 0.73 
KCI Temperature 0.74 0.78 


* See reference 9 


directly. The results, for two sets of polarizabilities of 
the free ions (those of Pauling* and of Fajans and Joos’) 
are given in Table I.** It is clear that the agreement 
between these values and those calculated from Eq. (1) 
is good ; nearly as good as between s values from Eq. (1) 
calculated with two different sets of dielectric constants. 

Formulas relating (1—s)* directly to experimentally 
measurable quantities are obtained in the following way : 
\s n and k are specific properties of the ions, it is to be 
expected that their relative dependence on temperature 
and pressure will be small, and to a first approximation 
negligible in comparison with that of A, the interionic 
force constant. Differentiation of Eqs. (12) and (13) and 
combination with Eq. (15) then gives 


ty 1 3 0€, 
—+7+ 
€xt+2 (€.+2)? OT 
1—s) 
éo— 1 3 Je 
7 + 
) 


éo+2 (e942)? OT 
fa 1 5 Je, 
B+ 
(en+2)? dp 
. tie 
€éo>—1 3 J€o 
B+ = 
€o+2 (eo+2)? Op 
where y= (1/V)(0V/0T) and B= (1 V)(AV/dp). 
Unfortunately only few data are available; the results 
are given in Table II. Further and more accurate 
measurements are needed to reach a conclusion about 
the adequacy of the assumptions 
We can apply the same assumptions and differentiate 
Eq. (14); the results can be written as 


Alnw? 9 In{ (e.+2)/(eo4+2 3V uw? 
aT aT der Ze? (6,42) 
0 In(eg+2) 
Xi feo—ly—-3 - | (18) 
oT 


However there is a complete lack of experimental data 
t this equation 


to te 


sOrnstein, Physikalisch-Chemische 


*H. H. Landolt and R 
beller 1923), 5th ed 


Julius Springer, Berlin 
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apie Il. Approximate number of electrons (n in the 
Corr. rare 
gas aton n Con 
lor D.O.* Eq. (22 pound 
I 8 0.9 Nal 
Cl ® 4.3 Lic} 
Cl 2.8 Nal 
Br 99 3.8 LiBr 
Br 2.6 NaBr 
I 11.3 10 Lil 
I 2.9 Nal 
®* See reference See reference 10 Ser eference 


c. COMPARISON WITH THE RESULT 
OF DICK AND OVERHAUSER 


c.l. Introduction 


The of our relations (16) and (17) suggests, 
that the 
nation of the 
hand Dick and Overhauser? made 


in Eq. (15) and found that only a part of the 


SUCCESS 
shell model offers a nearly quantitative expla 
of s from unity. On the other 


an estimation of all 


deviation 


constants 


deviations was explained. They proceeded in the follow- 
The of nm and & for the noble gas atom 


can directly be cal 


Ing way Value 
ulated from the known dispersion of 
the dielectric constant and the atomic polarizabilities 
Eq. (3 Now Dick 
number of electro: 
that in the shell of th 
difference in polarizability being due to a difference in 
the value of the spring constant & only. Then & valu 
for the different ions were calculated, using the values of 


Pauling for the free ion polarizabilities. The values of 


ind Overhauser assumed that the 


» th 


1e shell of an ion is the same as 


iso electronic noble gas atom, the 


1 for the « ompound were obtaine d from the paramete rs 
B and p in the Born-Mayer repulsive potentials between 
ions. In this way they arrived at values for all constants 
In Eq (15) calculated 

turned out to be only about 30% of those obtained from 
Eq. (1), and the inclusion of the effect of 
charge polarization” raised this figure only toabout 50%. 


However, the values of (1—s) 


“exchange 


Therefore we have made some more direct estimations 


f the number of electrons in the shells of the ions, where 
we have avoided the arbitrary assumption of equal 
number for isoelectronic ions and atoms. This will be 


outlined in the following paragraphs 


c.2. Ultra-Violet Dispersion in Crystals 


Che ultraviolet dispersion in solid alkali halides is 
yene rally ascribed to the anions. The equation of motion 
of the shell 
neglecting the inertia of electrons, is 


n_eE,—k_d_+A(d,—d 


Now for the Li salt 
can safely assume that |d,|<'d 


anion with nuclei at rest, and without 


mand 19 
and pe rhaps also the Na Salts we 
and so to a first 


approximation we may neglect Ad,. Then 





VINGA 
outer she ! hah 
Data 
4 
\ \ \ \ 
1170 4.6 (4 
1430 33 
1580 44 
1730 $1.3 j 
iRxO Qs 
2210 54.00 10 
2280 67.40 


We obtain, wit det e the tir raviolet 


tion peak, 


A n_e)*(4rN/3 


Combination with I } 
in n 
é iz 
“ 
a 5 
For the different Li and Na 


roots of this ¢ 
roots, in the range 0.3 nN 
they result in values tor & 
mean that 
fluence of the repulsive | 


also would be the « ( 


contradiction with the 


Another method of « 
in the hell of the halide 
we assume that re f 
have a! 0 (Naot 1 } P 
sufficiently accurate 1 
and Overhauser from t RB 
p, we can calculate (n_—1 


| oe k 


n_ can be calculated. The 


is known (free 


and it is seen that there 
the result 
obtained are rather 


outer s and p electrot 
Overhauser seem more re 
is a strongly idealized on 
expect that all fe ure 

the other hand valu 





plained by the argume 
only to the electron 

© E. G. Schneider a H. M 
1937 


4.00 
2.66 


LDSOr] )- 
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raBLe IV. Estimation of the num! 


wT ol elec rons if 
( yr c \ 
our lor P ay(A | 
Lil | &.9 2.810 2.355 
Lif ( 11.95 6.324 5.301 
LiB B 13.25 7.933 6.037 
Lil | 16.85 10.839 7.687 


the direction of the displacement, and, with a lower 
factor, to the electrons in the outer s orbitals. 
It is interesting to note that the term 27% 1, 


weight 
whi h 
th ld } . 1] f the ‘‘] ad | , bilit 
the oid theory allows lor the lon polarizability 
makes up about 80% of the total polarizability This is 
for the other alkal (NaF i 
larger than ao, 


so true i halides. 


} 


an excep 
little 


on, ere @ | is a which is im 


possible in the theory, but perhaps there are some errors 
in the experimental data.) If in the shell model the extra 
charge of an ion is located on its shell, then Z%e?/ A is the 
polarizability due to the motion of the shells towards each 
and the terms (7,+Z)*e/k, and (n_—Z)*e/k 


ire the effective polarizabilities of the ions. ( learly the 


other, 


repulsive forces are very effective in suppressing the 


polarization of the negative ion. 


c.4. Discussion 


It is clear from Table IV that the approximate values 
we obtained for the numbers of electrons in the shell of 
+} 


he anions (n_) are about 2 or 3 times smaller than those 


found by Dick and Overhauser. Now it is unlikely that 
the values for n, (the number of electrons in the shell 


of the cations) are much lower than our values of n_, the 
latter being already very low. Therefore it is probabl 


that the Dick 


is about 2 or 3 times too 


estimation of and Overhauser of 
in Ei 15 
small and, as always holds 1/A>>1/k,+1/k_, the same 
ipplies for their values of 1—s. We may thus concluds 


that the shell model does indeed lead to effects 


as /ns a nN 


) on § of 
the right magnitude 
APPENDIX. THE HANLON-LAWSON MODEL 
This differs model of Dick 


Overhauser in that the authors state that owing to the 


model from the and 


irge curvature of the repulsion potential a repulsive 
force will have a larger polarizing power than an electri: 
So if the shell is connected 
vith the core by a spring with constant & for electri 


k/f<k 


force of equal magnitude 


forces, its constant will be for the repulsive 


fi rces 


t for the shell of the anion in a 


In this case we get 
the two equatior 


rvstal 
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IDES 


‘ f halicle s from the static polarizabilities 
Corr 
us rare gas 
’ I AA we \ n atom 
. Ea. (22 DO.” 
0.455 1.04 30 09 48 
1.023 3.66 21 4.3 8.7 
1.869 47 2 72 09 
$152 7.10 ,0 io 11.2 
where 6_ is the part of the displacement of the shell due 


to the “‘mechanical”’ force Multiplication of the latter 


formula with f and idding to the first one vives 
n_el kd + 1(A~d_+d 0) (A3 
hich is the same as ] 5), if A in that equation is 


re placed by fA. For the shell of the cation the equation 


obtained from Eq. (6) in an analogous manner. The 


cores obey the equation 
} Zivekit+k (d k 6 
VU w’A . (A4) 
nitZjekitk ad ) t k, 0 
M ,o"A,. (AS) 
We again eliminate A, and A_ and, with the use of Eq 
A\1) and (A2), we obtain 
pw A Zel 1(A—d_+d, (A6) 
which is the same as Eq. (9). Making the calculation in 
the same way a before we finally get 
n.*+(1+ /)Zn, {Z* \e 
| 1+ f)Zn_+ fZ? \e Le 
+ (A7 
k 1 
(" ‘ N_¢€ 
nN. n_*¢ k k 
ay t (A8) 
k 1 1 ] 
1 k, if 
€xt2 1 
Mu (A9) 
éo+2 1 f 
; 4 f 
By Tie ilgebr i relation o] the lorm ol Eq (1 ol 
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li, Can be obtained ; for s* gel they obtains 


A12 


they did not 
calculate Kp! ) lor the I polarizability, 
' . , " 
which is also altered yu nang nt model. 


’ That they obtained agreement between s values from 


Eq. (1) and th ron is therefore no sup- 

port for the m , but possibly al th Eq. (A10) a 

value of f cat te that 1 igreement with 

compare the I ts with those of Hanlon and experiment data ( vi the more imple model 
on, It turns out that Eqs. (A8) and (A9) are the of Dick and Overhauser already gives good results, we 
hq 21) and (29) in their pape r. However, for s do not think it nec ry ) ] tn complication. 
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the rel: 
nature of the vibrations « 
sidered l the direct absorption of | 
impurit ! he relation of its frequency 
tive importance the “localized” modes an 
ning of the spectra due to electronic transitions of the 
t les together produce a mean displacement 
The implications for the “‘configurat 


and experiment suggest that if only or 


their frequency is substantially lower 


IS Made Lo asse 


INTRODUCTION attempt 


° | tior | ( l¢ 
here the nature of the vibrations 11 al vibrati ma mod 


an impurity. Many of the 
properties of impurities in a lattice depend on inter- 
tion of the electro tate of the impurity with that 


ducing the observed br 
his leads to an exan 
‘configuration coordi 

] . ° . . . ct . -_ 
lattice vibrations; the mechanism of this inter- In most cas 


[ simplified mods 


as been discussed by may people Here we 


lly too 
not concern ¢ rseives with the detailed nature ot matical y 


, ) lusions 
wre shall mere ly note that thi cone ~ : 1 
will be the result, in many physical si 


; 
P the } : along. Tl r 
ion of the impurity atom wit — oe 
with experime 


KC] cont 


neighbors, and ask what our 
is about 
“BREATHING” MODES 
considered: First, 
centers 1s considered One a 


of this absorption to introduction of the 

pu ed Second. ar lorce constant 
only tor impur 
constituer t 


true also for 


Wi 





IBRATIONAIT 
assume that the impurity is located at the center of it, 
o that the lattice is symmetrical about the impurity 
his is likely to be a valid assumption for laboratory 
ize crystals with a reasonably low density of im 
purities; it is nature to the 
approximation according to which the details of the 
boundary 


similar in well-known 


conditions are ignored (cyclic 
conditions) in lattice dynamical probiems. Concretely, 


let the crystal extend from site —.V to site V in 


be yunda ry 


each direction, and whenever there is an impurity, we 
put it at the site (0,0,0). 
The usual procedure in lattice dynamics is to writ 


motion for the 
displacements ™, v1, w of particle I= (1,JoJ3) in the 
r, y, and < directions, and convert them into difference 


down the Newtonian equations of 


equations by inserting harmonic time dependence. Th« 


second assumption above then implies that thes« 


} 


symmetrical about th 
origin, and from this we can deduce? that all solutions 


difference equations will be 


will be either even or odd in each of the variables 
l;,lo,/3. (In case of degeneracy, this is not strictly true, 
but linear combinations of solutions which are either 
even or odd can then be found.) 

From the general theorem that all modes are either 


even or odd, we cannot conclude with certainty that 


some odd ones actually exist, at any rate not without 
examining the set of difference equations in each 
particular case. However, it seems very likely that, 
for every particular lattice, at least some of the very 
modes should be odd in all thre 
As an example we 
without any impurity) with 


boundary 


large number of 
variables. 
cubic lattice 
i.e., correct conditions) 
interaction between nearest neighbors only—a nontrival 
problem if the forces have a noncentral component 
In that case the modes are’ 


pace 
monatomi 
and 


free ends 


u, = cos(1,;— 4); cos(le— 4) be cos(ls—4)bs, 


if the /’s run from 1 to 2N+1; and similarly for 2) and 
v. If the indices | run from \ 
tipulated, the first of the three factors become 


to +N, as we have 


cosl if ji is even, 


sin/;@, if 7; is odd, 


factor: Here 
Thus in this 
three 1’ 


milarly for the two other two 
w/(2\+1 iz , 2V+1. 
1/8 of the are odd in all 
viz., the ones for which all three j’s are odd integers 
reasons for the interest in “‘odd”’ 
modes expressed in the preceding paragraph. The first 
he work on “configurational coordinate”’ 


example mode 


1 
There are two 


models 


for phosphors‘ *; it is suggested there that the inter 


ction between the impurity and the lattice can be 


See, eg., L. L. Schiff, Quantum Mechanics (McGraw-Hi 
Book Company, New York, 1955), 2nd ed., p. 39 

H. B. Rosenstock, J. Chem. Phys. 27, 1194 (1957) 

‘F. E. Williams, J. Chem. Phys. 19, 457 (1951 


C. C. Klick, Phys. Rev. 85, 154 (1952) 


MODE 


cite the simple 
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described in terms of only one vibration, namely, a 


‘breathing” (i.e., totally odd) one in which the im 
t and the neighboring atoms move in a 
that 


modes are entirely unaffected by the presence of the 


purity is at re 


radial direction The second reason is these 
to understand: Accord- 
first paragraph, the 
impurity differs from the atom it replaces only by its 


the motion of the 


rhis is easy enough 


impurity. 
ing to the assumption in the 


mass, and it can therefore affect 
moving; but, being at 
In other 


we can compule for the pure 


other atoms only if it itself is 


the origin, it does not move in an odd mode 
words, any modes that 
lattice and that have the property of being odd in all 


el’s, will also be correct for a lattice with an impurity. 


Ill. “LOCALIZED” MODES 


Lax and Smith,*® Montroll and Potts,’ Bjork* and 
others have discussed the existence of localized modes 
induced under certain conditions by impurities. In 

ise of the one dimensional monatomic lattice, this 
situation is as follows.’ The equations of motion for 


all normal atoms of mass M are 


Miij=a(ur ;—2u;4+-uy,,) if 10, (la) 


mio =a(u_y— 29+), (1b) 


for the impurity atom of mass m at location /=0. 
Since the perfect lattice, described by the system (1) 
with m replaced by M, is known (or easily determined 
using, for example, cyclic boundary conditions) to have 


odd solutions of the form 


osinigje'', o;=jr/N, 


2(1 ~ COS ;), 


we can conclude from the previous section that these 
modes are solutions for the impure lattice (1) as well. 
Here \ has been written for the dimensionless squared 
frequency, 


Mi*/a (4) 


of these “breathing” modes 
around an impurity is given by A=2. 

Of particular interest in optical problems is the 
mode because it, and the ones 
near it, are the only modes in a pure lattice that have 
In the other modes, 
individual cells usually do have dipole moments, but 


The median frequency 


o-called “reststrahlen”’ 


an oscillating dipole moment 
can be shown to cancel when summed over the 
lattice 


these 
entire boundary conditions 
more realistic 


impurities 


exactly if cyclic 


are as 


umed and approximately with 


boundary condition or in pre ence of 


M. Lax, Phys. Rev. 94, 1391 (1954 

E. W. Montroll and R. B. Potts, Phys. Rev 
particularly Sec. 3 and Appendix. 

*R. L. Bjork, Phys. Rev. 105, 456 


100, 525 (1955), 


1957 ) 
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ny experimental facts has been somewhat puzzling, the temperature. B and | . the oscillator 
ause not only one but many (three times the toti Sa quantity 

imber of atoms in the crystal—some 10”) \ brational ae 
re known to contribute to the atomic motior ws 
tal. as we as lor other reasons More recent 
nation has been sugge sted by Bjork and Krum 
Any existing loca 


5 placement , labeled by 


ue of thi Lherelore 


index 7; and the 


zed mode was shown to have 
, } h /2wsm;) cot hhu 
tude, near the impurity, much larger than 


LW kb 
ordinary modes, and therefore 


seemed onvenient to return to the speciti 
to attribute the interaction to this one <a | nonatomic one-dimensional lattice of 
mode alone. We should like to examine tl III. In that « ' ust the displacement of 
in some what more detail t} 


th atom and root means square value 
vibrating system described by 


he contributic mode to that displace 
of its detailed nature, dimensionality, et nent. What we ni in is the mean relative 
cribed by a kinetic energy function T=} » i lisplacemer ! with respect to 
ind a potential energy function V=4 Dow a tos 

} 


? which is 
change ol! scale 


coordinate 


2k8) |, (24) 


hhiw ye / 2k0 
mom 
) 1 ocal mode d Ve have [Eq (2 
there exists a transiormation cla . 
sInid with 


ization condit oT 


ulting from the 


»° given by (3 


; we have iccording to (6) 
nto the form 


. lting from (17) with 
5 DCs 


. and wy given by (7). 
6 ) 


ese values into (24) 
ts of high- and low 
comparing Ww! 


COS@ 


sin*@/ 2 


18) 


Imming over 


and comparing wit 


6) 
”) 
7 ha, M(ké the leading term 
he Hamiltonian (14), (15) n be obtained y by treating the 
way ‘and upon comput , 


, ’ illy and evaluatin he mean displace 
ilue of g,” In any Of Its stationary state ments by using quipartition of energy 
an average over these ta (using i 


ich mode 
inn’distribution) we find 
cothhw,/2k6 
Phys. 20, 1752 (1952 


E. B. Wilson, Quantum M e« 
ew York, 1935), Sec. 11 
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with F centers, re spective ly A computation has been 
made of the relative effects of the localized mode and 
of the “odd” vibrational modes of the lattice in produ: 
g a net displacement of the’ center relative to its 
It is found that the lattice modes are 


In 


configuration coordinate model it is assumed that 


nearest ne ighbors. 


the 
this 
net displacement gives rise to the variation of band 


at least as important as the localized modes 


width with temperature seen in electronic transitions 


(An analysis of bandwidth data for electronic transitions 
in KCl with thallium, H~ centers, and F centers lead 
to effective vibrational frequencies of 4 10'?, 2 10 

2.610", respectively. 
compared with the reststrahlen frequency, 

of lattice vibrations, which is 4.2 10'*. On the 
hand the localized vibrations around these centers may 
also be computed. For thallium, which is heavier than 
no localized mode ts lor 


be 
typical! 
other 


and These values may 


potassium and chlorine, exis 


the simple model considered here. The H~ center has 

frequency of 17.510" and the F center has a frequency 
of 770 10"*. It is apparent that the effective frequency 
influencing electronic transitions is not strongly 
influenced by the frequency of the localized mode. Thus 
the localized modes around an imperfec tion give rise to 
at their own frequency, but the 


trans! 


optical absorption 
modes influencing the bandwidth of electroni 
tions in the impurity are more closely related to the 
odd”’ modes of the pure lattice. The frequency of these 
‘‘odd”’ modes varies from 0 to the reststrahlen frequency 
o that replacing this distribution by a single frequency, 
as is done in the configuration coordinate treatment 
may not always be a valid approximation. 


APPENDIX. COEFFICIENTS IN EQ. (30 


Consider three random walk problems. 


1) The two-dimensional 
walker takes \ 
arbitrary direction. 

2) The problem 
walker takes V successive steps of unit length in 
+;, where ¢;= jx/N, j=1, 2, \, 
probability of + or — being } for each step. 

3) The one-dimensional 
walker takes V steps of length 
) 


where @; and + are defined as in problem (2) 


problem in which the 


successive steps of unit length 


two-dimensional in which 


directions 
which the 


+ AC) 
and 


problem in 
succ eSSIVE 


inuous function 


icon 


In all cases .V is assumed very large. What we desire 
s the mean square displacement in problem (3). Ws 
Pearson’ 


show (A 


this is 


Know the 


nal random walk problem 


answer to problem (1) 


We 


shall 


S 
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are equivalent, and (B) that (3) can 


be obtained from (2 
\) In problem (2), consider the range of ¢; broken 
up into increments A@ such that A¢ is small enough to 


permit us to consider all angles within one increment 


that (2) and (1) 


to be the same (to whatever accuracy is desired), but 
large enough that each increment still contains a large 
(Since we are dealing only with the 
limit of infinite V, this is possible.) In the first four pages 
of his paper,’® Rayle igh shows that the probability that 
the resultant lie between r and r+dr which is obtained 


number of steps. 


by considering only one increment A@ is the same as 

that 
also obtained from considering all the A@ together 
Thi be extended to the probability that the 
resultant lie between r and r+dr and between @ and 
o+d¢, merely by noting that both probabilities must 
actually be independent of @, since both in problem 
1) and in problem (2) no direction is preferred. The 
two distributions thus do not differ in r and cannot 
differ in ¢, are therefore fact identical; and 
Rayleigh’s equation (4) for the probability distribution 
of the resultant in problem (1 


that obtained for problem (1), and the same is 


can 


and in 


(7w.V)— exp( VjdA, (Al) 


Pir. d 1 


to problem (2) a 


herelore appli well 
(B) The trick 
\1) in attacking the one-dimensional problem (3) is 
he parameter @,; there with the 
usual azimuthal angle in two-dimensional polar co- 
problems (2) and (3) 


become essentially identical; the mean square value of 


which enables us to use the solution 


to formally identify t 
this is done, 


ordinates. Once 


+ 


become u 


rf)? fw 2PAA. 


(28 


fin 3 


Phe 


<r 


functions f that appear 
*o/2, k=0, 1, 2. For k 


in 
0 we find 


(lr COS®@ 2 


rom and (Al) we find 


(A2) 


Therefore 


and similarly we find 


(ry cos@/2 sin*d/2 V/16, 


\7 COSD 2 sin‘ 2)? 7N/256 


The square roots of these values have been substituted 


into (28) to give (30 
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electrons are closely associated with the paramagneti 
nucleus, the corresponding effect should be small.‘ 

(c) The crystalline field potential is assumed to be 
maller than the free ion potential, but greater than the 
spin-orbit energy. Thus the theory applies to iron group 
ons but not to rare earth ions 

(d) The theory does not apply to ions for which the 
ground state is L=0 


With these assumptions in mind, we c: 
total Hamiltonian in the form 


+1 +288-H+aAL-S+sL-H 


In this equation, 8 is the Bohr magneton, A is the spin 


orbit coupling parameter, S and L are the spin and 
orbital angular moments of the paramagnetic ion, H is 
the external dk magnetic field, V is the ene rgy of the 
ion due to the « rystalline electric field, Ky is the ene rey 
ol the 


The lattice 


free ion, and Kz represents the lattice energy 


Hamiltonian can be written® 
> 


7 . , 
HK dp Nw,(ap'ay+}), 


where d,', ad, are the phonon creation and annihilation 


operators. They have the properties that 


The p index represents the phonon mode and branch 
number. The mode-branch frequency is designated by 
I the equilibrium position of an atom 
in the lattice by r and the displacement of this atom 
or 2), 


¢ xpanded in normal lattice modes as® 


w,. If we designate 
5 


from equilibrium by ua (a@=4, ¥, then u,_ can be 


2h 


a,+a,') Cos k,-r+A 


j 


Vf 


where M is the crystal mass, ¢pa is the ath component 
of the unit polarization vector for mode-branch P, k, l 
the propagation vector for mode-branch p, and A, is an 
irbitrary phase factor. In sha 
assume for simpli ity that the lattice is dispersionles 
ind isotropic, with the result that all phonons have 
and thus we can describe the 


by the Debye formula 


what follow Ss, we 


the same velocity, 


density of states 


dn 1i2rVY* 


for V 


We 


number of phonons in 


of the fact that the average 
mode p when the crystal is in 


shall also make use 
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it temperature T is given by 


‘T_ 1) (7) 


In order to show the interaction between the spin 
expand the crystal field 
potential, V, in a power series in the normal displace- 
((), 


and lattice 


explicitly, we 


' nt 
ments 


of the ion nearest neighbors . 


al eV 
L§ f) al a> 


4 : 2 Od); 4 
OU) dU) 


a) 


where the O;’s can be related to the ordinary displace- 
45R a by 


nents cf the neighbors 


z. B a®R in (Q) 


: 
The 6Riq can in turn be expanded in normal lattice 
modes by means of Eq. (5). In doing this, we make the 
approximation that the phonon wavelength is con- 
iderably greater than the dimensions of the cluster of 
neighbors, so that k,-r<1 (assuming, for 
implicity, that the spin nucleus is located at the 
origin 


nearest 


Because only nearest neighbor displacements 
relative to the spin nucleus will be effective in modu- 


iting the crystalline field, Eq (5) reduces to 


2h 


> — +a,')K,-R;sind,, (10) 


Vf 


where K, is the unit vector in the k, direction, and we 
used |k,| =w, Substituting Eqs. (10) and (9) 
into Eq. (8). we find 


nave 


V=] a 


2 aA ), Or }, 


sind, >. BriaK,-R; 


x 


Utilizing Eqs , and (11), we find for the total 


Hamiltonian 
hs , t 
hw,(a,'a 


—~ J 


288-H+aAL-S8+s8L-H+ ¥ 
13 


We now divide KX into Kiattice, Kepin ANd Kinteraction- 
Examining the terms, we find that >), h%w,(ap'ap+} 
has only lattice coordinates; [Ho+ Vo 288S-H+aL-S 

electron co 


+S8L-H) involve 
J.H 


only paramagneti 


Van Vleck, J. Che Phys. 7, 72 
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ordinates; and >, V/A/°®,4 
The term in electron co- 


involves mixed coordinates. 
ordinates is precisely the one that gives rise to the spin 
Hamiltonian that describes the energy levels that are 
observed in the laboratory. In relaxation experiments, 
we are interested in phonon-induced transitions between 
Hence, it 


these pairs of spin levels seems reasonable 


to set 
(14) 


i» hwy (ap'dy+}), 


Vo+28S-H+aAL-S+,L-H, 


Tinsttes 


Keepin = Kot (15) 


and to consider 


yy 


JCinteraction = 


17°40, (16 


as inducing energy-conserving exchanges of quanta 


between 3Hspin and BWiatticee The calculation would 


involve diagonalizing 5C,,i, to some appropriate order 


(the second order would suffice 
spin Hamiltonian), finding its energy levels E£, 
corresponding state vectors ¥x, and computing the 
appropriate matrix elements of interaction between 


this would produce the 
and 


simultaneous eigenstates of ICypin ANd Kiattice 
- instead, the 


In reference 1, this is not done Hamil 


tonian is broken into 


. , . 
Hines > p hwy(adp'ay+4), (17 


288-H, 


+ Vo (18 


Diente J 


and 


MHinterac 


nm =\AL-S+8L-H+ ¥ V/A/*0, 


> VIA (19 


Pq 


is considering as inducing quantum exchange between 


[if are not eigenstates of 34 


\ 


a) and 8 


M. 


K’, or of K°, but are related to the X 


K 


W. 


, and K now only part of what 
when we talk about the spin 
AL-S+s8L-H 
uimed that this 
but in a higher order 


but 


ttice 
la 


spit The 
we mean physically 
system, since the 
left out. It might be cl 
lead to the same result as 
of perturbation the ory Thi 
would have to be different 
1. We examine this 


large term has been 


procedure should 
ours, 

true, the proc edure 
from that used in reference 


quest 1in the next section 


B. Comparison of Alternative Perturbation 
Procedures 


For our purposes, it is convenient to use a formalism 


employed by Karplus and Schwinger’ which is entirely 


equivalent to the “variation of constants” procedure. 
We start with the time-dependent equation 


t)y t (20) 


} 


which has the formal solutior 


j ; 


y exp| 


(21 
Let H=3K°+X’ (where 3 id 35° are independent of /, 
and %’<3°), and let Xx, E,, be 

of H°. Suppose that the sy nis in an 
, at /=0, to know 
amplitude of her state 3), ortl 


and the eigensolutions 


arbitrary state, 
and that we wish 


a tne probability 


some ot ovonal Lo 


a), at tim Phis is evident 


fog (l 


In the simple case ‘ 
ce { 0 for 
+5C’, transi- 


we find that no transitions cat SI 
a)* 8). If 
tions will take place. In particula happens to be 
say Xq, al f X,, th 


a) 1S not 


an eigenstate of XK en by 
carrying out the expansion of the expone 


it can be shown that Eq. (22 


ntial operator, 
yields the result as 


, 
od, that i 


same 


the variation of constants met} 


expl (it/h) Ey 


unitary transformation, the 


’sby a 


expansion can be carried out as shown in Eqs. (29)—(34). } We now apply this formalism to our problem. Define 


‘= Wiatticet Hot Vo +288: H, 


P=\L-S+8L-H, 


In our proc ( dure w 


as eigensolutions of 3¢"+ P, 


with Wx, &, 


ions of 3c". Substituting Eqs 


with @y, /y as eigensolut 
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26 


and (26) separate! we find, 
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by using our representation, 


(Wx | exp (it/&) (“+ P+V)]\ Pe) 


If the representation of reference 1 is used, then 


Aiaylt dn exp (it/h)(H"+P+V)]\ o.)= ( o, P 


It is clear that, as it stands, Eq. (28) cannot be 


directly interpreted physically since it does not deal 
with the transitions between the spin energy levels 
observed in paramagnetic resonance experiments 
Furthermore, there is no simple way in which the 
expansion in Eq. (28) can be used to obtain transition 
probability amplitudes for transitions between the 
true paramagnetic spin states, y, and yy. Of course, it 
is possible to obtain an expansion for Ay. purely in 
terms of ¢,’s and E,,’s, and we proceed to do this 

The unitary transformation connecting ¥, and ¢, is 


Wi=Dn Stn@n- 


(29) 
Substituting Eq. (29) in Eq. (27), we find 


ve| expl(it/h) ("+ P+V) ]| ve) 


= (de |S exp (it/h) (K+ P+V) \S|o.), (30) 


P+V)S\ bi)+ (be | SUR*S 


We thus see that, although Eq. (30) expresses the fact 
that there is a unitary transformation connecting the 
two methods, there is no simple way of getting from the 
expansion of Eq. (28) to that of Eq. (34) if we look at 
the perturbation expansions themselves. If one chooses 
to work in terms of the eigenstates ¢, of the system 
XK”, as in reference 1, but wishes to obtain probabilities 
for transitions between the true “spin” eigenstates, one 
is forced to use the more complicated expansion, Eq. 
(34). We prefer to employ Eq. (27), and we claim that 
Eq. (28) cannot be used rigorously to calculate spin 
transitions. Equation (28) will, however, give the 
proper order of magnitude for the results. 

We would like to point out here that the funda 
mental difficulty in the method of reference 1 does not 
lie in the choice of unperturbed system [i.e., the 1° in 
Eq. (22) ] but rather in the wrong choice of initial and 
and !|8)). What one chooses as the 
unperturbed system is a matter of convenience (such 


final states (a 
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exp| ws/n 
<expy (il hil ( 


where S is defined from the S,, 


oi S\¢o, (31) 


Note that for purposes of identifying the subscripts, 
we can label y, and &, in such a manner that they 
evolve continuously out of ¢, and E,, as P increases 
from 0.) We can obtain a perturbation expansion for 
the right-hand side of Eq. (30) as follows: 

S~' exp[(it/h) ("+ P+V) 4S 

expl (it/h)S—' (K+ P+V)S) 

exp[_(it/h)("+G) ], (32) 
where 

G=S"(P+V)S+S—"K 


"S—K*. (33) 


Hence we find 


(/n)(Fy— Ey) |—1 
) (34) 
ky,— Ey 


as simplicity, rapidity of convergence, and so on), but 
the selection of initial and final states must be dictated 
by the physical nature of the problem. This becomes 
clear from Eg. (22) when we note that Ag. (f) is 
independent of the way in which *% is broken up into 
K° and %’, but depends greatly on the choice of |a) 
and |8). For example, Eqs. (27) and (34) represent the 
same choice of initial and final states and are therefore 
physically equal; however, the unperturbed system 
(K®=5") chosen in Eq. (34) is less convenient than that 
(K®°=K*+P) employed in Eq. (27). On the other 
hand, Eq. (28) is incorrect because it deals with initial 
and final states that are not physically meaningful. 


C. Derivation of Equivalent Spin-Phonon- 
Interaction Hamiltonian 


We now carry out the procedure outlined at the end 


of Sec 2-A. For the preliminary diagonalization of 
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introduce the following 


b 


notation 


(a) Kein =KHA+P 
(b) P=AL-S+8L-H 
(c) H4=Ho+Vo+26S-H 
d) Om, Dn; denote any eigenstates ol 
symbol @», represents 
denotes the electronic 


he 


for example, m,s) where m 
eigenstate of is, and s denotes 
the spin eigenstate of 28H-S; s is a mixture of m, States. 
(€) da, da, 
associated with the ground electronic state 
(f) da, dp, 
associated with the excited electronic states 
(g) ¥ 
is a mixture of the @ 


denote only those eigenstates of 34 
denote only those eigenstates of 34 


is one of the exact eigenstates of 304+ P. It 


Che 


problem is 


Schrédinger equation for the unperturbed 


Dm, 


whereas for the perturbed problem, 


Ky 4+ PW.=Ew, (36) 


Let us focus our attention on the unperturbed ground 
da, dp, the 
Zeeman level introduced, these state 


states, which describe 
Pj 


ive 
Chu 


pure spin 
Whe n 
mixed among thems« 
the da’s i 


are 
] } 
and also a small amount 


mixed in we have 


QD 
Because P\b re 
orbital angular 
affects the through its interaction with 


¢a's. Applying the method of Léwdin,’ we find that 
tate 


sult of quencl 


the 


ing 


momentum in ground state, 


¢,’S only 
new ground 


levels can be obtained by soiving 


zat Oral, 0, 


and the wave functio1 an be obtained from 


» a Be a 


where 


40) 


(The prime on the P’s means off-diagonal elements 
ave £.=X a4.) Thus, in this method, the 
problem is restricted to the ground states, the influence 


of the excited states being brought in by the “effective” 


only, and we h 


ty’ +ay){ BAL Leee Sit+-g2(SS- 


I 


* P.O. Léwdir J. Chem. Phys 
*M.H. L. Prvce, Proc. Phys 
E. Abrahams, Phys. Re 


19, 1396 (1951 
Soc 


107 


London) A63, 25 (1950 


$91 (1957 


ee 
65;) 


M W 


Hamiltonian, / 
Usa is the spin Hamiltonian 
We next 
normalization 


ond order, 


write vy to col including 


These, then, 
If we call ¥ ystem 
eigenstate is WV, 
matrix elements 


ompute the 


fective inter- 


action Hamiltonians fi 


Dire 


In a direct 
operator 


interaction, we require oniyv one phonon 


The relevant 


RL'| Viki 


where we have 


and the terms norm 


because of the nditior 


diagor 
We can evaluate Eq 
Eq (34) and the one pl 


calculation, we make us¢ 


and because V is 


S;, and employ the fact 
In Eq. (42), in the 
to take nto 
denominators, but not 
that a “Van Vleck 
first summation, thi 
Phe 


following equivalent 


first 


br ices, 
necessary 


differen: 
magnitude 
phonon operators 
S\H 


1+ 28rL, 
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where 
(0, V/ n)n\ L,0 


ky — Ey) BH; 


electron g factor. 


In Eq. (44), it is to be understood that Wairect gives the [Eq. (24c) | or from two V/ terms in the second order 
phonon-spin interaction between two energy eigen- of perturbation theory 

states k, k’ of the spin Hamiltonian [U’y, in Eq. (40 The former category gives rise to the equivalent 
carried to the second order], and that the correct Hamiltonian 

eigenfunctions to use are the spin Hamiltonian 

eigenfunctions : , a,'t tda,) 2B—rAH L, i 


Ve=) a Craha= de Cubs, 46) 
vhere @, 1S an eigenstate of 28H-S. Note that we have was ( S8 SS;) 14+ 2802, ,/7 (S;H;+4S;) 
thus reduced the calculation of the interaction matrix 
from a problem involving the complicated wave i SiS j+8,8;)}, (47) 
functions of Eq. (41) to one using the simple wave 
functions of Eq. (46). The reason is, of course, that the where all terms are the same as those in Eq. (44), 
effect of the excited electronic states has been taken except that in the &’s [Eq. (45) | V/ is replaced by V/". 
out of the wave functions of Eq. (41) and compressed lerms in the latter category must be obtained by 
into the £ tensors in Eq. (44). This is precisely the calculating the second-order matrix element as ex- 
type of notation that is used to display the spin Hamil- pressed in Eq. (27 
tonian, and, in fact, Eq. (44) is simply the phonon-spin 
Hamiltonian for direct interactions. R’L'\| V\ R?L?) (RL?) VI RL) 

If this calculation is performed by the method of RL’ Vid ss - (48) 
reference 1, the terms in £,,/ in Eq. (44) are the same, 
but the quantity in square brackets multiplying the 
¢,/ is changed to 2S,. We also note that the Ti+** and 


Cr*** calculations of reference 1 are special cases of 
I 14 first. We can use the expression in Eq (41) for the wave 
q { ). 


In the summation, &°/”) can be either an excited state 
or one of the ground state Consider the former case 


function, with appropriate reinterpretation of the 
Raman Interaction indices. We then write an equation similar to Eq. (42), 


The Raman interaction requires two-phonon from which the (4°/*= excited state) Raman terms can 
operators, and these can come from the term in } be computed. In abbreviated form, this equation 1s 


it 


+3 similarterms }+ > +9 similarterms }}. (49) 
E.) 1 (E,y:— E,)( ky, — E,) 


rhe simplest terms here are those involving two P’s and two V’s in the numerator, since we do not have to 


onsider small differences in energy denominators, and can use the fact that, within a given excited cluster, 
> ( ( 1=5n,.. We find that 


[28d(S,Hj+5S,H)+r(S,8;+58,S,)], (50) 
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method of reterence l Le 1S there the 
ti ntol j $3 In our method, 


Consider nex ith two V’s. Such a term vanishes in the 


C,24 are equal to unity or to zero, and because of the considerations discussed in rela 


this term produces an important contribution which may be written 


where ( is a spin-type operator defined by 


s'IlC. ; 22 €50C 


) that are associated with 


The sum is over all &’s (excited spin States 
The fourth Raman term comes from the normalization, and it 


is 


where D,7 is the 


| Dp? 


The & and ¢ Operators are detined in Eus $5 and 53 , respective Vv, and 
incident and scattered phonons 
Che last important term is the one obtained from Eq. (48) when 4°?) is one 


x the equivalent operator of Eq. (44), and the result is 


can be constructed by ising 


é 


operator and obtain the density of sta 
denominator 


where @ is the i in E 
¢,2 Is the operator defined by (59) is still valid if we replace t zero 
I f } ne ground-state 


ate Be OU) 


by Av,, where v, is the 


energy levels 


If either of the two denominators vanishes, we must . . 
D. Quadrupole Selection Rule in 


use the considerations of Schiff," and carry out a , ; 
contour integration by using the line-shape factor to Direct Interactions 
McGraw-Hill Book Cor Examination of Eq ++) S 


'L. 1. Schiff, Quantum Mechani 


, Inc., New York, 1949 multipole expansion 0 
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operators, the terms linear in S, being dipolar, and 
quadratic in S; being quadrupolar. Since 
£/~L,,/, the ratio of these two types of terms is of the 
order of \*/48\H. Taking as a typical case H=10' 
gauss and A= 100 cm 2X10-" erg, we find that the 
quadrupole term dominates by a factor of 50 when the 
spin anticommutator is of the order of unity. [This 
is caused essentially by the “Van Vleck cancellation” 
in the dipolar term mentioned in connection with 
Eq. (42).] Thus, the direct phonon-spin interaction 
will obey quadrupole selection rules. This means that 
for odd half-integer spin systems of S>4}, 
phonon transitions “approximately” 
between any pair of orthogonal spin states, 
the form 


those 


the spin 
forbidden 
1), |2), of 


are 


1)= 
2)=C m,)+d —M.), 
(1|2)=0. 


a m,)+6| =e), 


This is easily shown from the properties of the 
S, operators. 


E. Order-of-Magnitude Formulas 
for K,, n-phonon 


We derive here simple expressions for computing 
the order of magnitude of the spin-phonon interaction 
Consider first A’?. From Eq. (9), the Bri, are of the 
order of 1. The xa are of the order of 1, K,~1, Ri~R 
(average interatomic separation) and we take sind,~ 1 
(since we always average over its square). Thus 


A/?~ (2hv,/Me)5R, (62) 
For the phonon operators we have a,~(n,)', and 
a,'~(n,+1)'. The L,; matrix elements are of the order 
of 1. To estimate the size of the V‘ and V/” matrix 
elements, we consider the simple case of a parainagnetic 
nucleus at the origin with two nearest neighbors of 
charge e lying at x= +R. The potential energy of the 
paramagnetic electron at point r is 


° 
R-—r R+r 
Suppose there is a normal displacement in which each 
neighbor moves out a short distance, Q;. Replacing R 
by R+Qy, and expanding to second order in Q;, we 


obtain 
: ) ( : 
R+r (R—r)? 


1 1 
ere 
R—r)® (R+r) 


Using Eqs. (8) and (12), and expanding in a power 


> 
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eries in r we find 


We assume that the constant terms are already part 
of the lattice Hamiltonian, since they involve only 
lattice coordinates. (The rigorous analysis of such a 
procedure requires techniques like those used by 
Korringa.‘) For r we the radius, ro, thus 
obtaining the estimate 


use ion 


~ ber? / R', 


~ 12¢*7,?/ R°. 


Vi in’ 

sees (66) 

VIS In 

Using these results, we obtain the following crude 
formulas for order-of-magnitude calculations: 


2hv pny\* 6e*r,? 
direct ™ ) ; 
Mi? A’R' 


2BA\HS;+S 4), 


sOe'r,* 
? 


A‘R* 
x (Caen + ANA vy + Hy) ISAS 4 


+ A-+ (68) 


(28, S;+S Py *) 


Ahlvir - Vy) 


where S, is the spin anticommutator, ¢, is of the order 
of the level splittings in excited states, and S,4’~1, if 
S>4 and S,’=0 if S=4. Equations (67) and (68) 
assume an average over phonons of all propagation 
directions, polarizations, and phases. 


3. POSSIBLE EXPERIMENTS 


A. Calculation of Four Different 
Spin-Phonon Processes 


The feasibility of any proposed test of our general 
theory depends on the relative sizes of four transition 
probabilities—direct (Wpr), Raman re- 
laxation (Wrr), direct interaction between spin and 
monochromatic phonon (Wp), and Raman interaction 
between spin and monochromatic phonon (Wamu). We 
consider these in turn 


relaxation 


Direct Process Relaxation (W pp) 


this case, the interacts with 


In all thermal 
phonons in a frequency interval determined by the spin 
resonance fre- 


pin 


shape factor g(v—v,), where v-=verx 


quency. The transition probability is: 
Won= (1/8*) | (p'h" | Haicece | ph (69) 


*p(v,), 
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where p is the den ity of states in the phonon field Direct Interact 
For an emission process, we find, using Eqs. (67) and Vi onochr 


(6), that 
For thi proce 


366 'y : , 
HW DM | h 


iH DR ‘ +1 
, AtR' 


where g is the iin 


Wop. we introduce T I lal Lie utill 


x 2BAMS;+) ‘ ‘ 
Energy density 


The contribution to Wpr from n, (in (n,+1)av) is the 
induced emission probahility, whereas the contribution 
from the 1 gives the pontaneous emission probability 
(b) Wave 


Since n,~kT/hv, in most cases of interest, we find for 
the induced emission or absorption 


3456 kT vy? ero! 

2\BHS;+} 
A‘R (c) Power absorbed by 
if no saturation is 


Raman Process Relaxation spins/cm* 


The transition here involves thermal phonons of all 
frequencies, and the probability is given by 


The maximum power 


4 


where vp is the Debye cutoff Irequency Actual inte 

gration and numerical evaluation for typical cases 

reveal that the contribution of the last term in braces 

in Eq. (68) is small since the minimum value (=/y7;) 

of the denominator is finite and it has a 1 Vp de- 

pe ndence for high values of v,. The 28H term also 

produce negligible effect Making the approximation (e) Phonon relaxa rT time resulting trom 
-v, we find, for sufficiently low temperatures, action with spins 


I 
p 


Using these formula 


Hi pM (max and o\( max 


If we take e,-~1 cm", A~10' cm", A~ 10 cm“, and 
hvp~ 10?—10° cm™ as typical values, we see that all 
terms in the integrand may make roughly the same 
contribution. For simplicity we use only the (€,A 
+A2S4’) term, while recognizing the highly schematic 


nature of the result 


Raman I ntera 
VU 


2304n'* 
Wer 
In thi 
transition probab 


(Note tha 
result Wau= (1/3 


' 


y 


y 
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With the aid of Eqs. (6), (68), and (79), we obtain 


1922°SkT (36)*e*ry' 


i ma“ 


(M/V)?h?07 


(vp— v,)* 


AtR® 
« |[2BA\H+4Ah(y, +.) Si +28 4'+ A 
u y J f 


2BAHS;+S 4! 
Ah( Ve%E—Vy 


h vpv RM 
or M ~ 
2S+1 kT& 
B. Inadequacy of Relaxation and rf 
Saturation Experiments 


In order to check the theory, we need to obtain 
measurements of | (p’k’ | Hint! pk)|?, that is, of Wy, 
The methods in most widespread use at present art 
relaxation and rf saturation. They both suffer from the 
defect that a single observation (of a relaxation time or a 
saturation coefficient) gives a number that involves al! 
pairs of energy levels, &, k’, and all phonons p, p’ (all 
directions, polarizations, and frequencies). This means 
that a large number of measurements would be required 
in order to obtain a particular W px pe. 

As a simple illustration of the difficulty, consider a 
four-level system in which we attempt to measure VV 
by saturating levels 1 and 2 with rf energy. The differ 
ential equations for the spin populations are: 


pt 


Ni= XE [-—NA(We AM VIAN (Wij t+duV, 


1, 2, 3, 4; Aww=A2 = 1, and all cther A\’s=0; 
V, is the rf-induced spin transition probability; W,; is 
the total phonon-spin transition probability between 
levels 7, 7; and .V, is the population of the ith level, and 
is subject to the constraint V=>}>,; N,, where NV = total 
number of spins. It can be shown that the ratio of the 
population difference, with V,#0, to the equilibrium 
population difference (V,;=0) is 


where 7, J 


Vi—N, 1 


l 


Ve)equl 14+V,/Wers 

aie+b fg+dhc—bdi--ceg— fha 

Wott 
e+b+a+d)i—(f+c)(h+e 


x 


and A=W yetWytWutWa, b= Ws, 

Wa—-Wau, d=Wa—-Wry, e 
f=Wae—Wy, g<=Wa—-Wis hk 
+ Wyet+WatW a 
W’.¢¢ is IN No sense a measurement of W',.. For exampk 
held 
T 3, —4 Kramers doublet be 


= uM 21, c 
WatWoatWatW, 
W a— Wo, and i=V 


Clearly, then, the measurement of 


consider the case of ruby in a weak magneti 
<40 gauss). Let the 


levels 1 and 2, and let the +3, —3 doublet be levels 3 
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and 4. Because of the quadrupole selection rule, we can 
take We~Wa~Wau~War~Od, and since the other 
W’s are approximately equal, we immediately find that 


Werr~Wis~W ~W: 


observation gives W 


, and so on. Thus, the saturation 
instead of Wj. 


C. Possible Acoustic Experiments 


Acoustic techniques for investigating spin-phonon 
interactions have the obvious advantage that they 
permit direct measurement of Wx ps, since one has 
control over phonon frequency, direc tion, and polari- 
zation. The first proposal for such experiments was 
made in 1953 by Kastler,"? and subsequently Al’tshuler” 
did order-of-magnitude calculations of o for titanium 
cesium alum, chrome alum, some rare earths, and S- 
state ions. Several acoustic experiments were performed 
on nuclear spins," and in 1959, Jacobsen et al.'? 
saturated Mn and F-center spin resonances in quartz 
The present authors'* 
have briefly reported low-frequency acoustic saturation 
of the Cr*** resonance in MgO and of the F-center 
resonance in crystalline quartz 

We proceed now 


by using microwave phonons 


to examine some possible acoustic 
experiments in the light of the preceding discussion. 
Phese measurements of 
the and determination of the 
y is defined by 


experiments are of two types: 
attenuation coethcient, a, 


ituration coethcent, ¥ 
\ : 1 


1+7 Wes 

Lsee Eq. (87) for rf saturation |. We shall first compute 
rough values for o and y in ruby, and then examine the 
case of MgO doped with Cr***. In both cases we assume 
the following crude figures for evaluating the order-of- 
magnitude formulas: M/V=3 g/cm*, R~210-* cm, 
ry~0.5X10-* v~ 2.510 cm/sec, A~100 cm” 
(=2X10~-" erg), and A~10* cm™ (=2X10~" erg). 
We take T=4°K and »;(ruby)~5 X10" cps, (MgO) 
~10’ cps, and N~10” spins/cm’. We use &~10 
ergs/cm® as a phonon energy density at v,=10’ cps; 
no figures are tilable at present for the microwave 


cm, 


phonon region 
he results for ruby are summarized in Table I. [In 


the calculation of yy, we have made use of conclusions 
drawn from Eqs. (87) and 


88). | From this table we 
see that o should be easy to measure in the microwave 
region, but not at lower frequencies, and that 7 should 
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Phys. Rev. 101, 1757 
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la or and N ger Phys Rev 113, 431 
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Tasie |. Order of magnitude of phonon attenuation 


a) and saturation coefhaent for ruby 


Yr 
Case 10’ cps 10” cps 
10°**§ em" 10°* cm" 
10°* en 10 cm"! 

tows 5x10% ? 


Yow,» (Sal OO ? 


Tom» (S420) 
Tom, (Sat 1) 
S4@0) 


be unobservably small for the low-frequency case with 
S,=0, but quite large when S,~1. (For a discussion of 
of o and y, see Mattuck."’) 
types of experiments could be 


minimum observable value 
Thus, 
verify the quadrupole selection rule: (i) A microwave 


two done to 
phonon experiment in which o is measured as a function 
the dc Hf field. When H is 
parallel to the ruby optic axis, ¢ should become very 
small for transitions between the +4 or the +3 levels, 
(61). (ii) 
saturation experiments—one 
Kramers doublets 


of crystal orientation in 


as described by Eq Two low-frequency 
between the +4 low-field 
that y is not observable 


and the other between the + 


to verily 


in this case (S4,=0), 3 
} levels at the field and orientation where these levels 


almost cros 
5 — ] 


The cause of the 


over, to show that, under these conditions 


since , acoustl ituration can be detected 


very low value for yp in ruby at 
low fe d and lreque nov 


that 


the large zero-field splitting 
Wate large and Kramers 
with the result that becomes 
If we have 
; : 

would no longer be tru 
Accord 


ing to current investigations, this crystal contains a 


makes eparate s the 


Wom 


election rule 


doublet mall, 


according to the quadrupole 


mall zero-field splitti ig, Ul 


Consider MgO doped with Cr***, for example 


large number of Cr ions on sites of nearly perfect 


cubic symmetry,” which implies negligible zero field 


splitting, and four almost equally spaced Zeeman levels 
Spin-spin levels in 


will maintain these 


that 


interaction 
equilibrium with each other, so in considering 
interaction with phonons, we need take only those level 
pairs with S,~1. We find that W.rs= Ware in this case, 
since Wppri 


Eq 70 


very small as a re ult of the v dependence 
find Waryp~ 10 
From Eq 81), we obtain Wpy~10-*:; thi 
Yom = 10°, effect 


We might note here that, of the two types ol acoustk 


Using Eq. (74), we 
yield 


which is a verv large 


experiment, the observation of ¢ possesses the advan 


tage of providing very direct information about 


i in contrast to y, which requires measure- 


(Were can be 


experiment.) On the 


ment of the auxiliary quantity, Woes. 
determined by an ri 
other hand, a is detec 
and the 


phonons are not yet 


table only in the microwave region 
technique lor luction of microwave 
indard or this reason, the 
experiments described in the 


following section were 


eR. D attuck, P thes epartment of Phvsi 
Massachusetts Institut ech g bridge Massa 


chusetts, May, 1959 (u 
2 W. Low, Phys. Rev 


all of the y type, al ow trequencie 
(~ 10! cps), a 11 W f etl lor generating 


phonons are we 


4. EXPERIMENTAL RESULTS 
A. Apparatus 


con isted ol 


Che paramagnetic resonance equipment 
a Pound-Watkin 


50-cycle amplifier and a phase itive 


oscillat t narrow band 
detector. The 
two pairs of Helm 
and could be swept from 20 to +30 gau 


dc magnetic field was provided by 
holtz coils, 
[wo auxiliary coils were used for the 50-cycle modu 
lating field The 
~5X10~* at 4.2°K, which is t 


spins/ gau Phe 


minimum measurable susceptibility 
he equivalent of 10" 


of the 


was 
ignal, S, is thus the slope 


imaginary part of the paramagnetic susceptibility 
rhe phonon generator is shown in I It 


13-Mc/sec X-cut 


both sides and coated on one side 


consists 


ol a quartz vibrator, fine ground on 


with an evaporated 


layer of chrome-silver, and driven by a signal generator 


The uncoated side is in cont it a few points with a 


spring-loaded brass plate t was found essential to 


keep the loading sufficiently large to maintain con- 


tinuous electrical contact bet) the periphery of the 
silvered quartz surface and the brass head; otherwise, 


tank 


this pre 


Ws : 
oscillator col 


direct electrical pickup by 


prevented the os yperating If 


caution was taken, confined to a sma 


frequency region well within the tank 
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approximately 0.05 Mc/sec. Sound waves were coupled 
into the paramagnet by cementing one end of it to the 
silvered face with No-nac vacuum grease. It was found 
that acoustical was always maintained at 
$.2°K, provided that neither of the two surfaces so 
joined was highly polished. 

rhe phonon energy density, 6, was determined from 
the usual equation 


contact 


(d/dt)(8V)=P,—(8V/r,)=0, (in steady state) (90) 


crystal volume, P;=acoustic power input, 
and the phonon relaxation time r, characterizes the 
rate at which phonons are lost by all mechanisms, 
including radiation into helium bath and collisions 
(phonon-phonon, 


where V 


phonon-boundary, phonon-disloca- 
tion, phonon-spin, etc.). The phonon-bath relaxation 
time for a crystal 1 cm long, with a density of 3 g/cm* 
is calculated to be ~3X10~ sec. There are no pub- 
lished data on the other relaxation processes at 4.2°K, 
but they are probably much longer than 10~ sec; 
Simons”! calculated t;phonon-phonon) to be ~10 sec for 
10-Mc/sec phonons in a rod of solid argon at 3°K 
From Table I, r(phonon-spink~1 sec. Experiments at 
room temperature yield r,~5X10~ sec. For the re- 
laxation time at 4.2°K, we shall take 7,~10™ sec as a 
reasonable guess. 

Input resistance and reactance of the quartz circuit 
was measured in the vicinity of resonance with a 
General Radio impedance bridge. This was done with 
the quartz unloaded at room temperature, and with 
the quartz loaded at 4.2°K, thus providing enough 


10 





PHONON FREQUENCY (¥,)* 134 mc 
Te4.2°K 


PHONON POWER INPUT + 0.26 WATT 
\ 
J 


PHONON POWER INPUT «0.42 waTT 


SIGNAL SATURATION (S/S,) 








| wa 
is Ss 17 9 2! 


SPIN RESONANCE FREQUENCY (»,) IN MC 





Fic. 3. Acoustic saturation vs spin resonance frequen 


in MgO doped with Cr 
Cambridge Phi!. Soc. 53, 702 (1957 
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information to calculate the power input, P,, in terms of 
the input voltage. Maximum power was ~4 watt, 
which is equivalent to Smax~100 ergs/cm' for a 
3-cm® crystal. We used &~10 ergs/cm® in the calcu- 
lations of the preceding section since the value of 1, is 
uncertain. 


B. Experiments on MgO Doped with Cr*** 


\ crystal of MgO, } by } by 1} inches, containing 
approximately 10 Cr*** ions/cm* was employed in 
these experiments.” At »-~10 Mc/sec, the resonance 
occurs at and since the linewidth is ~3 
gauss, the line shape is considerably distorted by the 
‘negative resonance” term in the transition probability 
formula. With the phonon frequency held at 13.1 
Mc/sec, the frequency of the Pound-Watkins oscillator 
was changed in steps from v,=10 Mc/sec to »,= 20.5 
Mc/sec (the rf power level being kept constant). We 
defined signal saturation as the ratio of the signal with 
phonon power on, S, to the signal with phonon power 
off, So, and plots were made of S/S» versus v, for two 
different phonon power levels. These curves appear in 
Fig. 3. To make sure that the observed effect was due 
to phonons and not to electromagnetic radiation, the 
experiment was repeated with several layers of tissue 
paper at the bottom of the MgO crystal to act as a 
phonon barrier. A small dummy load was placed on the 
quartz to keep the voltage across the quartz approxi- 
mately equal to its value in the saturation experiment. 
Under these circumstances, 
detected. 

The curves in Fig 
first, the saturation increases with increasing phonon 
power, and second, it is maximum when the phonon 
frequency, v», is equal to the spin resonance frequency, 
vy [see Eq. (75 They are also anomalous in two 
first, with S/So=1/(1+v7), it is clear that y 
here is ~1, whereas the predicted y is ~ 107; second, 
the bandwidth of the effect would be 
expected to be of the order of the spin linewidth 
(~10 Mc/sec), but clearly it is much broader. 

To determine, if possible, an upper limit to the 
bandwidth, an experiment was performed (on a 
different spectrometer) at v,-= 195 Mc/sec and »,= 13.1 
Mc/sec to obtain S/S» as a function of phonon input 
power. This produced the rather startling result shown 
by the dotted curve of Fig. 4. For comparison, satura- 
tion curves taken at two lower frequencies are shown 
in the figure; they appear considerably more 
normal. 


~3 gauss, 


no saturation effect was 


3 show two expected features: 


respects: 


irom Eq. (75), 


same 


It seems likely that the explanation of some of 
the above anomalies lies in the fact that the Cr*** 
ion in MgO does not satisfy the assumption that it 
causes little lattice distortion (see Sec. 2-A). As Low” 
points out, the Cr*** ion is a “poor fit” in the lattice 

2 We would like to acknowledge the cooperation of Joseph V 


Fisher of Sen Pennsylvania, in 
obtaining this crystal 


i-clements In Saxonburg 
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If this effect is 


no long r applic ~ 


pull in the surrounding oxygen ions 
large enough, our theory Some 
evidence that this may be he case is found in the fact 
calculations 


~10 


that although our order-of magnitude 


Weaees 10 


obse rvation 
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ec, tha IS, Ty, relaxation 
indicated that the 
than 1 sec. If an 

r yielded time 


predic ted 
ec, crude relaxation 


time wa certainly | accurate 
measurement ol 
1 sec, thi 


type ol 


considerably less than 
of a different 
(Such a 


would indicate the presence 
mechanism. 


Korringa‘’ shows 


pin phonon nteraction 


measurement needs to be 


in the case of / 


| 


the nearest 


that 
radial normal modes of 


made 
centers, the 
whic h 


are the chief vehicle of the interaction, and 


neighbor contribute nothing in 


our theory 


can result in much shorter relaxation times than those 


predicted on the ba ot e theory we have des« ribed 


might 


bandwidth of the interaction 
ted l bye 


bution of a frequency-independent Raman mechanism 


The broad 


possibly be interpre ing the result of the contri 


Such terms exist in our theory [see terms in Eq. (84 


L 


which have v t , but they are far too small to 


effect 
larger in 


account tor the observed Conceivably. thev 
a theory that included 


other possibility is that part of 


might be considerably 


attice distortion 
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ing of the crystal by the 


Lhe aturation 1s | re 


+} 


In ace ord WIth 


eems unlike 


phonons decrease, 
y in view of 
g would have an effect 
completely independent ¢ 1ency, which is evidently 
in this case if the results at 195 Me/sec are 


taken into consideration 


not true 


The peculiar saturation curve obtained at 195 Mc, sec 


is difficult to interpret, especially the fact that S/So>1 


Such an effect was also observed in fused quartz 


see the follow ny Lior The ne width was « ire ful \ 


W 
measured to see if ; in width 
data 


Further 


accompanied the in were 


} 
roo: enoug 


not quite ¢ work 
is required 

Experiment 
Kramers doublet 
cyanide, and, as predict 
saturation was observed € eX 
} ra 


crossover region 1s now 


C. Experiments on Irradiated Natural Quartz 


\n apparent erved 
crystal of Bra n quart t id been give 
1 +x 10? rad dose 


Some of the data iru ary 


source 
error 
the result of the fact z, contained 
10" < n I tu! ynal-lo-nolse 


ratio, conse quently 


only about 
‘ experiment 
showed that the saturatior 


used The 


independent of frequency ( ne the 


a phonon 
roughly 

band 
189 Mi 
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width, an experiment wa 
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(The S/S» versu 
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our power det 
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tatement that the 
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Jacobsen, Shiren 
frequency-independent 
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The bandwidth 


cast 


observe 


These ob ery 
thermal heatin 
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conductivit 
h 


thermal! ‘ 
Assume tha 


vibrator atta 1 to t phere 


maintains the surface 


quartz 


introduces 


acoustic power P;,, that t through radiation to the 
bath 


thermal phonons by phonon-phonon co 


(relaxation time, conversion into 


and SO 
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on (relaxation time, 7,). Then, we have 


Pi, = Pint Prsa 


1 
sv( +}, a1 
T1 , 


Pw= Pin(1+r,/7-). (92 


from which 


The heat diffusion equation for a sphere with a power 
(Pu/t ergs/cm*-sec_ distributed 
throughout is 


source uniformly 


Pu oT 
kW’*T+ pe 
V al 
if a steady state is assumed. This is solved by using 
Gauss’s theorem to obtain 
T = (P/ORV) (R?—9°7)+To, (94 
from which 


To ax (Pu 8arkR) + To. (95 


Taking one half this as a rough average temperature 


rise, and using Eq. (92), we find 


> 1 


1+ P;,,/16rT .RR(1+7, ery 


So i 


Suppose we take Pij,=} watt, To=4.2°K and R~1 
cm. The most favorable situation for the thermal effect 
is if r<<r, and k is very small. Experimental measure 
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ments on thermal conductivity in neutron-irradiated 
crystalline quartz at T=4.2°K indicate that k decreases 
as the dose increases (owing to formation of lattice 
defects), and approaches the conductivity of quartz 
glass, k= 10~* watt/cm-deg, as a limit. Taking r,=0, 
and k= 10~, we find S/S =0.3. In our experiment, we 
obtained S/So~0.4. Thus, in the most favorable case, 
the thermal heating effect is just large enough to be 
Actually 
because, as we have indicated in connection with Eq. 
(90), 7, (which is ~ r(phonon-phonon)) Should be 10° times 
making thermal heating negligible. 
If thermal heating is indeed the cause of the effect, 
an even greater saturation should be seen in irradiated 
fused quartz, since its thermal conductivity is reported 
to be lower than that of natural quartz. However, 
when the experiment was performed, it was found that, 
~0.2 watt, S/So=1.15+0.03, 
which is an increase in signal similar to that seen in 
MgO. There was some indication of a decrease ~5% 
in linewidth accompanying the increase in line height. 
It should be noted that in a slope measurement the 
maximum slope is reciprocally proportional to the 
square of the linewidth. Hence these two effects tend 
to cancel each other. 


significant the situation is not so simple 


than rf,, 


greater 


at a phonon power 
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lhe adiabatic elastic constants of cadmium single crystals have been measured 


tec hnique The values extrapolated to O’K are: « 
units of 10" dynes/cm? 
these O°K elastx 


also been calculated 


\ Debye characteristic 


constants 


I. INTRODUCTION 


HE low-temperature elastic constants of a single 

crystal can be used directly to calculate a Debye 
characteristic temperature, 99 (elastic), which is valua- 
ble in interpreting or confirming the data obtained from 
In addi- 
constants can be related to the 
atomic force parameters 


low-temperature heat-capacity measurements 
tion, since the elastic 
used in theoretical calculations 
such as the Born-von Karman theory of lattice dy- 
namics*"*), the elastic constants provide a convenient 


and sensitive experimental test of force models for a 
solid 
The elasti 


been measured recently in this laboratory’ and else- 
where 


constants of magnesium and of zinc have 


Magnesium has a hexagonal close-packed 
structure with a (c/a) ratio of 1.623, which is close to the 
ideal axial ratio of 1.633; and it is almost elastically iso 
tropic. Zinc, on the other hand, has an axial ratio of 1.855 
highly anisotropic in its elastic properties. Since 
cadmium (c/a 


and i 


1.886) is very similar to zinc in structure 


and in thermal properties, the elastic constants of cad 


mium are of value in increasing our understanding of 


both of these unusual hexagonal metals. In particular, 
it was desired to compare the elastic and calorimetric 
Debye temperatures and to provide data for investigating 
the appropriateness of certain force models.* 

Phe 


five elastic 


constant Ci, ¢ Cas, Cae, C13 ola 


cadmium single crystal have been measured down to 


liquid helium temperature by an ultrasonic pulse tech- 
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= 13.08, c 
temperature, 69, of 213 


»= 5.737 


Cu = 2.449, « 
+1°K has 


The te mperature dependence of the linear con pressil 


nique." » In all, seven icoustical 


Wave ny wavelengtn 
modes) were measured on twoseparate cadmium crystal 
these give the five independent con 
checks. t| pure longitudinal or 
pure modes 1 lirections parallel and 
perpendicular to the xi ich of these four waves 
ated of the el: 


imple expre ssion of the 


tants and two internal 
Four of 


transverse 


e wave were 


the velocity (1 to one Astle 


constants C31, Cas, Caa, 
form c,j= pl, where p is t! ty and 


y ol our data, three other 


To obtain c, 
two checks on the consiste! 
waves were propagated ir direction at 
22° to the « The acousti 


propagation at ang to tl axl 


an angle of 


axis. wave velocities for 


are given by 


pl C= Ce sin?6+ c44 Cos i (1 


2pl = ¢,, s1n?0+ C33 COS*A0+ C4, 


t { (C11 — Cas)” sin*0+ 


+ 2<in28 cos?6l (c, 


The velocity of a pure trai olarized perpen 


dicular to the ¢ axis is der The other 
in Eq. (2 
and the 


U ot. All 


tion ol 


l two 
waves are of mixed character 
gives a quasi-longitudina 

minus sign gives a qua 
wave velocitic 


from 4.2°K 


seven were func 


temperature 


Il. EXPERIMENT 


I'wo cadmium single crystals 
were obtained Monocrysta 
form of right circular cylinders 1 


denoted by I and II, 


from Company 


in the 
diameter and 
1.75 inches lor rt of the ' e was etched on each 
crystal, and the ned from back- 
reflection Laue x-r: ; notogray iXl 


to be almost perpendicular to 1 ylinder 


was found 
ixis for both 
I and II. An unsuccessful attempt was made to cleave 
crystal II at liquid nitrogen temperatures 
basa plane 
softness of cadmium (relative to 


Failure to 


obtain cleavage along the scribed to the 
cleaves 


these 


whicn 


easily) and to the unfavorable orientation of 


> H. B. Hunting 

L Gold, J 

Monocrvs 
Ohio 
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l. Phys. 21, 541 (1950 


> 
1 Sherw 
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ELASTIC CONSTANTS OF 
samples. At this point a cylinder of plastic (Stycast 40 
was polymerized around each of the crystals. This was 
not only convenient for fly-cutting the samples while 
they were held fixed in a two-circle goniometer but was 
necessary to avoid deformation on clamping them for 
later fly-cuts. After the cleavage attempt on Cd II, 
there were several small nicks at one end of the crystal, 
and the Laue spots were slightly doubled and less sharp. 
Cadmium II was oriented within 12’ of arc as closely 
as possible with these spots, and a basal plane was 
fly-cut as a reference plane. Cadmium I was then 
oriented within 12° of arc, and two pairs of planes, one 
pair parallel and the other perpendicular to the ¢ axis, 
were fly-cut. Machine cuts of 3 mils were reduced to 
0.5 mil toward the end of a cut; the surfaces were then 
finished with 20 cuts of about 0.2 mil. For Cd T at 25°C, 
the path length along the c axis was 2.1954+0.0008 cm ; 
the pathlength perpendicular to the ¢ axis was 4.2126 
+-0.0015 cm for the cj; measurement and was reduced to 
3.0508+0.0020 cm for the ces measurement. 


Fic. 1. The adiabatic 
elastic constants C44 and 
Cos and pU® for the pure 
transverse wave (¢) and 
for the quasi-transverse 
wave (gt) in the direc- 
tion at 22° to the c axis 
versus temperature. The 
smooth curve for pl’? 
was calculated from Eq. 

1) as a check on inter 
nal consistency. 


DYNES /CM? 


0" 


UNITS OF 





100 
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Two parallel planes whose normal was at an angle of 
22° from the ¢ axis were fly-cut on Cd II, and a path 
length of 1.3653+0.0034 cm was obtained. This angle 
was chosen because ¢;; determined from velocities in a 
22° direction is least affected by any uncertainty in the 
angle. Since the time delays were short and the echoes 
poorer than the very fine echoes obtained with Cd I, 
the three wave velocities in the 22° direction have a 
greater uncertainty assigned to them. 

Although the experimental method and equipment 
for measuring ultrasonic velocities and temperatures 
have been given previously,‘ some new details of tech- 
nique might be mentioned here. Our procedure was to 
make measurements while the sample, which was sus- 
pended in an inner Dewar, was being cooled by liquid 
nitrogen in an outer Dewar. By slowly raising the nitro- 
gen level, one could achieve a very slow rate of cooling 

less than 0.2°K per minute). After the crystal had 
cooled to about 85°K, it was submerged in liquid helium 
to obtain a measurement at 4.2°K. The helium was 


ROM 4.2 ro 300°K 


Fic. 2. The adiabatic 
elastic constants ¢;, and 
€x3 and pU® for the quasi 
longitudinal wave in the 
direction at 22° to the ¢ 
axis versus temperature 
The smooth curve for 
pU.@ was calculated 
from Eq. (2) as a check 
on internal consistency 








200 
T(*K) 


allowed to evaporate and data were then taken on a 
warm-up to liquid nitrogen temperature. A final meas- 
urement was made with the crystal submerged in liquid 
nitrogen. No data were taken between 4.2°K and 20°K 
because of low thermocouple sensitivity and rapid warm- 
up in this range. Temperatures were measured to better 
than 0.2°K outside this range 

Fisher ““NONAQ” stopcock grease provided a very 
satisfactory transducer seal for all measurements except 
some of the transverse wave measurements from 260°K 
to room temperature, for which pheny! salicylate (salol) 
was used. Excellent seals can be achieved by rewarming 
the seal after the crystal has been installed in the sample 
holder. The seal was then allowed to cool and harden 
slowly. This technique often made a great improvement 
in the number and quality of the echoes. 

Since rectified eche pulses were ranged it is necessary 
to make transit-time corrections to account for changes 
which occur in the leading edge of the pulse after several 
trips through the sample. These corrections were ob- 
tained from room-temperature data on a third single 
crystal, Cd III, which was also obtained from Mono- 
crystals Company. This crystal was not oriented ; planes 
were fly-cut perpendicular to the cylinder axis, and 
measurements of the round-trip transit time were made 
for six path lengths from 7 to 1.25 cm. The apparent 
velocities of longitudinal and transverse waves were 
obtained with both salol and “NONAQ” seals; no 
systematic difference between the results for the two 
seals was observed. A plot of (1/U app) versus (1/L) 
gave a line with a slight upward slope corresponding to 
a correction of +0.04+0.03 ysec for longitudinal waves. 
Similarly, the correction was found to be 4+-0,045+0.05 


Fic. 3. The adiabatic 
elastic constants ¢:2 and 
Cia versus temperature 
These quantities are 
not obtained directly 
from a single velocity 
measurement 
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Corrections of the order of 1% in the 


and in the path lengths as a result of thermal 


expansion were calculated from the data of Gruneisen 


and Goens 


Ill. RESULTS 
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variation of ¢). and con 
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change in the transit-time corrections. A propagation 
of-errors treatment gives a limit of error of 1.1% in cy», 
2.1% in c,3, 1.5% in Ky, and 4.3% in K,. 

In Table III, the results obtained in this investigation 
are compared with other determinations'*'* of the room 
temperature elastic constants. A comparison can also 
be made with compressibility data obtained on poly 
crystalline cadmium. The isothermal volume compressi 
bility, K = (—1/V»)(@V/AP)r, calculated from our data 
at 293°K is 21.70+0.16 in units of 10-" 
other investigators have reported room-temperature 
values of K = 21.0 (Bridgman"®), 21.0 (Richards'’), and 


22.5 (Adams et al.'8), 


cm?/dyne ; 


IV. DISCUSSION 


The low-temperature elastic data for cadmium re 
sembles that for most metals in that there is a larger 
percentage variation in the shear constants than in the 
compressional constants. Cadmium is, however, very 
highly anisotropic in its elastic properties; this is shown 
in Table IV, where the ratios Cée Casa, C33/ C11, and A AK, 
for cadmium are compared with those for three other 
I exagonal-« lose-par ked 


metals—beryllium, mag 


Pasir Il 
a sil gle velocity 
transit-time 


Limits of error | quantities calculated irectiy | 
rhe contribution from the uncertainty in the 
correction (A) and the contribution from all other 
B) are shown separately 


sources 
“ “4 pl 
0.35 


0.25 
+0.60 


0.35 
0.30 
+0.65 


and zinc.®’ The elastic 
mium is very similar to that of zinc as one might expect 
from a comparison of their axial ratios. 


nesium,*® anisotropy of cad 


The temperature dependence of the linear compressi 
bilities is also interesting, and again the behavior for 
cadmium is very similar to that reported for zinc.’ Since 
the atoms are more closely packed in the basal plane 
seems that the 
ratio should be greater than one, but Fig. 4 


than along the ¢ axis it reasonable 
K,,/K,) 
shows that as the lattice expands with increasing tem 
perature cadmium becomes more compressible along the 
axial direction and at the same time less compressible 
K 

increases almost linearly with increasing temperature ; 
K, for zinc is almost constant in the range O0°K to 
300°K, with a slight dip at 200°K, while K, for cadmium 
shows a steady decrease. This difference between cad 
mium 


in the basal plane. For both cadmium and zing 


’ 


and zinc may not be real since there is a greater 
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Taste III. The adiabatic elastic constants of cadmium single 
rystals at room temperature obtained from the present measure 
ments (P) compared with values obtained by Bridgman* (B) and 
GG). All results are given in units 


y Gruneisen and Goens 


of 10" dynes/cm? 


Co 


P 293 K 
GG 203°K 


B roon 


5.140 
513 
4.59 


11.58 
12.1 
109 


2.039 
1.85 
1.56 


3.801 3.975 
3.65 4.8 
3.45 40 


“See reference 15 


See reference 14 


than in A,, values. It should 
isothermal linear compressibility 


uncertainty in A 

be that the 
perpendicular to the ¢ axis would be almost independent 
ot 


Vaiut 
noted 
while the 


temperature, isothermal compressibility 


parallel to the ¢ axis would increase more rapidly with 
temperature than does the value, K \. Cer- 
tainly such compressibility results make it clear that 


the forces acting between atoms in a basal plane are 


adiabati 


different from those acting between atoms which lie in 
different planes This be the 
model propose d by Wallace,* which assumes a system ol 
bond basal 
Interpretation of the elastic constants of both 


ba ed 


would consistent with 


re sonating covalent between atoms in the 


plane 


cadmium and zi! h a model is under 


on ul 


investigation. 
The Debye characteristic teraperature at O°K, A, can 
be calculated from the elastic constants at 0°K by aver- 


aging the inverse cube of the elastic wave velocities over 
all directions of propagation. For the one pure transverse 
wave this average may be evaluated analytically*™ ; for 
the quasi-longitudinal and quasi-transverse waves the 
averaging must be done numerically. An elastic 4) value 
of 212.5°K was obtained by interpolation in the tables 
presented by Wolcott,” and a direct numerical calcula 
tion gave a 4» value of 213.3°K. Taking into account the 
uncertainties find an elastic 


in elastic constants, 
value of 4» t+1°K. The heat capacity of cadmium 


we 
213 
has been measured in the range 1°K to 20°K by Smith 
and Wolcott” and they report a calorimetric value of 
6.=188°K. Another recent low-temperature specific 
heat measurement” yields a 4 value of 189°+4°K. This 
disagreement between elastic and calorimetric 69 values 


the elastic constant ratios 
ratio of adiabatic linear compressi 
pared with those for other 
tals. Values of (c/a) are room-tempera 


ven at 0 K 


Paste IV. The axial ratio (c/a 
Coe/Cas) and (¢ ‘ and the 


lities (Ku/K,) for cadn 


hexagonal-close packed m« 


lum cor 


ture values; al] other ratios are gi 


t Ku/Ky 


1.143 
1.047 
0.386 
0.439 


0.818 
1.018 
1.494 
1.444 


0.92 
1.04 
7.9 


56 
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r.M 
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for cadmium Is very similar to that found for zinc' where _ pacity of highly ani metals. For both zinc and 
6) (elastic) is 328°K, and 69 (calorimetric) is 309°K cadmium there is zeabl tice contribution as 
Although the reason for the discrepancies is not certain well as the large ele at capacity; both of these 
it still seems possible that they may arise from the factors must be taken intoa nt carefully in obtaining 
difficulty of interpreting the low temperature heat ca the 7* contribution tha lel mit 0 
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f ion drift in the electric field of an n-p junction has 
n Si between 25°C and 125°C, taking particular care t« 
might affect the results. When these data are combin 
obtained D 2.5+0.2) KX 10 exp 0.655+0.01)e/k 
D. The results are compared with those from ior 


t ' 


itter are consistat vith the lor lrift results 


INTRODUCTION I. Ion-Drift Measurements 


HE method of ion drift in the electric field of a 

reverse-biased n-p junction! offers a sensitive 
technique, based on a simple model, for diffusion meas- In the preset 
urements at low temperatures. This method can be deduced from th 
adapte 1 to the measurement of the diffusion rate of free electri held of a revers la p-n junction. Phe : 
Lit in Si through the use of techniques which minimize JUNCUON Is prepared in fi cmigorqnepis p by ciftusing 
Li into the surface of a piece of p-type Si. The drift rate 


/ vperime? ul Ue hod 


or eliminate possible interactions between the Li*+ and 3 
, of the Li* ions, at a ! nperature determined by 
other consituents present in the Si. ; na, 
a a : : : measuring the rate of chang ot t capacitance of the 

Because of the Implicity ol the technique and of the . . : “= = * ¢ 
: junction. Complete detauls, w i full discussion of the 
which : > eeeiie « oe a : 
model upon which it is based, the results should be experimental techniques, is § : nce 1. together 
highly reliable. They can be compared with values de- with a descri n of tl irf treatment normally 


used in making measurements on higt istivity Si such 
range which are based on a particular model® of ion- as that used here 


duced from previous measurements? in this temperature 


pairing kinetics. Such a comparison is of particular 
interest inasmuch as two different approaches have been fects of Li-Impur 


suggested** to the analysis of such diffusion-limited At the 


low Li concentrations and low diffusion tem 
“precipitation” (or, in this case, ion-pair recombina- peratures used 


in this experiment, 1 possible for Li 
tion), these approaches leading to different values for acceptor, Li oxygen, Li dislocation, perhaps even 
the diffusion constant when applied to Maita’s data. In other unknown interactions to affect the diffusion rate. 
essence, the former approach visualizes the recombina- Before one can be sure that 1 re ts are descriptive 
tion as correlated, with each Lit to be associated 0 free Li, these 

uniquely with a particular acceptor, while the latter* he presence 

lead to an a 

different from that of free I 


ac tion should be absent at | gt 


approa¢ h considers the Li* ions to be initially randomly 

located, with nothing inhibit their motion from the 

ne ghborhood of one acceptor t » another. | 

the relatively small binding 

that the present 

* The research report in this pa | 

Electronics Research torate the Air Force 3 . 

Kesearch Center ir h and Development Command extrapolates U 
E. M. Pell, J DI s. 31. 201 (1960 

P. Maita, J. Phys em. Solids 4, 68 (1958 


}. Morin, Bell S 


eT has been sponsored D\ 


straight line (as 


Lemper ture 


s 6, 335 (1958 





DIFFUSION RATE Ol 
arguments to indicate that such interactions are small 
or absent in these data. 

Specific interactions have been further excluded 
through subsidiary experiments. Consider first Li-ac- 
ceptor interactions. Since the predominant acceptor in 
our samples was boron, only this need be considered. 
In a sample containing 10’? B atoms/cm’, the diffusion 
rate at room temperature was found to be reduced to 
about 7% of the value indicated in Fig. 2. Equation (9.5 
of reference 3 indicates that if the boron concentration 
is reduced from this value of 10'7/cm* to the value of 
10" atoms/cm’ used in obtaining the data of Fig. 2, th 
fraction of atoms associated is reduced to about 2% at 
room temperature and less at higher temperatures. This 
can be neglected. 

In the case of oxygen, it has been found that 10'* 
oxygen atoms/cm’ (as determined by the 9u infrared 
resonance) reduce the effective diffusion rate to about 
0.1% of that given in Fig. 2 for room temperature. This 
leads to a value of C~10'° cm~ at room temperature in 
the expression®” 


n—N—C n—-N—Cy\? C ‘) 
PO ai Fs | 
2n 2n n 


where n=( Lit ]+[LiO*] and N=[O]+[LiO*], th 
brackets denoting concentrations. (This value was also 
obtained in earlier precipitation experiments.’) For 
n<<N, Eq. (4) reduces to 


Den= D/(1+N/C). 


The best estimate of the oxygen concentration in the 
vacuum grown floating zone silicon which we used is 
about 10'* atoms/cm?,’ which would lead to D.y/D 

at room temperature, and very nearly unity at 50°C 
where C is greater by roughly a decade. Thus, from this 
argument alone one could anticipate some decrease in 
D at room temperature but no decrease at higher tem 
peratures. The anticipated possible decrease at room 
temperature is reduced from 50% to less than 20% if 
one also considers the kinetics of the reaction. Thus, the 
time constant, 7, for the Li-O reaction can be estimated 
by use of the formula 1/r=49rDNr,‘ where D is the 
diffusion constant, \ is the concentration of the trap 
which 
In the 
a rt of about 600 hours at 


ping site (in this case oxygen) and f is its radius 
can be estimated as roughly a lattice constant 
present instance, this gives 
room temperature. The median point of our drift mea 
urements was about 250 hours, at which point the re- 
action would have gone to only about 34% of comple- 
tion, and the decrease in D at this point would then be 
about 50% 34%, or about 17%. 

*H. Reiss, Report of the American Institute of Mining an 
Metallurgical Engineers Symposium on Properties of Elemental! 
and Compound Semiconductors, Boston, August, 1959 (Inter 
science Publishers, Inc., New York, to be published) 

7E. M. Pell, International Conference on Solid-State Physics in 
Electronics and Telecommunications, Brussels, 1958 (Acader 
Press, Inc., New York, 1960), Vol. I 
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of dislocations are difficult to 
assess theoretically. An experimental approach was ac- 
cordingly tried. In addition to the drift experiments in 
the floating-zone Si, which contained about 16¢ disloca- 
tions/cm? as determined from etch-pit counts using the 


The possible effects 


Dash technique,* two experiments were performed using 
dislocation-free Si vacuum-grown by Dash using his 
pedestal technique.’ The results, as indicated in Fig. 2, 
were identical with those from the other Si. In addition, 
two twisted samples were tried, one with a 5° twist 
having about 6X10°* dislocations/cm? at the surface 
used for ion drift, and another with 15° twist having 
about 3X 107 dislocations/cm’. In the latter sample, the 
drift rate dropped with time until it was essentially 
zero; in the former, the drift rate was about yy of its 
normal value. In view of the complexity of the problem, 
particularly resulting from possible effects on the field 
of the junction and from possible precipitation phe- 
nomena, no explanation is offered, nor does it seem 
worthwhile to pursue the problem with these techniques. 
The result has been established that in the samples 
normally used the dislocation density was insufficient 
to affect the results, but that dislocation densities 600 


times as great could have a profound effect. 


Temperature Determination 


lor room-temperature experiments, the room tem- 
perature near the apparatus was read periodically; it 
varied typically over an 8°C range. These values were 
averaged, weighting them in proportion to the time 
T. The result is felt to be accurate to 
within +1}°C. At higher temperatures, the sample was 


pent at each 


enclosed in a small oven with a thermistor controller 
having a reading accuracy of about $°C, with overnight 
drifts not in excess of this. This was calibrated against 
an annealed Pt-Pt 10°) Rh thermocouple in contact 
with the surface of the samples, with the same gas flow 
(The gas flow was 
found to cause a 0.7°C drop in sample temperature at 


sg oe 


as used in the drift experiments. 


The over-all accuracy of these higher tempera- 


ture measurements is felt to be +1°C 


Junction Voltage 


secause of the high bulk resistivity of the Si used in 


these experiments, the observed saturation currents at 
the higher temperatures could result in sizeable voltage 
drops through the samples and hence in junction volt- 
ages lower than those measured. By means of experi- 
mentally determined C-V calibration curves and special 
runs at low sample voltages, first-order corrections to 
the junction voltage were determined at 125°C through 
measurements of changes in junction capacitance with 
sample temperature, these changes being rapid relative 
to changes caused by ion drift. At lower temperatures, 
‘wW.C 
°W.C 


Phys. 27, 1193 (1956 


1958) 
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Dash, J. A 
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1. Variat 


where the capacitance changes 
ults. the 


too small to give 
corrections determined at 125°C 
were scaled down in proportion to the measured sample 


current. In addition, a 


were 
iccurate re 


mall correction was 
timated built-in junction voltage 


made for 


the ( 

The sample voltage drop determined by the above 
technique amounted to as 
at 125°C, 19% 


ome 


much as 
at 100°C, 6% 
leak ige currents were 
much le than these. In 
125°C and 100°C data may con- 
tain appreciable errors from this source 


71% of the applied 
voltage 


50°. In 


lowe 4s 


at 75 ind 2% al 
the 


runs, vi 


the correction wert 


general, however, the 


Sample Heat Treatment 


The 


urlact 


change mpl incidental to the 


treatment is d n reference 1, were 
otten con ide rable 


the largest 


It wa 


tivily 


Generally the resistivity increased, 
measured increase being by a factor of ten. 


noted that the diffusion data from the samples 
with large re tivity change howed worse scatter (by 


Since tl ( 


i factor « 


if about two amples were felt to 
be poorly understood and under poor control, it was 


arbitrarily decided to exclude all data from samples 


whose resistivity changed by more than a factor of two 


Junction Areas 


Phe 


pull away 


Li-in-oil di slight tendency to 


ample during the 
was there fore not possible to use 
bar area as a mea of the 


per howed a 


Irom the edge of the 
illoying proce ; | 
the 


nd tl 


experiment, al 


junction area. All 
ri position of the n p 


ting 


amples were probed 


junction at d the resul 


llatior 


j ) 
I ce perimenial Results 


1 


A typical curve of 1/C* \ where C is the 


time, jun 
nin Fig. 1. The calculated diffu- 


s whose resistivities changed 


tion capacitance, Is give 
sion constants fora 


by less than a fact two through heat treatment. 


corrected for sample voltage drop and built-in junction 


voltage, are exhibited i Fig 2. The dotted lines pass 
high Within 


through the previous iture data 


temper 


PELI 
the experiment 
line, and the ope 
high temperature 
temperatures is attribut 

the junction-voltage cort 


Che 


espet lallv tow 


larger deg 


interactior 
catter 1 

mated error 
one to lavor, a 
what above the 


of 2.4 10-3 exy 


p 065 


II. Comparison with Ion-Pairing Kinetics 


The sent resuit \ ada O . 3 5 
cm, s¢ oo i 
Maita’ yielded a valu ) I c at Z 


when used with the 


x1 


t 
I 
/ 


when applied to the 
exponential bel 
In concen 
constant 

equal to 
constant 
placing th 
pression 
observe 

they mu 
dissociat 


time con 


0) 


t 
/ 
} 
i¢ 





DIFFUSION 

stage of Ham’s model. Such an interpretation leads to a 
D of 1.8X10- cm?*/sec at 
with the present results 


27°C, in good agreement 


In an effort to distinguish experimentally between the 
two models, a series of ion-pair relaxation experiments 
such as those of Maita’s were performed, differing 
principally in the use of more closely compensated 
samples and of higher dissociation temperatures (gen 
erally 200°C) sufficient to completely dissociate the ion 
pairs. The use of very close compensation (better than 
95% in the p-type Li-B doped vacuum-grown floating 
zone SI samples described here) should lead to larger and 
more easily recognized differences between the expo 
nential behavior predicted by Reiss’ model and the non 
exponential behavior of specified curvature predicted 
by Ham’s model 

T he 


curve 


results from such an experiment are given by 
1 of Fig. 3. If the Lit ions were distributed com 
pletely randomly after the quench, and if the B~ ions 
acted as square-potential-well traps, then dividing the 
{1 by (1+N'/K), where \ is the 


concentration and K is the final net B 
concentration, should result in straight line C (the 


data of curve instan 
taneous free B 
two 
lines shown for C correspond to the experimental un 
certainty in the initial slope of curve A). Such a division 
actually results in curve B. Ham’s model predicts only 
that curve B should have equal initial and final slope 

ind that this slope should be equal to the initial slope 
1 divided by \/A 


he experimental results 


of curve This is in agreement with 


Reiss’ model of correlated 
pairing, on the other hand, predic ts that the initial slope 
of curve A should remain constant during the pairing 


in a negative for curve B 
B starts out 


with a negative curvature suggests that some correlation 


curvature 
fact that curve 


this would result 


throughout its range. The 


The fact that the curvature in curve B is far 
less than the curve A that a 
completely uncorrelated approximation is a closer ap- 


Is present 


curvature in indicates 


proa h to the physical process 


RvE A nse 
ones TE MVE BFOR 
WPLETELY RANDOM PAIRING 





ric. 3. lon-pairing kinetics, experiment and theory 
\ series of such experiments yields a value for D in 
accord with the present ion drift results. These experi- 
ments and their implications to our understanding of 
the ion pairing proce will be discussed in a subse 


quent paper 
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The drift mobilities of electrons and holes in anthracene crystals 
toconductivity technique. The mobilities found at room temperature 
m*/volt sec, depending on the crystal orientation, and the 
Che wavelength dependence of the number of charge carriers 
ther experimental data, indicates that the charge carriers are not | 
that they are released from a surface laver of the 


h migrate to the surface 


INTRODUCTION i! tud ectron ¢ mol I d n-hexane 


sUuitl il 
N recent years there has been a marked in rease in nick were placed be 


interest in the semiconducting and photoconducting nd held in a 


properties of organic solids.' A large part of this work andwich-typ I phor bronze 


| 


has been directed toward an understanding of the prop spring A shor PULSE ¢ - pplied to one surtace 


of the crystal ough | ducting iss electrode 
The light, whic erie ‘ 1D 


I 
or 


erties of anthracene. Anthracene is essentially an in 


lucing charge car 


ulator. with a ty in the neighborhood of 10" 


riers, is all absorbed 10~° cm of the surface 


ohm cm, and its resistivity decreases exponentially with 


1 7 tn ( ta! i oul charg arr - 3 
increasing temperaturt th an activation energy of of the crysta Ge Carriers | 


uce r «the Iiminat cl nh une 
about 0.8 ev. Light with wavelengths shorter than produced neat hen under 


about 4000 A causes photoconductivity in anthracene, ‘© 4cUlon oF the ap} I, cha carr) of the 
but th origin of the charge carriers +s not known The same electri il po irily as tl rt tl l uminated elec- 
trode drift through the cryst ind as they do, they 
displace electrons in t exter circuit. With this ar 
rangement n { tact between the electrodes 


absorption spectra of anthracene crystals can be « 
plained in terms ot excited states of the molecules.’ and 


therefore the tons are not producing free charge 
ee : : 
al the er the crystal surt: 
carners directly. Direct measurements of the mobility ‘se m se 
can be left ul 


, 1 measur 
ol the charge irrl I inthracene have ot been re ‘ Me 2 ir 


: : ents tl ct ro ectrod vere hvs | 

ported, but in genera I been concluded that hole mel : physically 
' n contact with part of the crvsta ut it was 
are more mol nat ctrons' and that the mobility ; conta e,b , 


is between 10 il t Sé¢ found that this cont { dnot in the phenomena 


he work reported in this paper shows that with very observed. I . , ets between 


. t} stal and tl contacts | no effect on th 
high purity anthracene it is possible to measure the ne crysta 1O elle yn the 


, 1 ‘ nt ts cu no hout () I 
drift mobility of both holes and electrons with a pulsed ©*PeTmentat t ; ~— l — 


photoconductivity technique and that their mobilities °&mUry Was n mM] 101d 
| ] measurement 
are on the ord c. The experimenta ows 


sults obtaine¢ ng is technique also indicate th 


produced in the interior 


produced it the surface either di 


Che experime 1 Ink us 1 } resent work 
similar to one that has been used i study of 
onic mobility in g * and quite recently by LeBlan 


' An excellent review of this work has recently been given by 
G. C. B. Garrett, i emiconductors, edited by N. B. Hannay 
Reinhold Publis ; rporation, New York, 1959 
7H. Mette ar ick *hysik 134. 566 (1953 
D. P. Craig 1 bis J. Chem. Soc. 1955, 2309 
‘See, for exampl ympton, W. D. Schneider, and 
lr. C. Waddingtor *hy 160 (1957 
+L. E. Lyons and Tris, | ’ Soc. 1957, 3648 paper 


and 


r example i ; an hanin, Phys. Rev Waddinet 
atiti ~ 


94 910 1054 : 
©. H. LeBla he » gS 1os had narked eff 
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CARRIER PRODUCTION AND 
fore, in later work the crystals were rinsed in benzene 
and then acetone after polishing. Crystals prepared with 
this treatment gave results almost identical with those 
obtained from freshly cleaved crystals. There was some 
indication that the carrier distribution 
smeared out slightly by this treatment. 

Light pulses approximately 2 microseconds long were 
obtained from a xenon flash tube. Power for the flash 
was obtained from a 1 wf condenser charged to 10 kv 
The light was filtered with appropriate Corning glass 
coior filters or was passed through a Bausch and Lomb 
grating monochromater when monochromatic light was 


( harge was 


needed 

Electronically, the experimental arrangement con 
sisted of a battery voltage supply connected to one 
electrode, and a Tektronix type P170CF cathode fol 
lower probe connected to the other. The input impe 
dance of this probe is 12 
It was found that sufficient sensitivity for most of the 
work could be obtained with 1 megohm in parallel with 
the cathode follower probe input, and at high electric 
tor provided a sufficiently large 


megohms shunted by 5 uuf 


fields a 0.1-megohm resi 
ignal The RC time 
1-megohm resistor in parallel with the cathode follower 


constant of the circuit with the 


probe input was about 20 microseconds. The output of 
the probe was amplified by a Tektronix type 121 pre 
amplifier and observed with a Tektronix type 533 
On illos« ope 

With this experimental arrangement the flash of light 
produces a group of charge carriers near the illuminated 
and their motion through the crystal can be 
observed on the oscilloscope. The pulses that are ob 


electrode, 
are up to several hundred microseconds long and 
an abrupt change near the end. Figure 1 shows an 
example of the pulses obtained. The length of the pulses 


server 


show 


is inversely proportional to the applied field and pro 
portional to the thickness of the crystal with constant 
applied field. The electric fields that have been used 
varied from about 100 v/cm to about 6000 v/cm 

The mobility of the charge carriers was calculated 
from the relation u.=d*/ Vt, where uw is the mobility, d 
the crystal thickness, V the voltage applied, and ¢ the 
time between the light pulse and the abrupt change in 
slope near the end of the current pulse. The length of 


the tail of the pulses is considerably longer than would 


1. As 


example of the pulses obtained. Eact 
the horizontal axis represents 50 usec 
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CONDUCTING GLASS ELECTRODES 


SILVER PAINT 
ELECTRODE-PAINTED ANTHRACENE 
AROUND CRYSTAL — CRYSTAL 


1 





_- {aMPLiFiER pf OSCILLOSCOPE | 


VOLTAGE VOLTAGE > 


SUPPLY SUPPLY | 


2. Block diagram of experimental arrangement with 


three electrodes 


be expected from random diffusion. Therefore, it was 
decided to use the time to the abrupt change in slope 
rather than the time to half maximum or some other 
value for the mobility calculation 

were investigated by varying the 
ntly the number of charge 


Space « harge effect 
ight intensity and conseque 
With 
tensities and low applied electri 
; were observed, but they 
were easily eliminated by lowering the light intensity 


irriers in ome crystals at high light 


field, some indica- 


a pulse 
tions of space charge effects 


or incre asing the applied field 

The possibility that surface current was being ob- 
erved was eliminated by placing a thin band of silver 
paint around the center of a cylindrical crystal 4 mm 
ong. The experimental arrangement is shown in Fig. 2 
he ‘voltage applied to this third electrode was varied 


with respect to the voltage applied to the two con 


ducting glass electrodes. This experiment not only veri 


hed that surface currents were not important for this 
experimental arrangement but also showed the direction 
Phe electric field within 


the crystal was very badly distorted, but when the 


of motion of the charge carriers 
voltage applied to the third electrode was equal to that 
applied to the illuminated electrode, the charge carriers 
moved very slowly during the first part of the pulse 
and then rapidly during the last part. The reverse was 
true when the voltage applied to the third electrode 
was equal to that applied to the unilluminated electrode. 
Examples of these pulses are shown in Fig 3. 

This experiment, therefore, verified the fact that the 
could be 
experimental technique simply by 
+} 


drift mobility of both holes and electrons 
measured with thi 
i Vvollage 


changing the polarity of applied to the 


lluminated electrode 


RESULTS 


bee n 
from 
found that even 


d photoconductivity measurements have 


a large number of smal! crystals cut 


ipproximately ten large crystals. It wa 
th the fairly extensive purification proc edure briefly 


the crystals is marginal 


de o ribed above the 


purity ol 





been mcasuret 
of pure crysta 

The temperature [x ( I trol nd hole 
drift mobilities per] ab plane is shown 
in Fig. 4. The m iren vere made on two different 
crystals. | ysl vhict é tron mobility 
measurement! rer at \ Ih ipie to mMeasufle 
the temperature depende f e hole drift mobility 
because € pl me d rted { temperature 
Was owered i! I nye I Uf! I illve pulse 
shape occurred belov ) ystal in whicl 
th 


hic. 3 mp f the pulses obtained with the three electrode mobility could not m red. evel t room tempera 


i hole mob t isureme! m | t! electron 


experiment It | tive carriers moving re increasil 
upward ol ot Right } 

curret y nward from ) op ugh electri in one l t n para pial Vas mea ured 
held near iminat electrode. and bottom ric field near 


ture he t tu Dp e ol mobility 


ipproximate \ 


Oo ine ab p ane 


experime ( ique being used 
appeal ) less pure, the lifet 
reduced t the magnitude 
The ifetime of the 
iffected most free uently 
( i! iletime are 
mpuritie il than crystal impertectior 


{ ma ta cut from one large crystal show 
ame charac t ind no correlations between cry 
il perfect ba n visual observation betwee! 


sed pe lare ind charge carrier lifetime have been 


NITS 
o 


observed 


purs 


PULSE HEIGHT 


(ARBITRARY 


pe rpendi ular to the 


0.4 and 


the mobi 
electrons bei 
Because ol Nett 
umed that the mobi 
there fore the direc 
s not determined as 
t the mobility that the number decr d mperature 
nisotropy has not “> * but differ rys' ve different re 
: <a meas ‘ = nces ob 


racene 


6r 
| 


24 2€ 2 C engtt 
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CARRIER PRODUCTION AND 


\ similar effect of the strength of absorption on the 
number of charge carriers produced by a pulse of light 
was observed by varying the polarization of the light 
Anthracene is dichrok 
the 


he electri 


with respect to the crystal axes. 
when illuminated normal to the a6 plane, larger 
extinction coefficient being observed when 1 
vector is parallel to the 6 axis. 

Che the number of charge carriers pro 
duced as 
Fig. 6. Bausch and Lomb neutral density filters were 
intensity. Corning glass color 
to the 


variation of 


a function of the light intensity is shown in 


used to vary the light 
filter No. 3850 
density filters to eliminate the short wavelength region 


been variations in the neutral 


was used in addition neutral 


where there might have 


hiiters 
DISCUSSION 

significant result of this work is the meas 

Results 


Phe 


uremen 


most 
t of the mobility of the charge carriers 


i 


| 
1000r 
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6. Light intensity dependence of the number o 
charge carriers produced by a flash of light 
? 


ck as mentioned before, indicate tha 


holes 


of experiments, 
are considerably more mobile than electrons ; how 

ever, work their drift mobilities are 
nearly equal and that in at least one direction parallel 
to the ad plane, electrons are, in fact, more mobile than 
holes. The reason for the discrepancy between the two 
types of measurements is apparently involved in the 
mechanism of the production of free charge carriers 
Che ratio between the number of holes and electron 
produced by a pulse of light depends markedly on the 
surface 


this shows that 


condition of the illuminated surface. When the 
has been abraded or exposed to ultraviolet light in the 
presence of oxygen, the number of holes observed is 
10 to 100 times iarger than the number of electrons 
| he refore 
experiments can be explained by a difference in quantum 
electrons 


the large rectification effects observed in di 
efiiciency for production of free holes and 
With the 
ber of holes and electrons produced by a pulse of light 
has beer from 100 to 1 to approxi 


resent tec hnique the ratio between the num 


obse rved to vary 
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mately 1 to 10. Perferential trapping of electrons by 
impurities might also account for the discrepancy if 
the trapped electrons set up a space charge. 

The temperature dependence of the mobility of the 
charge carriers appears to eliminate the possibility of 
in activated or hopping process lor the mobility of the 
arge carriers as suggested by Kommandeur, Korinek, 


ind Schneider.* If the 
activated process, the mobility would decrease expon- 


} 
( 


charge carrier motion were an 


entially with temperature 

Che wavelength dependence of the number of charge 
carriers produced by a pulse of light supports the pro- 
posal by Carswell and Lyons® that the charge carriers 
are produced at the crystal surface. Even though all the 
light is absorbed within a very short distance in the 
rystal, it is found that when the light is absorbed most 
strongly, the largest number of charge carriers is pro- 
These indicate that either a photon or 
concentrati effect or a effect in- 


n the charge carrier production mechanism. 


duced result 
n urtace is 


exciton 

volved i 
However, if two photons or two excitons were required 
to produce a charge carrier, the number of charge car- 
riers produced by a pulse of light would increase as the 
itensity if recombination effects did 


iare of the light 
he light intensity dependence, shown in 


i 
uperlinear but is far from 


interfere. 


not 


6, appears to be slightly 


Fig 
an intensity-squared dependence 

The wavelength and polarized light dependence ob- 
erved in this work have previously been observed in 
anthracene when two electrodes were placed on the 
urface of the crystal and the surface was illumin- 
’ However, when 
sides of the 


same \ 
ated uniformly between the el 
placed on opposite 
illuminated through ore of 


a trode . 


the el ctrodes were 


if 
crystal and the crystal was 
semitransparent, different re- 
s led many to the 
two kinds of photo onduc tivity 
Che present work indi 
were caused by space ¢ harge 


tne elec trodes whi h was 
ult were obtained.’ These ult 
lusion that ther 
bulk and 
ites that the discrepanc 
ind electrode effect 


Che observations reported here, 


on ire 


in athracene, urlace 


T 


indicate 
are re- 


theretore, 


that charge carriers, both electrons and holes, 
leased from a surface layer of the anthracene crystal, 
either directly by photons or by excitons which migrate 
that they move in the bulk of the crystal 


volt sec and that 


to the surface. 
order of 1 cm 
the temperature 


with mobilities of the 


their mobilities increase a decreases 
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Modulation-Effect Corrections for Moments of Magnetic Resonance Line Shapes* 
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Corrections are derived for the calculation of the second and fourth moments of magnetic 





from experimental data, obtained by using the low-frequency modulation method. The results for 0° phas 
shift between field modulation and the lock-in reference are 
Aiers? ay = (Aer) py + Jom? + 4 (yy )?, 
Swexp* ay = (Aes )py + (Aeo*)ay[ Zeong? + 9 (Hg)? ]+ boas + fon? (yH aw)? +h (vy 
Furthermore, it is found that no corrections are necessary for the calculation of intensities despite 
tion of the line shape resulting from modulation effects 
The equivalence of field and frequency modulation is proved for signals describable Bloch’s equa sand 
the discussion of the general case strongly supports the general validity of this « 
I. INTRODUCTION These moments will differ from the correct ones 


(Eq. (1) ] if modulation effects are present 


YEVERAL years ago Andrew! derived formulas to 1 ns” 
If the field modulation is of the form Hy coswy/, the 


J correct the experimentally-obtained second and 
fourth moments for finite modulation amplitude. This 
paper deals with this amplitude correction and, further 


signal immediately before lock-in detection can be 


simply obtained from the expression 


more, with corrections needed when the modulation 


frequency is not negligibly small compared to the line 1 (w,/ > x(wtn 
width. This analysis should be useful not only in ' ’ 
“. x (K K sin a 
nuclear magnetic resonance experiments, but especially 
in paramagnetic resonance studies which presently 
: . . A mJ,,-(2a)/a A / 2 1(2a 
tend to employ higher and higher modulation fre- 
quencies to improve the signal-to-noise ratio — as 3h 
Il. CALCULATION OF EXPERIMENTALLY-OBTAINED 
MOMENTS AND INTENSITIES (y=gyromagnetic ratio, J, Bessel functions of first 
, kind.) The imaginary part of Eq. (3a) represents the 
Let x(w)=x—ix” be the complex susceptibility, signal corresponding to an absorption-mode hf (high- 
we +? th nei » disnersi : Se ie 
where x" describes the absorption and x’ the dispersion frequency) demodulation (i.e., detection of the signal 


curve ; the freque ncy scale assumed to be so displaced component 90° out of phase with respect to the driving 
that the center of the line is atw=0. The mth moment pf field). The real part describes the signal obtained 


" 


of the absorption curve then is defined by for dispersion mode hf demodulation. It may be noted 
“ that, for either absorption or dispersion-mode hf 
(ey) a!’ = M."”"/M MM.” f x” (w)w"deo demodulation, both x’ and x”’ contribute to the signal 
before lock-in detection because of the factor 7 of the 

- 


z second bracket term of (3a 
- dx’ ( The conditions under which Eq. (3) can be applied 
J - ds to the present problem ire that 1 the line width, 
wy and yHy have to be small compared to the resonance 


Since the output of the lock-in detector gives, in first frequency, 2 Hy, has to be so small that no saturation 
d (3) it is assumed that frequency 


approximation, a signal S(w) proportional to dy’’/dw, effects are present, and 
the formula usually employed to calculate the experi- and field modulation are equivalen 


mental moments? is in the Appendix 
Assuming an absorption-mode hf demodulation and 


t This is discussed 


ap /™ M, M 0 phase shift between the field modulation and the 
, ) phase reference of the lock-in detector, the lock-in 
V J w" tS (w)dw/(n+1 output is 
: S 
* Supported in part by the joint program of the Office of Nava ») ha X ” A 
Research and the U. S. Atomic Energy Commission 
t This paper was prepared during a leave of absence from th 
University of Freiburg, Freiburg, Switzerland K. Halbach, He I \ 29, 3 5¢ \ € cor 
F. R. Andrew. Phys. Rev. 91. 425 (1953 venient expression r tf scuss xiulation-distorted 
>G. E. Pake and E. M. Puree Phys. Rev. 74, 1184 (1948 line shape is also give n tl pa 





MAGNETIC RE 


and ag he comes 


M,,” f > x"(o4 


marry )w"*" Km odw/ (n+ 1 
= x 
Bigg f > x" (w)(w— moy)"*'K,, odw/(n+1 
n+l n+1 
M."=—> Masi» (—wm)? 
p 
xX EY Knom?/(n+1 } 
mum zs 
Using the identities 
aa 1 for r=0 
-. Jaden 
m—— 0 for r+0, 


and 


mJ »( 2a) = al Im—1(2a)+Im4n(2a) }, 


the sums 


vw t 
a> Knom’= > J,2(2a)m*'=B,,, 
m zx r x 


B.= 2a’, 
B,= 2a? ( 3a? + 1 3 


Bg= 2a*(10a*+ 15a?+ 1), 


4 


Boys 1= 0. 


Thus, the experimental intensity Mp ”’, the second 
moment and the fourth moment are related to the true 
values by 


M"=yHuM,", 


) ” 5 ” 1 ’ 
, 2 (ay + + 
Wexp / Av w/w 34M 


i | vy 3 
wo) py (eo*) aw” [ Zoe? + § (YH aw)? |] 
“T big! T fou? (yHu)?+4 (yw )* 


‘It can be shown that the relation between the experimenta 
and true intensities and moments has the same structure as (6b 
even for arbitrary periodic modulation, as Professor Bloch 
kindly pointed out to the author. The following is a brief outline 
of the derivation of the correction formulas for this more general 
ase 

The procedure for obtaining A (w,t) is the same as in reference 
3. We represent the hf field by H,(t)=Re expilwt+a(x) } 
a(x)=a(wyt) describes the effect of the field modulation and is 
therefore proportional to yH4/wy, where Hy is a measure of the 
modulation amplitude and wy the fundamental frequency of the 
modulation. If we represent e**'*’ through 
- 
= Cut'™ 


« 


we obtain, for the signal B(w), after lock-in demodulation (it is 
assumed that the lock-in detector responds only to the funda 
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For «w y =0, these 


Andre w's 


results are in agreement with 
This agreement is not completely obvious 
because Andrew derived his formula via a Taylor 
expansion of the shape function x” which for arbitrary 
functions x” is not justified for all values of Hy. Since 
our Eqs. (6a) are valid only for small #; and one might 
be interested in the intensity or moments of the H,- 
broadened line, we give a method for rigorously deriving 
Andrew’s result be the H,-broadened line 
shape of the absorption line. If wy is small enough so 
that the signal is all the time determined by the 
instantaneous value of the applied < field, the lock-in 
output is given by 


Let x1” 


S(w) f x” Wt V¥H 7 COSw yl Coswyld (wayt), 


and M,,” becomes 


. f f x ia wt+yHy cosy)w™* 


< cosyd ydw/(n+-1), 


Pay f f vi’ (w)(w—-yHy cosy)"*' 


< cosyd ydw/(n+1), 
which can be verified to confirm Andrew’s result. 


mental frequency wy, Le., 


B w)~| 


a] 


Qe/om 
A (wt) Coswastaydl 


s 
Biw)= a X(@ Mwy Mm \ Cm, Tlm—1 ) 


wn ” 


SB (wo "da /(n+1) and M,= f*ex(w)w"dw, 


n+l 
wy)” D,, 
p 


y 7 
Dy 2s Cm (Cm +6m—1* ym? 


Using M,= 
we obtain 


with 


It can easily be shown that D, can be expressed by 


Qe d 
D,= COosxe ats et dxr/r(iy¥ 
dx? 


since a 1s proportior il to 


Hy/wy = 2a, D, can be represented 


where the coefficients 44 are independent of Hy and wy. Using 
this in the last expression for M,, it is clear that M, can be 
represented by 


U.= Hy Zz {M,’ Zz wy” Hy)" "bie 


r 


+ M,’ >» wy” 


pont 


yg)? *bne, | 


with Hy- and wy-independent complex coefficients 6b 
Because M,’=0, we get, the intensity M, 
VM o=yH ybooo'’Mo”’. Assuming again sinusoidal modulation and 
0° phase shift between field modulation and the phase reference 
of the lock-in detector, the integrals in the expressions for the 
coeficients D, are easily calculated and lead with a 


D,=B 5 


, to a reproduction of Eq. (5 


, ” 
ntp Dury 


particularly for 


of course 
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y Mention that, « 


Hw, 


It may be worthwhil xcept for a 


trivial proportionality to the experimentally 


obtained intensity M,” is completely independent of 
Hy and wy. Hence, the intensity is invariant even 
though the line hape may be wildly distorted by 


modulation effect 


Ihe effect of a mixture of ab orpuuon and dispersion- 


mode hf demodulation upon the experimentally 
determined moments is sufficiently simple that no 
discussion is necessary here. The results are more 
complicated when a phase shift y between the field 


the lock-in phase reference is present 
the 


modulation and 
If we assume absorption-mode hf demodulation 
experimentally-obtained mth moment is 


M.” cosy 


VM,’ is given by Eq. (4) and M” determined 


where 


by 


4 
“ 


V 


Evaluating these expressions, using (3b) and (5 
we finally get | wit! M,/ =f 2.x' (w)w"d 
Maio =0 
m MIM ny 
{2wy AM 
Mi Te yHy)?]) tan’ M 6b 
Since \I, \l can be expected o be of the order of 
magnitude ol M. \l the pl ise of the reterence 
ignal has to be correct whenever wy large enough to 


effects 
lor intensit 


produce gnificant modulation 


etting 1 however, 


unimportant 


pari ons long a 


be LUS¢ Vf i () 


Ill. APPENDIX. EQUIVALENCE OF FIELD AND 
FREQUENCY MODULATION 


Equation (3) was originally derived for frequency 


modulation.’ Since it e author’s experience that 


the equivalence of field and frequency modulation ts 


otten que tioned o1 early understood t may be 
eful to make few remark his subject 
The condition under whicl 3) is correct for field 
modulation i e signal components with a phase 
shift of O° and 90° with re pe to the driving hf field 


ire the same for either field or frequency modulation 
Another way of expressing this equivalence of the two 
modulation methods is to say that the signal, in that 
rotating coordinate system in. which the applied 
rotating hf field is at rest, is the same whether field or 


trequency mod ition has 





proved vet lor Mi ch can be 
described by 
field of the form H,=H, cosg; H H, sing, 
Bloch equatior { wor yvstem in 


this field t rest t ( ymponent ol the 
original magne field minus ¢ Chese equations are 
therefore ident I modulated 
Zz field\®§ Ho=H H field wit 
constant Irequency ¢ field H H 

and a_ frequency-t! 1 ft held with ¢=w 
+> Hy COSa I Hy Hol, field and 
frequency modulati re therefore completely equiva 
lent tor sig descril e by Bloch’s equations, 


contrary to a statement ot 
hie = —hyIoH)—hyH (1, cosg—1, sing 
under 


{i t total system 


represent the Han 


the influence of a magni eld Hy) in the z direction 
and a hf field rotating ir ne D ie. Al ,, Al ,, Aly are 
the operators of thi l ymponents of the total 
spin angular momentum for tl pecies under observa 
tion. AH, is tl im of the ttice, spin-lattice, and 
spin-spin Hamiltoniat ir¢ imed to be 


I 


independent or the Dp I mplitude Hy ol 
the hf field. If p tal system, 
the equatior ! 
ind ‘ g l 

ert 
Introducing r=S~'pS through 


1 
where 


hi. is the opet —" nonent of the tota 


mome! I f fleld 

If ‘ rod ? i é et 

F. Blo I I 40, 406 194 

Althoug i irbitrar 
t e depe e tor 
for simpli 

The int ye 
1escr the ¢ ¢ Eq 
4? r ‘ >} has endent 
( tri t ; stant 
f fre I é 
Hy /H al ) 
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that the amplitude of the signal and its phase shift Lowe for the first, Lo(wotyH wy coswy!) for the second 
with respect to the hf field are determined by Tr(r/, case. Since these terms concern only the lattice and 
nce yHy is assumed to be very small compared to 


m i. é ¥ Mri Se 
1 with no chance of compensating Lowe considerably 


by parts of Hy», it seems justitied to neglect LuiyHy 
Trirl, Irivl,)\e"* xX coswyt. Although a more detailed and complicated 


calculation appears to be necessary to prove fully the 

'F Ir(rl, cos\|\¢--a j , PI e I ag . 
equivalence of field and frequency modulation for this 

l, Pr(rl/,) sin(g—a general case, we believe our discussion supports this 


juivaler strongly w 1 <<a 
The two modulation methods can therefore give equivalence strong] hen yH 


different results only if 4 s not the same in each cas : 
imeren esl on . 17 1 10 Cc Sa t }eacn is IV ACKNOWLEDGMENT 


Introducing again Hyp= Hoy— Hy coswyt and ¢=wy» for 
field modulation and Ho= Hw and ¢=wotyH y coswyf [ should like to acknowledge gratefully the financial 
for frequency modulation, we see that all contributions upport of the Schweizerischer Nationalfonds zur 


to Hr remain the same, except Log, which becomes Férderung der wissenschaftlichen Forschung 





Cross Relaxation in Ruby 
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\ pulsed microwave method has been used to study iramagnetic relaxation in synthetic ruby at Cr/Al 


concentrations trom 0.02% to O 3%, and over a wide range of fields and angle vith re spect to the cry tal 


axis. The experimental frequency was 7.17 kMc/sec. At settings for which one interval between energy levels 





was twice as large as another, decay traces with two characteristic periods were observed. The more rapid 
decay was independent of temperature, and is attributed to a cross-relaxation process involving three spins 
Similar behavior became apparent at all concentrations whenever two intervals approached the same value 
At 0.3%, two period decay traces were observed for any arbitrary field and angle setting, indicating at thi 
concentration, a general cross relaxation between the Zeeman levels in time 0.3 millisecond and les 








INTRODUCTION for a “third” or “intermediate” relaxation effect which 


I 

























; ‘ ared in th xperiments on the i é s 
HE classical treatment of paramagnetic relaxation @PPe4r' 1 in their experiments on the chromium alums. 


te h Tect s toc 0 t } iT S ’ spin-spi 
by Casimir and duPre'* assumes two systems, This effect wa 10 slow to be due to simple spin-spin 


; wes . ; nteracti f ns ib st } attice re 
spins and lattice oscillators. physically interspersed but interaction and ye onsideral y taster than lattice re 


° oar ition t vac | ; f + Ti » * > 
weakly coupled with each other. The coupling within axau It was independent of temperature in_ the 


: \ - ~ , ; ld he « - _ 
each system is assumed to be strong, so that each is ydrogen to helium range, could be seen only in those 
: salts where the spins were clearly separated into two 
classes due to the presence of two different magnetic 


complexes, and was explained in terms of transfers be- 


in a state of internal thermodynamic equilibrium char 
acterized by a temperature, and relaxation is depicted 
as a kind of heat conduction whereby energy given 
initially to the spin system becomes transferred to the 
crystal lattice. A number of experiments have turned 


tween subgroups within the spin system. Similar effects 
were later observed by Verstelle, Drewes, and Gorter’ 


. ‘ tyey — in magnetically dilut ‘ als 
on the question of temperature equilibrium in the in magnetically dilute materia 


‘ , » eas ‘ hes : nt y ni yv th ‘ sonant 
teracting systems, in particular on equilibrium within Phe anes —— vo made by the nonresonan 
the spin system which, until the recent extension of Coe lagnetic resonance has made it possible to 

tudy the behavior of spin groups in more detail, and 


f 


ic techniques into the kilomegacycle range*® was coe bs 
the only one open to direct observation. De Vrijer and o observe differer ypes of “intermediate” or “cross 


relaxation”’ between them. In the simplest case, where 


Gorter‘ modified the spin equilibrium concept to account 
vO spin groups have the same resonance frequency, 
1C. J. Gorter, Paramagnetic Relaxation (Elsevier Publishing energy transfer will take place in the spin-spin time, and 
Company, Inc., Amsterdam, 1947 for most purposes the spins will behave as a single group. 
2C. J. Gorter, Progress in Low-Temperature Physics (North 
Holland Publishing Company, Amsterdam, 1957), Vol. 2 
H. Bommel and K. Dransfeld, Phys. Rev. Letters 1, 234 
1958 J. C. Verstelle, G. W. J. Drewes i (. |. Gorter, Physica 24 
‘F. W. de Vrijer and C. J. Gorter, Physica 18, 549 (195 632 (1958 


If groups have a small frequency separation, as in the 
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FIELD IN KILO-OERSTED 
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ANGLE WITH RESPECT T RYSTAL Ax 


bic. 1. lsofrec 
ruby. Broken lines show field and angles with respect to the 
crystal axis which give a resonance frequency of 7 17 kMc/sec 
Heavy lines show s« ttings at which one interval is twice another 
At the intersection of a heavy line with a broken line, two ir 
tervals have resonance frequencies of 7.17 kMc/sec and 14.34 
k Mc/sec, or 3.59 kMc/sec and 717 kMc/se« 


juency plot and double frequency congruences for 


components of a broad inhomogeneous line, 


transfer 
becomes slow enough to be described by intermediate 
relaxation times. These times lengthen as concentration 
s reduced or as the discrepancy in frequencies becomes 
larger, until eventually they become longer than the 
attice times themselves. In this limit the spin groups 
are effectively separate from each other, and can be 
maintained at different temperatures, as in the opera 
tion of a three level maser. Spin groups belonging to 
different transitions in the level scheme commonly sat- 
isfy this criterion of isolation in dilute paramagnetic 
materials as is shown by the sucess of many maser tests 

In the experiments reported here a pulsed microwave 
ipparatus has been used to examine relaxation in syn- 


thetic ruby. Cross-relaxation effects appear in the form 
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AND 


W e ob- 


served phenomena of this kind when two intervals ap- 


of decay traces having oO or more periods 


proached the same value, when one interval became 
twice or half another, and when the concentration be- 
came high enough for sy O to break down 
quite gener \ 


EXPERIMENTAL 


The pulsed microwave apparatus has been described 
in a previous paper.® It provides a high-power pulse 
which disturbs the spin level populations, and a low- 
power c.w. signal to monitor the return to equilibrium. 
Results are recorded by photographing oscilloscope 
traces, each photograpl nowing two traces, one trig- 
gered after the re-establishment of equilibrium in order 
to provide a base line \leasurements were made on 


syntheti rubies | ng Cr/A mcentrations of 0.02% 
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10 20 w SEC 
Fic. 3. Relaxati te il B At 2 b ( n either side 
of this setting, cross relaxat eads to a decay trace with two 
periods Concentrat 0.1% ‘ luration =0.15 
millisecons 
0.05%, 0.1%, 0.15%, and 0.3% t ignal frequency ol 


7.17 kMec/se 


is shown by the broker ne 


Phe transition diagram for this frequency 
Fig. 1, letters being 


used to designate transitions as Fig. 2. In order to 


study relaxation behavior ery vere varied rela- 
tive to each other, the angle between the crysta axis 
nd ne exter magne 1 W hanged in one 
degree steps d stn iy g l¢ ne tr d Oo as 
to maintain the ( le ly onstant 
resonant frequency of 7.17 kMc/ se 

Figure 3 shows re Xa llol n interval & e neign- 
borhood of the setting for wl B=C (22° and 3.8 kilo- 
oersted). On either side of t position the separation 
between B and ¢ ncreas¢ t the rate of 300 Mc/sec 
per degree Le ay traces near 22 show two pt riods. a 


} , 


fast one corresponding to the drain of energy from B 


to C and a slow one corresponding to the joint relaxation 








CROSS RELAXA 





of both intervals. The smaller the discrepancy between 
the frequencies of B and C the faster the rate of transfer 
by cross relaxation, until at 22° transfer takes place 
while the pump pulse is applied and is already complete 
when observation begins. Even when the intervals are 
separated by several hundred megacycles, transfer is 
rapid compared with lattice relaxation. A 600 Mc/se« 
difference between B and C gave a transfer time of 3 
milliseconds at 0.1% concentration. This time was un- 
affected by changing the temperature from 4.2°K to 
20°K but was very sensitive to concentration. At 0.15% 
and with the same B to C separation the transfer time 
shortened to 1 millisecond, whereas at 0.02% no cross 
relaxation could be detected at such large frequency 
separations. (Experiments on the relaxation of potas- 








0 10 20 m SEC 
hic. 4. Relaxation in interval A at 74° where C=2A; cross re 
axation occurs with a time constant of 1 millisecond. (Concen 


tration =0.1%, pump pulse duration =0.1 millisecond. ) 


sium chromicyanide in the neighborhood of an equa! 
frequency setting have been reported by Wagner, Castle, 
and Chester.’) 


THREE SPIN RELAXATION 


{ similar transfer phenomenon could be seen when a 
second interval became twice or half the size of the 
interval under observation. Figure 4 shows the relax 
ation behavior of interval A for angles in the vicinity 
74°. At 74° and 3.55 kilo-oersted C is twice A, the 
and 2A being 570 M« per 
degree on either side of the exact setting. The transfer 
was much longer 


of 


difference between ( Sec 


time than in the case when two inter- 
vals were set equal, and the effect could not be seen 


r. 2 


Phys 


G. Castle, and P. } 


Wagner, J 
1959 


Chester, Bull. Ar 
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Paste I. Three spin transfer times (in milliseconds 
Interval Observation Cr/Al Concentration in % 
relation interval 0.3 O.15 0.1 0.05 0.02 
B=2A 1 0.08 0.4 1.2 4 SO 
C=2A { 0.06 0.35 | 4 5O 
1=2B B 0.08 0.4 1.3 4.5 70 
Je = 2( ( 0.2 0.7 2.8 50 
C=2B ( 0.14 0.4 1.5 40 
{ = 2 ( 0.05 0.18 06 24 55 
B= 2X B 0.07 0.5 | 3.5 
D=2B ( 0.2 0.6 13 
when there were such large discrepancies in the fre 


quency relation. The traces in Fig. 4 were obtained with 
a 0.1% ruby at 4.2°K, and show a transfer time of 1 
millisecond. No ¢ hange was observed to within an eXx- 
perimental accuracy of 20% when the temperature was 
raised to 20°K, but the rate of transfer increased rapidly 
with concentration, varying as c?“ over the range from 
0.02% to 0.3% 

Fields and angles for which there is a two to one 
relation between intervals are shown by the heavy lines 
in Fig. 1. Where these crossed the 7.17 kMc 


frequency plot a two period relaxation trace could be 


sec iso- 
observed. At & such settings transfer times were meas- 
ured as a function of concentration, and the results are 
shown in Table I. Concentration dependence followed 
the same power law 1 l'ransfer rates were 
almost entirely independent of temperature from 20°K 
to 2.2°K. Small changes were observed between 4.2°K 
and 2.2°K, 
faster, but these changes lay barely outside experimental 
error. They may possibly be attributable to the re- 
distribution of the total populations belonging to the 
cross relaxing intervals at lower temperatures. 


n all cases 


some times becoming slower and others 


Simultaneous observations in two intervals have been 
made by Geusic*® who finds at 90° and 1.7 kilo-oersted 
D=2B), a pump signal applied to B saturates D and 
gives inversion in 1. He also reports higher order cross- 
relaxation effects corresponding to D= 3B, D=4B, and 
D=4B at certain settings 


GENERAL CROSS RELAXATION 


At a concentration of 0.3%, two period decay traces 
were observed at all field and angle settings. Figure 5 
shows the relaxation of interval A at 80°, 4.05 kilo- 
oersted, and 4.2°K. It consists of a 0.14 millisecond 
fast period and a 30 millisecond slow period, whose 
relative proportions depend on the duration of the pump 
pulse in the manner shown. At different settings on the 
isofrequency diagram (Fig. 1) fast decay times were 
found ranging from 0.3 millisecond (in F near 0°), to 
0.04 millisecond (in C at low fields). There were also 
abrupt changes at settings which correspond to a 2:1 
raiio between intervals. For example in the immediate 
vicinity of 74° and 3.55 kilo-oersted, where C= 2A, the 


* J. Geusic, Phys. Rev. 118, 129 (1960 








was 0.04 millisecond f Vv component 30 milli 
seconds. At 0.15% the fast period had lengthened to 1.1 
milliseconds, and a period of 100 milliseconds could 
till be seen. The 0.1°% specimen gave a time of 5 milli 





econds wi I i t first ft taken tor the true 


time. Further experim ywed ywever, that thi 














. am See Se en | time was aimost independer I temperature, varying 
4 only from 6 m r nd 1 isecond ’ he entire 
b range from 2.2°K to 20°K nd e decay trace 
] Was a poor exponent he end of w h a long tai 
= could just be distinguished. 0.050 gave decay time 
which were considerably longer, but the traces were of 
7 Cc indeterminate form, w tat 0.02% the dec Ly trace was 











o 1 2 MSEC a fair exponential with a time constant of approximately 
500 milliseconds at 4.2°K. The prominence of cros 














} S-r 
ir oan leo to = pore pg etl ne ‘time Maxation phenomena for t particular setting is prob 
is 0.14 millisecond, and the slow, lattice time 30 milliseconds ably due to the nearne 0 tery Band F£, B, the 
Pump pulse durations ar a) 0.05 millisceond, (b) 0.3 milli nearer of the two, being 2.3 kM , hove C at 90 
econd, (c) 1 millisec With longer pump times some transfer , 
takes place during the pulse, anda 1 sony she all level of excita nd 1.4 kilo-oersted in I ro re xation times 
tion remains after the spin system has come into thermal equi could be obtained in the y of the B=( elting 
libriur ‘Temperaturt oS 2°K. At 2.1°K the stow period change it 22° and 3.8 kilo-oer , g the frequency 
to 70 iseconds, but the fast period was unaltere pers LkM ; 
last component in e relaxation of A speeded up Irom DISCUSSION 
0.13 to 0.04 millisecond It has been issumed here that 

hortening of the time due to a simple super The combination of sj OT tes which couple 

position of the decay rates due tot general fast deca, to the rf field at some 1 ple of the Larmor frequency 
and to three spin cross relaxatior The values given has been considered by \ Viect t discussion of 
lable I under 0.3% have been obtained by subtracting line broadening.’ If \ e ri lis replaced by the 
the decay rate measured to one side from that measured — !ocal field of another sp ble to make a transi 
on the exact two-to-one setting. The general fast decay tion corresponding | t ppropriate multiple fre 
rates were unchanged when the temperature was re quency, we nave pP y of an interchange of 
duced to 2.2°K, thus behaving in a way whichis typical nergy between spin group se Irequencies are har 
of cross relaxation processes, and suggesting that the monically related. More genet y, energy will be con 
fast decay is due to the transfer of energy between the served in a group of thr Vv r the ral tion fre 
pumped interval and other intervals in the level schem« quenci 
In these terms it 0 po sible to account for the form 
of the traces in Fig. 5. In traces (b) and (c) where the 
pumping time was longer, more transfer was able to I'wo of the spi vste ' 
take place before the termination of the pump pulse, taining an Interv ( r ure 
and a higher over-all spin temperature remained after mixed by dipolar mav resonate 
cross relaxation. A test was made to see if the fast with the interv g rd spin. Ar 
decay period might instead be due to phonon diffusion inalogous problem aris¢ the iclear relaxation of 
or merely to he g effects, by replacing the specime: ithium fluorids } d by Pers} 
by another of half the thickness but the same volume Cross relax ) eq O for 
No change in behavior could be observed he rate of nge of ) lw f rapid 

At 0.307, the w, or iattice relaxation part of the compared with latti ré xatior tend to estab i 
trace was a good exponential, and, since it was at least characteristic relation betwee D mperatures in the 
two orders slower than general cros relaxation, the cross Treiaxing intery Ss. SUDpt tne three intervals 
two times were easy to separate. In more dilute speci hv; Avs Avs, lie between pait f leve \ na ¥. x 
mens, and away from cross relaxation points corres and Vo, Y,and V.whose pe Wie t 
ponding to an equality of intervals or a doubl frequency respectively. If the probal y for a three spi 
relation, it was often dithcult to resolve the two effects transfer. the additior term in the tions for dx, /di 
well enough to determine either time as a function of dv,/d, etc.. i I will tend to bring 
oncentration. The mixing of the two relaxation pro about a steady state wit ' vhich, in terms 
CESSE may bye istrated by reference to a serie f of spin temperatur fi,/ D¢ ging t nt the 
measurem«e I e ( I ) 90° and 1.4 





CROSS RELAX 


three intervals, is equivalent to the distribution given by 


vi/ T+ 2/T2= v3/T3. (2) 

If: vo and 7, Ts, Eqs (1) and (2) reduce to 
dv vs, 2v,/T\=93/Ts, 3 
and the equilibrium is thus characterized by a singl 
spin temperature in the cross relaxing intervals. Al 
though cross relaxation was observed at settings cor 


responding to the general three spin relation (1), the 
particular case (3) would actually suffice to explain all 
the results given here. For example, when A+C=8B 
we also have D= 2B, or if A+E=C then at the 
time F=2A. In a four level scheme the general three 
spin interaction with all intervals different cannot be 
distinguished experimentally, since whenever a set of 


Same 


intervals satisfy (1) there is also a two-to-one relation, 
or a simple equality of intervals elsewhere in the scheme 
Where there is such an alternative way of taking in 
tervals, it can easily be shown by relations (2) or (3 
that either assumption leads to the same distribution 
of spin temperatures. At least five levels would be 
needed to distinguish the general case without am 
biguity. At first sight it might appear that this require 
ment is excessive and that three spin transfer should be 
observed in any material with a three level scheme, 
Eq. (1) automatically holds for the larger interval and 
its two component smaller intervals. Indeed there is no 
reason why a group of three spins in appropriate levels 
in such a material should not take part in mutual flips 


since 


but this would not affect the population distribution, 
since the movement across the large interval would be 
compensated by an opposite movement across each of 
the two smaller intervals 

The transfer of excitation between intervals which 
have no simple sum or difference relation connecting 
them requires the simultaneous interaction of many 
spins, or the presence of an additional energy reservior 
to conserve energy. The problem has been extensively 


} 


discussed by Bloembergen ef al.,"' who suggested that 
excitation may be spread over a wide frequency band 
by three or four spin energy conserving transfers acting 
in conjunction with multiple spin interactions such as 
gives rise lo an expe rimental linewidth. If for instance 
a wide inhomogeneous line is pumped near its center, 
four spin interactions will transfer excitation simultan 


eously to the upper and lower wings, thus bridging a 


arge gap, and “linewidth” interactions will diffuse 
N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artmar 
Phys. Rev. 114, 445 (1959 
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energy locally. In our experiments with ruby, energy 


transfer phenomena have been observed at 


separated from two, three, or four spin cross 


settings 
Ww hic h are 


relaxation settings by a gap many times the normal 


observational linewidth. It may be noted, however, that 


spins in 


paramagnetic centers in having a 


he chromium ruby differ from many other 
high exchange inter 
iction, which, between nearest neighbor chromium pairs 
imounts to 250 cm Although the forces acting be 
tween more distant spins are not known there seems a 
likelihood that 


be involved in. cross-re 


a large exchange energy resevoir may 


laxation phenomena in_ thi 


materia! 


Since cross relaxation is sensitive to changes of con 


centration it is attractive to posulate this as the source 


of the concentration depx ndence which present a dif- 


ficulty in the theory of paramagnetic relaxation. How- 


ever, it seems unlikely that this explanation can be 


made to serve in than a few tsolated instances. 


iaxation 


more 


(ross re 


characterized by temperature in- 


dependence, whereas many measurements made by the 


nonresonant method show increasingly large variation 


with temperature at the higher concentrations.'* From 


our measurements on ruby we may cite two results ob- 
tained at opposite ends of the concentration range, 

here it was easiest to discount cross-relaxation effects 
At 0.3% the lattice time remaining after the compara 


vely rapid transfer processes was 30 milliseconds at 
4.2°K and 90° to the crystal axis. At 0.02% the corres 
ponding time was 500 milliseconds, which can be taken 


as a lower limit even if one 


allows for the possibility 
at this dilution. The 
trictly comparable since the 0.02% 


of some residual cross relaxation 
two times are not 
value relates to one transition only, whereas the 0.3% 
value is a mean for all transitions. Nevertheless, a change 


of this magnitude that concentration 


strongly suggests 
dependence is here a property of lattice relaxation itself 
as well as of the various cross relaxation processes with 


which it may become confused 
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resistivity germanium single cr 
30K. Slow neutron capture and subse 
najorit mpurities, gallium aton nd compensating impuritic 
le th a gallium concentratior ig from 8X 10" to 5X10 


of 0.40 were thus prepared and the 


impurity conduction was stucitec 


majority impurities The effective radius a of the accept 

to Miller's theory of impurity conduction, whereas a= 40 A 
with the effective radius of the Kohn-Schechter a 
conduction changes slowly with impurity concent 

with the predictions of Miller’s theory for galliun 
samples which contain different dislocation densitic 


» 10° dislocations per cm* do not affect impurity « 


I. INTRODUCTION is relativel 


MPURITY conduct as been observed in many able only 


, 7 1 } r 

emiconduct low Lemp ratures It ha been in number ol whl, 
t hand 
detail both experin tally duction ba : 

impurity cond 
much in eluci 
ng properti oru purity co 
: duction proce 


I 
ducti . whi disting she it from ordinary emi 
conduc 7 ~ thee 2 rea | quantitative 


init st mu¢ more 


great difthcult: 
rapidly than li y wit impurity concentration — 


activation en 


impurity conductio tter er too ange when 


This strong dependen n concentration led Hung’ t 


ugvesl that the mMpu_ ity onduction process in germa if 
one compares apparent ( j ent my ol different 
nium below about 5 K, is due to a charge exchange be ri 
: investigator 
tween neighboring impurity sites. This exchange results ; 

3 . a The reason for 
from a small but finite overlap of the localized wave chemical comp. 
functions of the individual impurity centers. Because it a¢eyrat ly enoug 
K, the ratio of mi 

This work was suppo part | | S. Air Force Dy the P | . 
National Science | ind ) and > Atomi Energ ions, Which strong 
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IMPURI r CONDUCTION IN 
trations, the precise relationship has not been previously 
determined experimentally. Because of the reasons 
mentioned above, the compensation ratio A has to be 
exactly the same for all samples in order to determine 
the dependence of impurity conduction on impurity 
eparation. Such control, however, is practically im 
possible to realize in crystals grown from melts and 
doped with the desired impurities. In the present in 
vestigation, this difficulty was avoided by introducing 
donor and acceptor impurities into pure germanium 
single crystals by slow neutron bombardment.'* The 
the different 


purities which are produced after the transmutation of 


relative concentrations of kinds of im 
those nuclei which have captured a slow neutron is com 
pleted are determined by the abundances and capture 
cross sections of the various germanium isotopes. The 
ratio of minority to majority impurities is, therefore, the 
same for all bombarded specimens. The absolute mag 
nitudes of the impurity concentrations, however, can 
be varied over a wide range since they depend on the 
neutron flux and the exposure times. These transmuta 
tion-doped semiconductors contain Ga as majority im 
purities. The compensation ratio is K=0.40. The com 
pensating impurities are As and Se. 

We have Hall 
resistivity of transmutation-doped germanium between 
300 and 1.2°K. The specimens contain between 8X 10" 
and 5X10'? Ga atoms per ce and a correspondingly 


l 


measured the coefficient and the 


smaller concentration of compensating As and Se atom 

The dependence of the resistivity of impurity condu 

tion on impurity separation has been determined and 
the results compared with the theories of Twose'’ and 
of Miller.” 


Il. EXPERIMENTAL DETAILS 


Pure single crystals of germanium having resistivitie 
it room temperature larger than 30 ohm-cm were used 
for the neutron irradiation. A number of samples were 
exposed'® to a neutron flux of 1.310" therma! neu 
trons/cm? sec and about 2.9X 10" fast neutrons /cm* se 
in the reactor of the Oak Ridge National Laboratory 
Others were irradiated in the CP-5 reactor of the 
Argonne National Laboratory in which the ratio of 
thermal to fast neutrons is much larger, namely, 100: 1. 
In the latter case, the was 10" 
neutrons, cm* sec. 

The 


various Ge isotopes have first been discussed by Cleland 


flux thermal! 


reactions following neutron capture by the 


et al.“ Table I lists the three nuclear reactions, 


by Schweinler,'* which result in electrically active im 


as given 


purities. This method of introducing impurities into 


germanium avoids many difficulties arising from a non 
uniform distribution of the impurities since the attenua- 


“J. W. Cleland, K. Lark-Horovitz, and J. C. Pigg Phys. Rev 
78, 814 (1950) 
16 We are very grateful to J. W. Cleland for irradiating some of 
specimens in the Oak Ridge National Laboratory reactor 


16 H. C. Schweinler, J. Appl. Phys. 30, 1125 (1959 
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Db p-Ge 


ras_e I. Slow neutron reactions yielding electrically 


active impurities in germanium 


nt ‘ 


Percentage 


itrons cal ture 


04 


on length of the 


flux due to the 
several centimeterfs, 


thermal neutror 


( ipture proce “Ne j which is muc h 
arger than the dimensions of the specimens used. 
Since each Se donor will be doubly charged and hence 


n compensate two acceptors, it is more reasonable to 
define the compensation ratio as the ratio of charged 


to the total number of majority 
absolute 


m iyority impuritie 


impurities at zero temperature. Using this 
0.40 for trans 
mutation-doped germanium, as can be seen from Table 
I. We believe that this value of A is 
the value K 


capture 


definition the compensation ratio is A 


more accurate than 
0.33 used earlier which was based on older 
CTOSS ion data and which neglected the 
presence of 

About one year after neutron irradiation, i.e., after 
many half-lives of the longer living Ge”, the specimens 
were annealed for 48 hours in a vacuum at various tem- 
peratures between 350 and 460°C to assure complete 
healing of the radiation damage 


by the 


This damage is caused 
high-energy particles present in the thermal 
neutron beam and by the recoil energy following neutron 
® The radiation damage was about ten times 
arger for the Oak Ridge samples than for the Argonne 


ipture. 


amples because of the larger fast particle flux present in 
the Oak Ridge The fact that both kinds of 
samples, with a large amount and others with a 


reactor 
some 
much smaller amount of initial radiation damage, show 
the same electrical behavior after annealing indicates 
that the annealing process effectively healed out all 
radiation damage 

In order to test the 


influence of dislocations on 


impurity conduction, two pure samples containing 


5 10? and 10% dislocations per cm? were irradiated with 
No difference in the 
electrical behavior of the two samples could be detected. 


the seme amount of slow neutrons 


We conclude from this that dislocation densities up to 


10*/cm? do not affect impurity conduction. 

The cryostat and the electrical measuring system are 
imilar to those de To avoid errors due 
to the hysteresis of the magnet, the sample was rotated 
for the a constant field of 7000 


below the A point were obtained 


cribed earlier.'’ 


Hall measurements in 


gauss. Temperature 


H. Fritzsche and K. Lark-Horovitz, Physica 20, 834 (1954) 











Fic. 1. Relative change 
the Hall coefficient R 
with magneti« field at 
77°K and 300°K for some 
rhe values 
those listed in 


typical 
of Rmin are 
lable II 


cases 
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5000 


Magnetic Field H 


from the vapor pressure of the liquid helium. Tempera 


tures above the A point were measured with a 0.10 watt 
sistor which was calibrated against a 


bulb T hi 


temperature drop'* at the 


carbon ie vapor 


pressure voids inaccuracies caused by the 


surface of the helium bath 
bet wee n the \ point ind the boiling point of He. Con- 
tant temperatures above 4°K were achieved by using 


the He de orption method.'* 


1. Concentrations of Impurities 


ation ratio K (Naet2Va V; we 


lor the compel! : 
0.40 


value A 
abundances and 


Knowing A, 


used the was calculated from the 


the 


Wile h 


relative cross sections of 


capture 


Cr otopes one can obtain the concentra 
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interpret 
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measurements 
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| fields 
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magnetic field st ngth H. The 
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R is almost indey H 
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Case, a ized 


impurity 


scattering is present 


as a function of results 


are shown in Fig 
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Table IT lists the 


CO fh lent 


large values 
comparison of the R versus 
theoretical results suggests 
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of transmutation-doped germanium 
type) as a function of 1/7 


Fic. 2. Hall coefficient of transmutation-doped 


tion of the high concentration range.®?"'? The Hall 
germanium (pf type) as a function of 1/7 


coefficients of samples 8-A and 9-OR reach a minimum 
value near 6°K which is 8 times smaller than the Hall 
coefficient at exhaustion (77°-300°K). The Hall coeffi- 
cient of sample 7-OR near 5°K is about 4 times smaller 
Ill. RESULTS than the value at exhaustion. It remains uncertain 
whether the Hall coefficient of 7-OR has reached a 
minimum value near 5°K since the Hall curve termi 


certainty in N4, however, does not influence the 
clusions drawn from our final results. 


rhe measurements of the Hall coefficient are shown 


in Fig. 2. For majority impurity concentrations .V 4 <2 
is : nates at that temperature. It is doubtful whether the 


Hall coefficients below 6°K of these last three samples 
can be attributed to impurity conduction at sufficiently 


*10'*/cc the Hall curves show a single maximum 
which is characteristic of the presence of the two 
competing conduction processes, impurity conduction “a “ a 
at low temperatures and valence band conduction at 'W concentrations so that the localized orbital approxi- 
higher temperatures. As shown previously,'? the Hall 
maximum occurs at the temperature at which the two 
conduction processes yield the same conductivity. The 
rapidly decreasing Hall coefficient at temperatures 
below the Hall maximum can be attributed to the de 


mation should be valid. These samples lie at the border- 
line of the so-called intermediate concentration range® 
(1K 10'*< NV <8 X10'*) for which the simpler model of 
impurity conduction does not seem to be valid. This 
intermediate concentration range and the transition to 
‘ ; metallic type of conduction for transmutation-doped 
creasing contribution of valence band conduction to : 
germanium will be the subject of a separate study 
the total current ko “ 
’ r . Figure 3 shows the resistivity curves of our samples. 
Only the two lowest Hall curves could be extended to M ‘ke ‘ge ” ; > eee 
ss om ost striking seems the tact that the activation energy 
the lowest temperatures. The others terminate because 7 BY 
the present experimental setup does not enable us to 
detect a Hall effect when the effective Hall mobility 
R/p drops below about 3 cm?/volt sec. 
At low temperatures the samples 10-OR and 11-OR conduction. The activation energies ¢;,, as measured 


have a temperature independent R and p which is a_ from the slopes of the resistivity curves at the lowest 


of impurity conduction, previously’ called ¢, is almost 
independent of impurity concentration. Here we dis- 
regard the two samples showing the metallic type of 


behavior characteristic of the metallic type of conduc- temperatures, are listed in Table III and plotted against 





ZSCHE 





° 
uw 


«24 


Activation Energy of impurity Cond 


2 


iL 1 j 
2 3 a 5 ; 








7 8 
Average impurity Seporation ra [io~ 6 cm] 


hic. 4. Activation energ purit 
| Eq. (1) of text] as f ion of the 
The 


mayorit 
lated values according to Ex 10) of text 


conduction | as detined 
average 


represents 


separation ol 


impurities ashed curve Miller’s calcu 


the average impurity separation r4 in Fig. 4. This curve 


hows a slight maximum. The apparent drop of €, at 


large r4, however, 1 


hould be 


be en 


based on only one sample and 


considered until this behavior has 


tentative 
further 
istivity curves of Fig 


line 


confirmed by measurements. Some re- 
3 are not completely straight 
at low temperatures. This deviation from linearity 


causes some uncertainty in the determination of « 


bars in Fig. 4. The 
with N4< 2 10'*/c« 


impurity conduction 


which is indicated by vertical 


resistivity curve lor ample 


eem to reach a plateau 1n the 


range just before they drop sharply at higher tempera- 
ture where the normal valence band conduction pre 
dominates. Such a plateau has been observed before in 
lightly compensated n-Ge® and p-Ge 


at the lowest temperatures 


In the impurity 
( onduc tion region 


vhere p temperature inde 


pendent dependence or ¢ on 


Fable II] 


impurity 


IV. DISCUSSION 


section, the experimentally observed separa 
and the 


activation energy €; will be 


tion dependence of ¢ observed values of the 
compared with the theories 
worked out by Miller 
who have in proved ind extended the 
work of Kasuya and Koide.’ 


of impurity conduction and by 


[wose, earlier 


2. Comparison with the theory of A.H. Miller 
Miller calculated for impurity conduc- 


tion assuming that the “resonance” energy of a neigh 


boring pair of impuriti maller than their 
} 


difference in potent il ef g from the variation 


ergy ATisil 
in local fields produced by nearby ionized acceptors and 
donors. This condition holds at low impurity concentra 
5x 10" /ce vinium) where the overlap 


of neighboring wave functiot small. A charge 


tions ({ 


transter 
~ possible in thi ompanied by the 


AND M AS 


emission or absorptior computed 


the transition rate vacant 
impurity sites Irom 

phonon intera 

Fermi energy of 

rhe problem 

presence ol an ¢ formed to 
twork The 
randomness of tl listributior mpurities has been 
taken t Mi nr ex the 


re sistivity ol in purity col a tunction 


that of solving an equivalent istance ne 


Into accoul 


pre 


1 ol 2 (56 as 


ceptor separation 74 and of tempera- 


ion tor 
of the average a¢ 
(ure Is 


p con 


tra "4 exy a)} | exp(€/k7 


W he re 


The parameter d 1 Bohr radius of 


the hydrogen ground-st ction and deter- 
mines the exponential d eptor wave func- 
tions at large distance 

In order to de 
the 


versus r4! in Fig. 5 


terml 
from experimental tt : 
0 samples 
which contain le a straight 
line and thus seem t yw an eXxpressio! the forn 
(2). The limiting concentration 7 ¢ agrees well 
with the critica by 
Miller, above whi ease to be appli 
cable. From the sLOpe I st ight line of Fig. 5 one 


90.1 A than at 


given 


obtains a This va Is more ictor of 
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IMPURIT CONDUCTION IN 


two larger than the value a 


40 A expected from the 
41.4A 
which is obtained by adjusting the radius of hydrogeni 
ls-wave functions to yield the observed ionization 


Kohn-Schechter wave functions” or the value a 


energy ol Ga acct ptors in germanium. 

Kohn 
Schechter acceptor wave functions used for the calcula- 
tion of Eq. (2), Miller’s result for p-Ge is less certain 
than his result for n-Ge. This uncertainty, however, con 
cerns only the 


Because of the complicated form of the 


pre-exponential factor r47''/* which 
does not greatly affect the value of a. Miller’s resistivity 
expression for n-Ge contains the same exponential 
factor as that of Eq. (2) with ra replaced by the 
average donor separation rp. The value of a obtained 
from the experimental results depends sensitively on 
the form of the exponent of Eq. (2). The particular 
form of this exponent results from the statistical average 
over paths of easiest flow of current which extend 
through the length of the crystal. Although Miller 
devoted great care in constructing these current paths 
through the three-dimensional random array of im 
purity atoms, this calculation is by necessity only 
approximate solution of this intricate problem. 
The fact that the comparison with Miller’s result 
yield a value of a which is too large by a factor of two 


an 


may indicate that his averaging procedure overestimat« 
the contribution to the total resistivity of impuriti« 
separated by more than the average distance. 

Another explanation for the large value of @ was 
proposed by Abrahams.” He suggested that it may 
possibly arise from higher spherical harmonics in thi 
Kohn-Schechter acceptor function which will not be 
important for the binding energy but may extend far 
out compared to the parts considered by Kohn and 
Schechter.” 

Miller investigated the effect of a magnetic field on 
impurity conduction. According to his theory no Hall 
The 
finite Hall coefficients below 6°K of samples 7-OR, 8-A, 
and 9-OR do not disagree with Miller’s prediction sinc 
the acceptor concentrations of these samples are larger 
than the limiting concentration of about 5X 10 


effect should exist in the low concentration range 


pe r ce 
given by Miller. If one assumes that the concentration 
of carriers contributing to impurity conduction is equa! 


(or smaller) than the carrier concentration at exhaus 


tion, then one obtains ratios of Hall to drift mobilities 


for these three samples in the impurity conduction 
range which are between } and } Thes 
sually small Hall to drift mobility ratios in 


1] 
(Or smaller 


unu 


transition range may be an indication that these 


mobility ratios become much smaller or even vanist 


ingly small in tl 


with Miller’s 


1e low concentration range in accordance 


theory 


2 W. Kohn an 


Private communicatior 


LD). Schechter, Phys. Rev. 99, 1903 
with Dr. E. Abrahams 


1955 
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3. Comparison with the theory of Twose 


['wose™ calculated the conductivity of impurity con- 
duction for low impurity concentrations in the following 
teps. (i) Localized impurity wave functions as modified 
by the lattice vibrations were calculated in the Born- 
Oppenheimer approximation. (ii) The field dependent 
velocity of an electron between an occupied and a 
vacant center was calculated as a function of the center 
separation and the energy difference between the two 
centers using a density matrix similar to that of Green 
wood” and Kohn and Luttinger 


conduc tivity was 


® (ii) A “two center” 
then obtained from the term in the 
ssion field 
“two center’ conductivities 
were averaged over the random distribution of impurity 
centers. Two solutions of this problem were tried. The 
very rough and approximate solution, is to 
substitute for the center separation in the “two center” 
conductivity the eparation of the majority 
impurities and to make this total conductivity pro- 


velocity expre which is linear in electric 


strength. (iv) Finally, the 


first, a 
average 


portional to the total number of occupied-vacant center 


pairs The total re sistivity has then the form 


Mv? (ko 1 exp(e/kT) 


sre hc | ‘(N, iV min)* 


vhere 
4 


VU 
Debye temperature, i 
and .\ 


minority 


ma of the Ge sound velocity, 


Bardeen-Shockley de 
and .N\,,;, denote the 
concentrations, respectively. 


itom, 


the 


formation potential* 
majority and 
The main part of the separation dependence of p is 
contained in |(i\v) 7 the square of the velocity 
matrix element, in which i and 7 are the ground-state 
wave functions of two neighboring impurities. In this 
approximation the velocity matrix element is evaluated 
for the average s« paration 

Because of the complicated form of the ground-state 
acceptor wave functions the correct velocity matrix 
element could not be calculated. Since we are at present 
interested only in the dependence of p on ra, we ap- 
proximated the Kohn-Schechter envelope functions of 
the acceptor ground state by the spherically symmetric 
function, 


kir 1 x a,;)+Ag’ exp(—r/adz), 


(4) 


where the parameters a,= 43.3 A and a;= 33.8 A are the 
those of the Kohn-Schechter functions. In 
Fig. 6 the two theoretical curves J and J] represent the 
temperature independent part of the resistivity of 
Eq. (3). The curve J was obtained by calculating the 
velocity matrix element setting A, 
wave term of F(r 
0. ie 


same as 


(), i.e., using only the 
; curve J] was obtained by setting 
using only the d-wave term of F(r). If one 


4™D.A 
M 
1892 


Greenw Proc. Phys 
Luttinger and W. Kohn 
1958 

Bardeen ar 


00 x 


Phys 


London) 71, 585 (1958) 
Rev. 108, 590 (1957); 


109 
= 


1 W. Shockley, Phys. Rev. 80, 72 (1950) 
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R and R+dR 


density will be 


Kor a random 


function P(R 


Twose solved the i 

of a computer using hy 

the computation of tl 

Eq. (3). The depende 

obtained in thi Vay, on t vera paration 
majority impurit bor )*.) in be 


. pressed as 

lic. 6. Dependence o ‘ perature independent factor ( 
see Eq. (1) of text) on the average impurity separation. The 
circles represent the verimental data. Curves / and J// were 
calculated from Twose’s theory assuming all majority impurities 


po 


separated by their average separation. For curve J only the s-wave A sean pores ON Of OUF ex] 
part, for curve // onl wave part of the acceptor wave implies that the accepto 
function was used in the calculatior by a hydrogenic s funct 
In Fig. 7 curve /// 

uses the complete envelope function F(r) one would _ straight line through the ext 
obtain a weighted average of the curves J and //7 plus — ing the purer samples, for 
terms which mix the wave of one center with the should be applicabl 
d wave of the other center. Such a curve would li ITI and Eq. (8) tl 
between curves / and // but closer to curve //, because effective radius of 
curve J/ yields a lower resistivity in the range of ry should be compared v] 
considered her« by adjusting the 

We cannot make an absolute magnitude comparison the experimenta 
between curves / and // and the experimental point 
Fig. 6 because we 1 d F(r n place of the correct 
envelope lunction The eparation dependence, how 
ever, should not be altered by this approximation 
Adjusting a, and a» for the best fit of the slope sof / and 
Il, re pectively, with the expe rimental points set 
Fig. 7) we obtained a 37 A and ae=55 A. These 
value hould be compared with the value s obtained by 
Kohn and Schechter 

Another method of averaging the two center condu 
tivities over the random impurity distribution has been 
worked out by I'wose, following 


Pippard. It is brietly 


pair, separated by a distan : surrounded by a 


sphere ot radius R he conductivit us sphere i 
assumed to be uniform and equal toa , the two center 
conductivity for the ition R. Let this sphere be 
imbedded in a medium which has the average conduc 
tivity & of the il as a wh Ifa field F is applied 


ie crystal, the field i the sphere 


Fic h 
and JIT, ob 


the exponent | decrease 


nces n vertica 
neinte fall an the thearet 
The current density points fall he the 
same meaning as in Fig 
the probabi itv of finding a tharadi : sen emeeienenee 
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LON 


lium acceptors. Although the good agreement of these 
+} 


1¢ 


suggests 
desirability of extending the averaging procedure ol 


two values is probably accidental, it 


Pippard and Twose to the two center conductivities 
a(R) the Kohn-Schechter 


acceptor the 


calculated from complet 
that 


magnitude of the observed impurity conductivity cat 


wave functions so also absolute 


be compared with Twose’s theory. 


4. Discussion of the activation energy 


lo explain the temperature dependence of impurity 
conduction in the range of small impurity concentration, 
Mott suggested’ that the spacially fluctuating potential 
due the ionized compensators requires thermal 
of carriers from 
neighbors of the charged compensators. 
pensation ratio is small (K < 
distinguish between ‘‘free majority sites’’ 


to 
the low-energy majority 
If the 
0.1) it seems reasonable to 
‘trap 
which are separated by an average 
activation energy. Price 


activation 


com 


and 
majority sites” 
‘7 worked out the consequences 
of such a model. If A is large, however, each majority 
site has a near neighboring minority site and Price’ 
considerations are no longer applicable. For this case, 
as Mott pointed out, an activation energy will still 
ll seek out 


the majority sites of lowest energy from where they 


arise, since at low temperatures the carriers wi 


annot move unless they absorb a phonon. 


Using this model Twose calculated the root mean 


square energy difference between any two majority 


site 
and found 

Erms= (2.289 K)§N ingj'e?/k y 
Substituting for the dielectric constant x= 16 and for the 
compensation ratio A=0.40 Eems= 9.44 


« 10-*/r4 ev with r4 measured in cm. The relation be 
tween the activation energy ¢; and Ey. has not been 


we obtain 


worked out. We obtain a fairly good fit with the experi 
mental e; values of the purer samples (V4 <4 10!°/ cx 
by taking €5 b Ee, . 

Miller’s theory yields an activation energy for the 
impurity conduction process without further ass 
He obtains for p-Ge and K=0.40 


ump 
ions 
2.5 10 97 4 (10 


ev. 


Phe values obtained from Eq. (10) are presented by the 


P. J. Price, 1. B M. J. Research Develop. 2, 123 (1958 
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In the range (r4>3.5X 10~* cm) 
for which Miller’s theory holds, the theoretical curve 
agrees remarkably well with the experimental data. It 
should that the value for e« of 


ample 1-A is not quite certain and has to be reexamined. 


dotted curve in Fig. 4 


be noted, howeve £ 


V. CONCLUSIONS 


By slow neutron bombardment and nuclear trans 
mutation we obtained p-type germanium samples which 
are ideally suited for a quantitative investigation of 
impurity conduction. Since the compensation ratio is 
the same for the samples used in this study, the depend- 
ence of the resistivity and the activation energy of 
impurity conduction on impurity separation could be 
determined and compared with the theories of Miller 
and Twos Despite the fact that the complicated 
functions lead to some unresolved com 


the 


acceptor wave 


putational difficultic we an draw following 
conclusions 


(i) Miller’ 
calculating the 


theory seems to be very successful in 


activation energy e; of the impurity 
conduction process at low impurity concentrations. The 
averaging procedure developed by Miller to account for 
the random impurity distribution, however, seems to 
over-estimate the contribution to the total resistivity of 
impurity pairs separated by more than the average 
distance. 

ii) Twose’s theory yields an exponential decay of 
the acceptor wave functions which agrees very well with 
that expected from the Kohn-Schechter theory of the 
acceptor states. It also agrees well with the hydrogeni« 
experimentaily observed 
The agreement is par- 
ticularly good when the Twose-Pippard averaging pro- 
edure is used for the random impurity distribution. 

Dislocation densities up to 10‘ per cm* do not affect 


This fact confirms the original 


s functions which yields th 


acceptor ionization energy 


impurity conduction 
hypothesis that impurity conduction can arise from the 
interaction of impuritie 
out the crystal 


distributed at random through- 
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Che pressure variation of the single crystal elastic constants of sodium has been 


ultrasonic pulse echo method 
dU y,/dP =1.63, 


rhe notatior Zand B,= (C, 


elastic anisotropy 


C’ = (( + 2¢ 
ratioC/C'( 
teraction ol 


Ion ¢ 


of Fuchs’ theoretical calculation of the Coulomb contribution to the 
rhe interpretation indicates that as sodium is compressed, the value of the electronic 


3 has been used 


ores as a contribution to the elastic stiffness of sodium 


The values found for the pressure derivatives o 


dC’ /dP =0.226, 


dB,/dP=3.0 


Phe expe rimenta 


= C44) does not depend on pressure indicates that one car 


The results are 
shear stiffnesses of 


Vave 


boundaries of the atomic polyhedra increases more rapidly than (2-4, where & is the 


rhe 


polyhedron 


boundaries of the atomic polyhedra is found to be: 


ex 
d In 


| 


INTRODUCTION 


AS Benedek and Kushida' have shown, it is possible 
to evaluate the volume dependence of the ele - 
tronic wave function of a solid at the position of the 


atomik the 
Knight Shift. However, as far as cohesive properties of 


nucleus, using the pressure variation of 


a solid are concerned, one is considerably more in- 


terested in the volume depende nce of the value of the 
wave function at the boundaries of the atomic poly 
hedra. Fuchs? for the « the alkali 


where one can neglect ion core interactions and 


has shown ase of 
metals, 
Brillouin zone effects which contribute to the stiffness 
of multivalent metals, that the elastic shear stiffnesses 
are proportional to the square of the electronic charge 
density at the boundaries of the atomic cells. We have 
measured the pressure variation of the single crystal 
elastic constants of sodium and have computed from 
these data the volume de pe ndence of the value of the 
function at the boundaries of the 


electronic wave 


atomic polyhedra 
EXPERIMENT 
High-Pressure System 


desc ribed in 
little further 
elaboration here except for mention of the modifications 


The high-pressure system has been 


detail in a recent article? and needs 


of technique necessitated by the mechanical softness 
and high chemical reactivity of sodium 
The sample mount must be designed such that the 


crystal is not subjected to even moderate nonhydrostatic 


stresses; venting of the near the crystal helps 
* Now at Research abor ry, tional Carbon Company 
Division of Union Car} a, Ohio 
'G. B. Benedek ar Solids 5, 241 
1958 
?K. Fuchs, Proc. R 
444 (1936 
‘WwW. B 


1936); A157 


Daniels ¢ 713 (1958 


volume variation of the value of the wave function of the 


lowest « 


= —(),27 


to ensure that large vis yrces will not be applied 


Phe 


the large 


cou 
to the sample during pressure changes mount 
design problem is further complicated by 
compressibility of sodium because a change of sample 
dimensions must not cause the electrode on the quartz 


transducer to lose contact with the rf input lead. In the 
present experiment these problems were met by resting 
the crystal on a long coil spring of very low stiffness, 
exerted only 
contact to 
0.04-cm 
sodium in a 


Octoil S. 


which maintained electrode ntact but 
Ele 


pushing a 


very small forces on thi trical 
the cry stals proper wa 
diameter wire a short dis 


nto the 
region outside the acoust! previously 
used as the pressure trans unsatisfactory 
for use with a material odium. It 
found that about 
isopentane performed 
kept in the presence 


so be fore ust 


Was 


n 
a id 


a SO 


The high pressure fixed o calibrate 
gn | 


Manganin wire hydrostati gage 


Was 
freezing pressure of mercury at taken to be 


kg cm?* following Bridgmar 


Sample Preparation 


The chemical activity, the mec! and 


soltness 
the low melting temperature of sodium the experi- 
menter to exercise caution | the material, 
particularly in single crysta 
The used wi nck 
Reagent. The exact purity 1 
curve run for the 
the freezing point 
Single crystals 
iong 


£ ver 
LOl 


sodium odt Analytical 
n, but a cooling 


material ga sharp transition at 


were grown 


*P. W. Bridgman, 


Sons, London, 1952 
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A mild steel crucible as shown in Fig. 1 was used. It 
was made in two pieces to facilitate removal of the 
crystals. The entire sample was immersed in mineral 
oil during the growing process, but it was found un 
necessary to keep the entire setup in a 
atmosphere. By heating the top of the crucible and 
cooling the bottom, an initial temperature gradient 
of about 100 centigrade degrees over the 5 inch length 
was set up from bottom to top of the melted sample of 
sodium and the freezing took place from the bottom 
of the melt as the power to the heating coils at the top 


controlled 


of the crucible was reduced. The large contraction of 
the sodium on freezing and cooling to room tempera 
ture made the removal of the grown boule very easy 
There was no tendency of the sodiurn to wet the steel 
through the protective layer of mineral oil. The yield 
was four randomly oriented single crystals obtained in 
six growing attempts. For easy handling of the grown 
boules, a screw eye was threaded into the top of each 
This end of the crystal was later discarded. 

The chemical activity of sodium made it necessary 
to use rather extreme tactics to etch the boule to look 
for grain boundaries. At room temperature, the 
methanol etch followed by a rapid quench in xylene, 
which was successful in the case of lithium,’ could not 
be applied to sodium because the action was far too 
rapid. We finally used as an etchant a mixture of 
roughly half and half commercial diethyl ether and 
methanol cooled to nearly liquid nitrogen temperature 
Increased methanol content in the etchant gave faster 
action, less gave better etch pits. The procedure followed 
was to lower the test tube containing the etchant part 
way into a Dewar of liquid nitrogen, then to lower the 
boule into the mix. This etching process gave brilliant 
crystallographic blaze planes and a very bright metalli: 
luster to the surface of the sample, on which grain 
boundaries were clearly visible. 

Since all these observations had to be made while 
the sample was immersed and at low temperature, 
orientation of the crystals using the blaze plane optical 
boule was 


reflections was not convenient. Once the 


observed to consist of a single crystal, it was oriented 
using 


transmission Laue x-ray photographs of the 


Heating Colix—g@- 


Insulation 
kic. 1 


lor growing 


Crucible 
sodium 
crystals 


Two Piece 
Stee! Crucible 


*H. C. Nash and C. S$ 


(1959) 


Smith, J. P Solids 9, 113 
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crystal with the aid of the set of transmission Laue 
photographs of a body-centered cubic lattice published 
by Majima.* In addition, the high intensity of thermal 
diffuse scattering (TDS) simplified the analysis of the 
transmission Laue photographs of sodium. The blacken- 
ing of the photographic film due to TDS traced out a 
geometrical figure with the same symmetry as that of 
the crystal relative to the x-ray beam. 

lo prepare a specimen for the x-ray photography, 
a shim about a millimeter thick was cut off the boule 
using a string saw methanol-water 
mixture. It was possible to cut through the 0.75-inch 
diameter of the five minutes. While 
somewhat faster cutting can be done by charging the 
saw with pure water, it has been found that the addition 
of about 10 percent of methanol resulted in formation 
of a coating on the cut surface of the sodium which 
proved to be remarkably resistant to further corrosion 


charged with a 


boule in about 


by the air. With a little practice, it was possible to 
make cuts whose surface was flat to about 0.005 inch. 
Che thinness of the x-ray specimen resulted in trans 
mission Laue spots which were quite sharp and easy 
to locate. 

Once the orientation of the crystallographic axes of 
the specimen was known relative to the boule axes, an 
acoustic specimen could be cut from the boule with any 
The advantage of growing large 
diameter single crystal boules is that one can cut 


desired orientation 


reasonably sized oriented acoustic specimens from a 
single crystal boule of any orientation. The acousti 
specimens were all about 2 cm in diameter and ranged 
in length from 0.9 to 3 cm 

We have found that sodium remains relatively un- 
attacked if kept in contact with pure paraffinics, e.g., 
mineral oil, Vaseline and paraffin, which 
have been treated by exposure to freshly cut sodium 


isopentane, 
shavings. For example, holding the sample in the 
string saw mount is done by embedding the bulk of the 
crystal in Vaseline which has proven stiff enough to 
keep it in place for the cutting operation. 

\fter cutting the crystal to proper orientation and 
approximate final size, it was cemented into an alu- 
minum lapping ring’ with pure paraffin. The flattening 
and polishing of the acoustic faces of the specimen were 
carried out using as a lap a piece of fine cotton sheeting 
moistened with methanol and stretched over a piece of 
plate glass. A final polish was imparted to the surface 
using mineral oil soaked cotton sheeting on plate glass. 
These techniques yielded acoustic faces parallel to 
about 0.001 cm in 1.6 cm. Samples which have been 
prepared, then stored long enough for a thin layer of 
oxide to appear on the acoustic faces can be cleaned 
up by stroking the crystal very lightly over mineral 
oil soaked cotton sheeting. 

For the measurements to be made at high pressures, 
the quality of the mechanical bond between the quartz 


Paper Research (Tokyo) 


*M. Majima, Sci 


1927 


s Inst. Phys. Chem 


7, 259 
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transducer and the sample crystal is critical. It must 
be complete ly free from yas bubbles as well as provide 
good ac oustic coupling If any gas bubble Ss are present 


at atmospheric pressure, at high pressure the sodium 


flows into the bubble space with accompanying distor 
crystal 
failed 
left in the 


small 


tion of the Karly attempts, using paraffin as a 


cement, because there were reactive materials 


paraffin to react with the sodium producing 
bond The 


adopted was to maintain the crystal and transducer 


bubbles in the procedure finally 
in a bath of the melted paraffin under a fore pump 
hours at 70°C 
After this time, the tran 


crystal while both were in 


vacuum for several a temperature of 
ducer was positioned on the 
the bath 


removed from the hot perathin bath and a small weight 


Then, both were 


placed on the quartz to hold it in place while the crystal 


cooled and the paraiiin se¢ il froze his treatment 
bonds, 


yielded consistently good bubble free and in 


addition annealed the sodium crystal before measure- 


ment. The paraffin seal will not transmit shear waves 


into stiff materials such as copper, but it apparently 


acoustic impedance of sodium well enough 


bot! nea The 
nted direc tly onto the surface 


matches the 


to transmit r and longitudinal waves 


rl elec trode was then pa 


of the transducer with duPont 4817 silver paint. The 


odium and/or paraffin deforms so easily that the 


quartz transducer does not break in spite of the large 


compressibility difference between quartz and sodium 


Measurements 


For each crystal, appropriate longitudinal and trar 


verse wave velocities, as well as the change the 


velocities with pressure, were measured using the ultra 
soni pulse echo met! od The details of Ler hnique 


for measuring the pressure derivatives are described 
in a recent article.’ It will suffice to say here that the 
change of acoustic wave velocity as a function of pres 
sure was measured as dire: tly as possible, as the pressure 
was cycled up, then down several times. A typical raw 
difference 


a pulse echo of the ( 


data plot is shown in Fig. 2, giving the 


between time of arrival of ’ wave, 


Typical raw data 
showing difference be 
time of arrival of 

echo of the ¢ 


sodium crys 


al 


ne marker 


re gage coil resistar 
ns are showr 


separated slig] { 


l 
\ 
R,- 3140 


H. B 
°7, R 
1950 
‘7. R. Neighbours, F. W 

Phys. 23, 389 (195? 


Huntington, Phys. Rev 
Neighbours and ( 
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and a nearby calibration function of 
the change of the pressure ga il resistan Phe 
pressure range indicated is about 2000 bar 
We are interested in the 


Fig. 2. For the stiff materi: i ilver, 


i curve uch as 
gold. 
magnesiun urvy plotted tor 
differ 


sensibly from a straight ! probab y vecause tl 


aluminum and 


change of transit time ssure did not 


fractional change of volume of 


small over the 10000 bar maximum ssure range 


used. The volume change of very ible materials 


such as sodium is comparative juite large over the 


same pressure range, so t! changes 
slope of such a plot may 
initial slope is difficult Irom the 
data since the paraboli 
In the inter 


tion and consistency 


curve 
expression lata reduc- 
lure trom measurement 


to measurement, the the initial 


I to obtain 


or nearly initial slope of transit time with pressure, 
TABLE I. Analys id co ‘ the v es of the 


constants of sodiun nits are The sample 


elastic 


crystal orientatior 


6.6 lif 
6.607 104 


\verage 
Fuchs Theo 
T =0°K 
Quimby and 
Siegel! 
Bridgman 


Swenson® 


bs om eer te tal 


are restricted to a irge ul I po iken Ovel 


the small pressure ra The procedure 
lo make a 
4 data taken 
he results obtained for 


followed to estimate 
least squares fit to a overin 
in the 0-2000 bar range 
the pressure derivative 
true initial slopes. Th 
5%, in any Cast 


RESULTS 


The room tempt rature values 
constants of sodium 
includes an analysis of 
crystal in the present vork 
sodium found by Quimby 
been extrapolated by us 
bulk modult 
R. E. Schmunk a 
1959 
S. I Quimby ar S 
> P. W. Bridgmar Pr 
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SSURE VARIATION OI 
isothermal measurements of the change of volume of 
sodium with pressure at 273°K and Swenson’s” meas 
urements at 4.2°K."" The agreement of the presently 
found values of the shear constants with the extrapola 
tion of the results obtained by Quimby and Siegel is con 
sidered within the error of the extrapolation. The value 
of B, found by us is less than 1% lower than the value 
we obtain from Bridgman’s data. We do not know thi 
explanation of the very large difference between the 
(Quimby and Siegel value of B, and that found by other 
investigators. The theoretical values of C and C’ due to 
Fuchs’ for 0°K are also presented. 

An analysis of the present measurements 
pressure variation of the adiabatic elastic constants of 
sodium at room temperature is given in Table II, 
together with results obtained from data by Bridgman 
and Swenson.'*:* Note that the result for dCy4/dP is 
based on three crystals of two different orientations, 
[110] and [100] and the result for dC’/dP is based on 


of the 


rase II. Analysis of the pressure derivative data for sodiu 
The quantity (1/7)(d7/dP) is the fractional change of transit 
time of an acoustic pulse echo per unit pressure change. The units 
are 10°" cm? dyne™'. These are the results closest to the origina 
measurements and are presented for comparison ] 


1/T)(dT/dP) dC/dP 
74{ 100 
65} 110} 


65[110] 
69,110 
70,110 } 


C) 0.216[ 110) 
Present B, 

Bridgman” 

Swenson 


a( 


. dBr 


=pt ~ 
aP derived fro lilatometric 
From dilatometric dat 


data 


a taken at 4.2 . 


three [110] crystals of different lengths. The measur 
ments of dB,/dP are derived from four runs made on a 
single [110] crystal. More extensive measurements 
of dB/dP were not made at this time because it is 
intended to repeat all measurements of the pressure 


variation of the elastic constants of sodium at severa 


temperatures below 300°K in order to estimate the 
error in assuming the results to apply at 0°K. It should 

“The dilatometric data by Bridgman and Swenson” aré 
AV /V, vs pressure. We found the compressibility and its pressur: 
derivative at zero pressure by plotting (1/P)(AV/V>) from their 
data and drawing a smooth curve through to points thus obtained 
rhe intercept of this curve on the P=O ordinate is the initial 
compressibility, xr=(1/V)(dV/dP)r and the initial 
derivative of the compressibility may be found using the relation 
dBr/dP =2az/a;?—1 where az is the initial slope and a, the ir 
tercept of the curve. Then using the relation 


B,=Br(i+TVPBr/Cp 
we have computed a value of B, from the Bridgman data. At 
temperatures as low as 4.2°K, the difference between B, and B 
is negligible 


pressure 


I 
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be mentioned here that the nature of the ultrasoni 
pulse echo method is such that the variation of the 
shear constants is measured directly; i.e., each is inde- 
pendent of measurements made on the other, while in 
general, determination of the variation of B, involves 
use of measurements of the variation of both Cy, and C’ 
as well as the longitudinal data.’ 

Room temperature for all of these measurements is 
299°K+1°K 


INTERPRETATION OF RESULTS 


rhe elastic constants of a crystal can be expressed 
as the second derivatives of the crystal binding energy 
with respect to the appropriate strain. The conventional 
model'® on which elastic constant calculations are based 
considers that the only important contributions to the 
elastic constants arise from (1) a long range Coulomb 
interaction between the charged particles making up 
Fermi energy, and (3) a short 
shell 


the 


range 


crystal, (2) the 


repulsive interaction between closed ion 
cores. 

The pressure variation of 
copper, silver and gold,’ ind of aluminum and mag- 


nesium" have been interpreted in these terms. In the 


the elastic constants of 


series of monovalent noble metals copper, silver and 
gold, the ion core term (3) predominates, while in the 
metals aluminum magnesium, the 
Fermi term (2) represents an important contribution to 
both the shear elastic constants and the bulk moduli, as 
well as to their pressure derivatives 

In the case of the alkali metals on the other hand, 
so widely spaced relative to their 
the contribution their interaction makes 


polyvalent and 


ion cores afre 


the 
diameters that 
to the elastic constants may be neglected. Also, the 
alkali metals are monovalent; one expects the Fermi 
surface to be nearly sphe rical, to lie entirely inside the 
first Brillouin zone, and to remain unchanged by elastic 
distortions which do not change the volume of the 
crystal. Thus one can neglect the contribution (2) to the 
elastic shear of this series of metals. The 
Fermi energy will, of course, contribute to the bulk 
moduli of these materials, and is in fact the major con 
This leaves only the contribution (1) due 


constants 


tributor to it 
to the long range Coulombic interactions to account for 
the values of the elastic shear constants of the alkali 
me tals 

Fuchs? has calculated the Coulomb contribution to 
shear stiffnesses of the alkali metals of 0°K 
on the basis of a model consisting of a lattice of positive 
imbedded in a uniform sea 
16 


the elasti 
atom sites, 
of electroni Since a number of investigators 
have shown that the electronic wave function is constant 
over most of the volume of the alkali metal crystals, 


point charges at 


charge 
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one expects this model to produce reasonable result 


The results obtained 
Coulomb contribution to the 


hear elasti 
by Fuchs for the 
stiffnesses of 
valence electron per atom art 


for their constants 
shear 
with on 


body centered cubt metals 


Ke Q' 


where ¢ is the electronic charge, 2 is the atomic volume 
and K and K’ are consta! In Fuchs 
presents a take 
charge 
of an atomic polyhedron, from 


addition, 

above results to 
difference of the 
density at the surface 


modification to ( 
into account the electron 
the value e/2 which would obtain if the electron charge 
were distributed uniformly over the volume 2 of the 
cell. The modification to C and C’ consists of adding a 
multiplicative factor Z*, where Z represents the ratio 
of the actual charge density at the cell boundary to the 
value e/22, yielding : 


PRE! LR’ e/D 


If one represents the val electronic wave function 


in the crystal by 


/ 


vol?) = Le 


()) 


expik -?, 


where yp is the wave function of the lowest electronic 
state, normalized over the volume of the atomic poly 


hedron, Z is given by: Z= po(? 


tion vector of any point on the cell boundary. If one 


> where #, is the posi- 
examines the wave function in the approximation that 
the atomic polyhedron has been replaced by a sphere 
done by Wigner and 
ssion for Z 
radius of the ‘S”’ 
That 1s, q2 


volume, i I been 
Seitz and others, tl 
bo uo(? 
with volume 2 
C’ the 


of equal 
expre becomes 
where 7 sphere 
This yields for C and 


results 
‘Ke 


alkali 


bee n 


Measurements of the elastic constants of the 


metals lithium,® sodium," and potassium’? have 


made over a range of temperatures. Results of these 


snown in 


ot ¢ 


measurements are where the 


and C”’ are plotted as a’C/ée 


re fe rence 5 P 
experime ntal value 


and a‘C’e® versus temperature in order to compare 


theoretical result 
O°K ordinate. a is the 


l roportional to 2 


them with the corresponding Fuch 


which is indicated on 1 1 


tice parameter and Bender's 


measurements on pota were made only at 78°K 


and are marked by triangles. It may be 


seen that the 
at O°K is not perte . but that it predicts the 


which is observed in these 
for the shear 
are discussed in greater detail 
| 


to extend the 


agreement 
large anisotropy ratio C,¢ 


materials. The results elastic constants 


in reference (5 


It is possibl theoretical results for the 


shear constants of the alkali metals to obtain a pred 


tion of their pressure (or better, volume) variation 


Bender n. Pt 4 


DANIELS 


Using the unmodified « 


4 i 


An experimentally determined valu 
d\InQ and d In¢ found 
sponding pressure derivatives, using the relation d InG 
d \InQ -Br(dG/dP) where G may be any quantity 
This with values of dé 1P from Table il 
yields the d InQ 

—2.4, which are nearly a factor of two larger than 
the prediction. Possibly the 
tion to be mad 
indication 


of each of d Int 


d\in@ can be from the corre 


results: dl t In 4, d inf 


most re mark ible observa 


about these ¢ xperime ntal results is the 
give that the ela 


ot the 


they anisotropy 
essentially independent 
crystal (at 299°K at least 


the practical sense any interaction between neighboring 


compression ol the 
This observation rules out in 
ion cores of the crystal because the nearest neighbor ion core 


interactions in a low density bcc metal would be expected 
to increase C and decrease C’ from their respective values 
without ton core interaction, 


as the pressure was applied, 
The indication is then that the ele 


h rapidly increasing effect 
ntrary to the observations 
tronic charge density 


at the boundary of the atomic polyhedron is changing 
with volume faster than 1/2, 
as defined earlier is increased as 2 is decreased. 


d |InC/d |nQ 


or in other words, Moll. 
Using 
and 


the equations (3) together 


d \nC’/d \nQ, we obtain the re 
d \n¢ 

4 
d InQ. | 9 


where Qp is the equilil 


Whe mee 


volume 


The work of g 
indicates values of [d Inu 12 ja=2 at 7 
0.08 and 


various ner ( In stigations*” 


O°K 
which lie between 

Interpretation oO { ressure variation of the 
hmunk and 
Smith, required an assumption tha electrostatl 


elastic constants of 


contribution to the I é int varied as 


r~* instead of r 


Bulk Modulus 


We con 
pretation of the 
variation 
constants appropriat 
volume change is, in general, more diff t and 


er now the 
\ ilue 
with volume nterpretation of t elasti 
involve a 
more 
susceptible to error thar int preting hear elastk 
nce some of the 


ot the 


constants and their volume variation. S 
contributions to the cohesive energy crystal may 
‘8H. Brooks, Phys. Rev } 1958). 9] 
’% E. Wigner and F. Seit I Rev. 43, 804 

1934) 
* J. Bardeer 


1028 (1953 


1933) 46. 1002 


J. Chen 





PRESSURE VARI rION OF 
be considered to depend on volume only, they give no 
contribution to the pure shear elastic constants 
Bardeen” and others’®”!* have deduced pressurs 
volume relations for the alkali metals and compared 
the results with experimental p-V relations. Bardeen 
used Bridgman’s” values of AV/Vo vs pressure for the 
alkali metals, making an extrapolation to 0°K of meas 
urements made at 293°K. Since that time, compression 
measurements on the alkali metals have been made by 
Swenson" at 4.2°K, and measurements on single crystals 
of sodium by the present author give values of the 
adiabatic bulk modulus and its pressure variation at 
room temperature more directly. The question arises 
then, which data to use in this interpretation. 
Comparison of the results derived from Bridgman’s 
compression data for sodium taken at 293°K and from 
Swenson’s data taken at 4.2°K and shown in Tables I 
and II indicates that the initial bulk modulus increases 
about 15% in going from 293° to 4.2°, but that the 
initial values of dB/dP are essentially the same for the 
two temperatures. The low-temperature value of com 
pressibility of sodium calculated from Swenson’s data 
is about 15% above the 0°K value computed by 
Bardeen by theoretical extrapolation from the high 
temperature Bridgman data and displayed in Bardeen’s 
Fig. 2.% Examination of the results obtained by 


Quimby and Siegel" for the adiabatic bulk modulus of 
sodium obtained over the range 80 to 210°K indicates 


an expected change of about 18% in going from 293°K 


to 4°K. However, their absolute values of B, are out of 
line with those found by other investigators as shown 
in Table II. 

We have chosen to apply the initial value of B; 
derived from Swenson’s low temperature data and our 
own value of dB,/dP measured at room temperature on 
single crystals. 

The bulk modulus B and its variation with volume 
dB/d\nQ® may be written in terms of the cohesive 
energy per atom as follows: 


OM 2 =120, 
dB ie rk 
Qo +3 
d |InQ ar 


om 

The cohesive ene rgy per atom may be written as the 
sum of the energy of the lowest electronic state plus the 
Fermi energy, i.e., E-=Eo+ Er 
Frohlich” and Bardeen,” we take as an approximate 
expression for Ey applicable to atomic volumes near the 
equilibrium volume ; 


average Following 


* H. Frohlich, Proc. Roy. So 
= T.S. Kuhn and J 
P. W. Bridgman, 


London) A158, 97 (1937 
H. Van Vleck, Phys. Rev. 79, 382 
Proc. Am. Acad. Arts Sci. 72, 207 


1950 
1938 


‘Das erG 4 
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and for Er we take the expression Er= B/(Q Q)!. 
These expressions are only approximate in that they 
assume (1) that the values of the wave function near 
the boundaries of the atomic polyhedra do not differ 
appreciably from the free electron value, and (2) that 
the average effective mass of the electrons does not 
depend on the atomic volume for values near the equilib- 
The results given in this paper in the 
section concerned with volume variation of the shear 
constants already indicates failure of these 
assumptions. Let us proceed with the approximate ex- 
pressions, however, using experimental data to evaluate 
the constants A, B, and C, then to examine directly the 
effects of the failures of the assumptions by comparison 
of A, B, and C with the theoretically expected values. 
lhe experimental data used are 


rium volume 


elastic 


1. The sum of the atomic heat of sublimation and the 
ionization potential. 

2. The lattice parameter 

3. The bulk modulus. 


All are to be taken at O°K and evaluated at P=0. In 
order, these three conditions yield the following equa- 
1, B, and C of the 


tions in terms of the constants 


equation of state, 


10.04 10 A+B—C, 
—~3A—2B+C, 


18A +10B—4C. 


2 erg atom 
0 erg atom 
24.66 10~" erg atom 
Simultaneous solution of these yields 


i= 2.2910 ' 
B= 54610 


C=17.79X10 


‘erg atom 


2 erg atom™', 
* erg atom™’. 


The value of 


predicted by these equations and called the “empirical”’ 
value is given by: 


dB 
.) 4A 
dinQ e 


-$.73K10-" erg atom™. 


lable III contains these values, and for comparison, a 
theoretical value for B from the free electron equation 
for the Fermi energy with m*=m, and a theoretical 
value for ¢ energy of a 

form sphere with volume { of one electronic charge 


equalling the electrostatic 


surrounding a positive ion, omitting the electrostatic 
self energy of the electron.’ 
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BOS SS Perea mH) tae Sy equation of state 
equation of state of sodium* 


given in Table ITI. 
B (empirical) and B (theoretical not agree 
especially well, at least in part due to the structure of 


Atomic volume Q 

Ionization potentia 

Heat of sublimatio the equations, a small error in the bulk modulus results 
/ 

QB 

1 (empirical y 

B (empirical surprisingly near the experimenta ilue. One would 

B (theoretical ¢ 

( empirical 

( theoretic a garding the Frohlich-Bardeer juation of state to have 


} 


in large errors in B. The values of C(emp) and C(theo 


agree quite well, the empirical value of QdB/d |InQ is 
have expected the breakdown of the assumptions re 


dB i : yielded an empirical value apprecial 
(ld B/d Ink . : 
experimental valu 
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mperature ferroelectric LiH;(SeO has b 

refined on the IBM 704. The crystals are 

5.43, A, 8=105.2°. Fairly strong O—H 

found, nearly perpendicular to the polar direction 
ions are rather similar; in the other ion these angles are 


positions tor the Li ions are given based on crysta her 


I. INTRODUCTION of the absolute configurat po ai, Ni 
gear wracae TRICITY is observed in lithium permitted assignment of a polarizat ind swi ig 


trihydrogen selenite, LiH,(SeO;)2, over the tem- mechanism for that ferroelect 
perature range trom 196°C to 90% Che spontaneous The x-ray analysis reported | first n the 


} f 


polarization is the rgest vet observed in a water development of similar understandit t the polariza 
soluble crystal: 15 wcoul/cm?. The coercive field, 1400 tion and switching mechani 1 LiH;(SeO No 


volts/cm, is disadvantageously high when compared to attempt has been made in this study to locate hydrogen 


that of (glycine),- HoSO,: 220 volts/cm atoms, which would be lifficult if not impossible 

A recent structure analysis of (glycine H.SO,, in the presence of the heavy niur tom. A neutron 
utilizing both x-ray nd neutron’ diffraction and the analysis at the Brookhaven react nd an anomalous 
x-ray anomalous dispersion method®~? for establishment dispersion udy imilar t if omplished for 


a ’ 
* This analysis has been supported by contracts with the Air ade H2SO,, at 
lorce Othce of Scientific Research, Air Research and Development 
Command and with the U. S. Atomic Energy Commission 

'R. Pepinsky and K. Vedam, Phys. Rev. 114, 1217 (1959 : , , 
-B. T. Matthias, C. E. Miller. and J. P. Remeika. Phys. } The crystals of LiH;(SeO ser ) the present x-ray 
104, 849 (1956 study were grown from jueOI ution of lithium 
S. Hoshino, Y. Oka and R ‘ ; Rev 3 ‘ 

1959 ° . 

*S. Hoshino, Mitsui I d R pinsk to | stoichiometric ratios. T] 


Il. EXPERIMENTAL 


hydroxide or lithium carbor 


published system, with spa 
Unterleitner, Y. ¢ ‘ k t ili , : 
*R. Pepinsky and Kaya, Pr , uc) 7R. Pepinsky 

286 (1956 17. 145 (1956 
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a 6.25% A. b= 7.88, A. ¢ = 5.43. A. 105.2 There 
are two chemical units per cell. 

Three-dimensional intensity data were obtained from 
equi-inclination Weissenberg photographs using CuKa 
radiation and the multiple-film technique (6 sheets of 
Ilford Industrial, Type G, lhe 
were rotated around the , around the 
b axis (k=0 to 6 


376 


film) 
Oto 5 


x-ray crystals 


a axis (h 
and around the 


none quiv alent 


axis (/=0). In a 

recorded Phe 
intensities were visually estimated by comparison wit! 
a standard scale, and were corrected for Lorentz and 
polarization fac tors Although the radii of the « ylindric a 
specimens were very small (radius less than 0.04 mm 
and yu absorption factor less than 0.73 absorption 
corrections were computed with the IBM 704 machin« 
the Vand and 
reflections intensities 


reflections were 


using program of Pepinsky.* Some 
affected by 


extinction. Corrections for secondary extinction were 


with strong were 


made in the refinement stage through comparison with 


calculated structure factors, in a manner described 


below 


Pasie I. LiH 
tandard deviations ¢ actior 


factors B (in A 


set) 


ites ol t um 
s of cell edges 


\ton ala aly 
Ser 0.233 
Ser 0.266 
a) 0.210 
oO 0.314 
Oo 0.305 
oO, 0.191 
0 0.485 

0.021 


0.001 
0.001 
0.005 
0.004 
0.006 
0.006 
0.005 
0.006 


0.000 
0.000 
0.003 
0.003 
0.004 
0.004 
0.003 
0.004 


0.394 
0.901 
0.229 
0.725 
0.268 
0.807 
0.466 
0.993 


0.088 
0.413 
0.863 
0.599 
0.353 
0.130 
0.061 
0.418 


0.001 
0.001 
0.005 
0.004 
0.006 
0.006 
0.095 
0.006 


Ill. STRUCTURE DETERMINATION 


With two molecules in the space group Pn, coor 
dinates of all the chemical unit had to be 
(ORO) reflections with 


were very weak, and because the polar direction can 
be 


atoms in 
determined. Since the odd 
reversed electrically, the structure cannot differ 
greatly from that in the centrosymmetric space group 
P2,/n, which has four-fold general 
contribution of the 


positions Phe 
lithium and the hydrogen is negli 
gible compared to the oxygens and selenium. Therefore 
n the first stage of the analysis only one SeO; group 
was treated as an asymmetric unit for the space group 
P2\/n 

Phe heavy-atom method was followed 
Projections of the Patterson function along the a and 6 
axiS Were ¢ omputed on X-RAC, and the coordinates of 
selenium 


conventiona 


atoms in the approximate space group P2,/ 1 
were determined as (0.23, 0.15, 0.09 

signs of the selenium contribution 
the a, b, 
electron-de nsity 


omputed on X-RA(C to 


Assigning the 


observed structure factors, and « 
pr yiections ol the 


function 
determine approx 


} 


| R. Pepinsk 


RROEI 


1. LiH 


Se) projection along the b axis 


oordinates for the After several iterated 


structure factor and electron density calculations on 
S-FAC and X-RAC, the 
properly. 


At this stage the 


OXVECNS 
structure appeared to converge 


devi of the structure from the 


illol 


centrosymmetric space group became apparent, evi 


unreasonable the 
Accordingly, the 
provisional two-fold screw-axis symmetry was removed 
and the group Pn 


denced by elongation of electron 


density of some of the oxygens 


noncentrosymmetric space was 


adopted for further analysis 


All the atomic coordinates except those for the 


lithium and the hydrogen atoms, as obtained by the 
procedure de S( ribed above. 


were subjected to least 
squares refinement of the three-dimensional data, using 
the automatic Program PS XR3 of Vand 
IBM 704. In the course of these 
was found that several reflections with 
strong intensities were affected considerably by extin« 
tion. The F va 


reiinement 
ind Pepinsky® on the 
refinements it 


ies tor these 


were correcte d for 


b -<—-—_—_— 


projection along the c axis 


111, 46 (1958 





VEDAM, 


f oneal j- ae 
= Oss*; rod \ 


290+ .06 j 


\\ 


oO - | oy 


“0; 2.862.07 ssrcar§ 


{ 


usual formula 


LPF) 


secondary extinction with the 


Fay g I 


exp 


symbols have the usual meanings), with g=0.65 


x10 After six cycles the disagreement factor 


Ss 
R 
dropped to 0.127 for t ree-dimensional data 
The 


le mp rature 


es and 
lable I. The 
coordinates have 
ula by Cruickshank” and are 
he electron density projection 


final set coordinat isotropic 
tact 


deviations of 


standard 
bee n 


given in 
the atom 
estimated using the forn 
Table [.'% 
along the 6 and ¢ axes, using the final set of the phases 
of the 1 and 2, 
with a 


also listed in 


structure factors, are shown in Figs. 


Here all the 


prime are related to the corresponding unprimed atoms 


respectively. atoms designated 


by the operation of the 


No attempt has been madi 


Ls glide 
to locate lithium ions in 


oordination considera 
0.075, 0.23 


the structure. From pac king and ¢ 


tions, a probable position at 0.65, can be 


assigned. The problem of ‘tain establishment of Li 
” D. W. J. Cruickshar ta Cryst. 2, 65 

A table listing the \ ’ calculated 
deposited as cumen No. 6242 with the 
Publications Pr plication Ser 


Washington 25 ( may be 


Docume 


1949 

structure factors 
ADI 
Librar 

secured | 

$2.50 | 


has been 


Auxiliary 


vice, 
Congress 
citing the 

photoprints or $1.75 for 
1S required Make 
Photoduplication Service 


checks 


OKAYA, 


. 3 
— 


b-xa-O- 


0 
2,522.07 ‘ LiH,(SeO pro 


structure 


2.882,07 


positions will not be solved ¢ cture until 


the neutron Phe 
scattering cross section to nium i atural 


analysis is a neutron 
isotopi 


ratio is small and negat The 
negative phase will be 
isotope (f=0.7K10 


resort will be had to tl 
IV. DISCUSSION OF THE STRUCTURE 
The of LiH 


ions joined together by a systen 


structure SeO s comprised of SeO 


of O  hvdrogen 
various 


()—) 


positive ithiun Ol I l 3 
nort 


bonds, and 
hydrogen bonds, 
separations, art 
indicate 

distances greater 
figure. Table II 
standard deviations 


proposed 
ics, dashed 
lines Interatomi 
gives 
and 
proposed h iydros ren bonds 
It is 


seen that tl 


Paste Il. LiH 
standard deviat 
to atoms in a neighb 


1ons 


Distances in A 


Ox 2.57+0.07 


? 56+0.08 





» A 
< 


7 74204 : 
02 F 265 


(0,79t,04 


¢ 
72204 Nios 
3 


NoHs' SeOz}o 


STANDARD DEVIATION OF 4 


AFTER UNTERLE 


hic. 4. Size and shape of selenite 
ions. Distances from selenium to 
plane of three oxygens shown in 


parentheses. 


Qe 


2,594.07 
97° 
Se 
» 
“ 


oF — as 


Ba* 


(SeOz)y 


> 


A 


(STANDARD DEV 


fairly strong, and, furthermore, they are nearly parallel 
to the « plane, the perpendicular to which is the polar 
direction. The presence of strong O—H---O bonds 
perpendicular to the polar direction is also observed 
in the structures of potassium 
phate!" and (glycine);- H2SO,. 
The two selenite ions are pyramidal, as expected, 


dihydrogen phos 


and their shape and size are shown in Fig. 4. Similar 
data found in the structure of NaH;(SeO;)."° and 


H,SeO; '* are shown for comparison. The two (SeO,); 


' J. West, Z. Krist. 74, 306 (1930). 

2B. C. Frazer and R. Pepinsky, Acta Cryst. 6, 10 (1953) 

3S. W. Peterson, H. A. Levy, and S. H. Simonsen, J. Chen 
Phys. 21, 2084 (1953 

4G. E. Bacon and 
A220, 397 (1953) 

'S Unterleitner, Y. Okaya, and R. Pepinsky 

‘© A. F. Wells and M. Bailey, J. Chem. Soc 


S dor 


R Pease, Proc. Roy. So Lor 


to be publishe« 
1282 (1949 


TNER 


=“, 96° 


4 


, 
72205 S 
to. 


oO 


255 


(0.64) 
H>SeO3 


(NO S 


TANDARD DEVIATIONS AVAIL ABLE) 


(AFTER WELLS ANDO BAILEY) 


Q)oe 
2.54 206 
| \70 


98° 


-t,04 


2,802.07 
10° 


™ 
Po, 


¥ 
4 r 


1,66 2,05 std L7I 
2,572.07 


4 CF 


0, 
~~ 

(0,762.05) 
(SeOs)q 


ES TANDARD DEVIATION OF ANGLES «£6°) 


and (SeOs)iy 
equal O— Sc 


are dissimilar. (SeO,); has three fairly 
in (SeOs)r the inequality of 
these angles is clearly seen. In this respect (SeOs)11 is 
similar to the SeO; ion in H.SeQO,."* 


Distances between the selenium atom and the plane 


© angles: 


of these oxygen atoms are also shown in Fig. 4. They 
are all 0.80 A within +0.04 A 
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Paramagnetic resonance absorbtion experiments have been carried out m CdTe ar 
) 


ing manganese. In CdTe, the lines are found to be very broad at 300°K. At 4 K. li 

to measure parameters with the result g=2.010, A =0.0055 cm™', and 34=0.0084 cm 
zero-field splitting. The superhyperfine splitting is the same as for CdS with component 

giving Acy=2.6X10-*cm™. In CdS an interaction with conduction electrons is four } 
lines at 300°K. At low temperatures an anomalous spectrum is found in CdS with D=0.0295 


I. INTRODUCTION known to be 110 plan } A ilso confirmed by 


O date, extensive studies have been made on the the angular dependence of | In-resonance spectrum. 
of The c axis of the CdS crystals w ocated by polarized 


paramagneth resonance manganese in a 


variety of Ay;By; compounds. Van Wieringen' and light; the final adjustm« wever, were made by 


Matsumura? have surveyed the prop rties of a number orienting the s: n ui vil ) tating the 


of polycrystalline samples of such compounds. A start ™agnetic field until the maxi <= tae oe 


in the detailed study of these materials was made by "S0Hance spectrum was obta le resistivity of the 


Matarrese and Kikuchi,* who investigated the spin CdTe crystals was high enough so as not to load the 
resonance propertie ol a singl of crystal of cub cavity. For Cds, the SISUVITY V . a wide range, 


ZnS: Mn. Later Keller, Gelles, and Smith* reported the and some cry ils having ISUVIty ow as 5 ohm cm 
results of their measurements on Mn** in hexagonal ‘“€T used 
ZnS, and recent . Walsh® has investigated the effect of 
pressure on the cubic field splitting of Mn** in cubic 


ZnS. Other materials that have been investigated in A. CdTe:Mn 


some detail are MgO, by Low® and CdS by Dorain.’ 


III. EXPERIMENTAL RESULTS 


The striking charact 


The purpose of this paper 1s to pre sent some of the , 
the temperature-depen 


] 
results for Mn** in cubic CdTe and some further ob ; ? 
servations on ( dS Mn a ri id splitting w tn | 1Un # ! , and 
3) superhyperfine structure compa t at of 

Il. EXPERIMENTAL METHOD CdS: Mn. Figure 1 shows the spectra at room and liquid 

78, and 4.2°K were carried a oe 
out in an X-band (9400 Mc/sec) magnetic resonance 


Che measurements at 300, : " 
wide as to obliterate any fine structu At 


= lines narrow and structu ic] hown in Fig. 1 
spectrometer using a iavite cavity with 5-ke sec mag 

' produced Che sharp line tween the third and the 
fourth hfs is due to hydrazyl. Its position indicates that 
Ag(CdTe: Mn) =0.0065. TI the spectrum 
at an angle of 0 tween cubic axis and magnetic field 


at liquid helium temperature 1 how! Fig. 2. At 


netic field modulation, us described elsewhere.* The CdS 
single crystals grown from the vapor phase were pre 
sented to us by Professor S. Cyzak of The University 
of Detroit. The CdTe single crystals containing about 
0.01% Mn** were grown for us by Professor D. Mason 
of the Chemical and Metallurgical Engineering Depart 
ment of the University of Michigan. The CdTe crystals 


were oriented by mea f the « i 5, which are 
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4.2°K, the principal lines (M=4) exhibit the super 
hyperfine structure, as indicated in Fig. 3. This structure 
was not found in other fine structure components. The 
separation between superhyperfine components is 1.4 
gauss. 


B. CdS:Mn 


Room-temperature measurements on insulating CdS 
had been made by Dorain.? We made measurements on 
insulating crystals and obtained similar results. Our 
value of superhyperfine spacing is 1.4 gauss, however. 
Especially it was seen that the superhyperfine structure 
was easily resolved at 300°K. When crystals with low 
resistivity were used, it was seen that one could not 
resolve the superhyperfine structure. It was necessary 
to cool such crystals before the superhyperfine structure 
was resolvable. 




















Fic. 2. Absorption observed in CdTe at 4.2°K. The lines noted 
are assigned as follows (a) m= —§, M=—3 — —4; (b) m= —4, 
M =} — §; (c)m=—}j, M=—4— —4; (d)m=—-§, M=-}3-—} 
lhe line (c) thus belongs to a different hyperfine group. 


This situation is illustrated in Fig. 4, which shows 
the increasing resolution of superhyperfine structure of 
a low resistivity crystal as the temperature is lowered. 
One finally sees well-resolved lines at 4.2°K, comparable 
to the resolution obtained at 300°K for insulating 
crystals. 

At 300°K, the low resistivity crystal has a resistivity 
of 5 ohm cm. This indicates a conduction electron con- 
centration of 10'’/cm* using a mobility of 200 cm?/sec 
volt. At 4.2°K the resistivity increased by a factor of 
about 10. Assuming a tenfold increase in mobility, this 
indicates the conduction electron concentration dropped 
to 10'*/cm*. The source of electrons is not known. The 
donor concentration is high enough so that the CdS is 
almost degenerate. Normally, n-type CdS is highly 
resistive at 4.2°K for donors which have been studied. 

An interesting aspect of these low resistivity CdS 
crystals was noted at 4.2°K. It appears that an entirely 


new Mn** spectra is also present, as seen in Fig. 5 


RESONANCI 


OF CdTe:Mn AND 


J" 


Fic. 3. Superhyperfine structure in CdTe at 4.2°K. Only on 
M= _ » 4 transitions was this structure observable. 


CdSb:Mn 


This new spectra is weaker than the main spectra by a 
factor of 50. It consists of 5 groups of lines. These 
groups have a maximum separation when the c azis is 
parallel to the magnetic field. The angular variation is 
such that it appears that the main feature is the term 
described by DS, in the Hamiltonian where the D here 
is much larger than the D term in the spectra described 
by Dorain. In the normal spectra D is 0.00082 cm~. 
Here we have a D of 0.0295 cm™. 


IV. DISCUSSION 
A. CdTe:Mn 


The theoretical expressions needed for the evaluation 
of the cubic field coefficient, a, can be readily deduced 


a(t 300°K) 


©77°R) 


1. 4 gouss 


c(T:4.2°) 





Fic. 4. Absorbtion at various temperatures in a low resistivity 
CdS crystal for an M = —4 — $ transition. The structure is not 
observable at all at 300°K (curve a). In insulating crystals the 
structure is completely resolved at 300°K. 





1258 LAMBI 


- "i r Wiis —y 


6 rm 
= 


AN 


q 2546 gee88 ———_—_——________4j 
| 


Fic. 5. Anomalous spectra observed in conducting CdS Mn 
crystals at 4.2°K. The central strong group is the usual spectra 
associated with CdS: Mn and is 50 times as strong as the anoma 
lous spectra 


from the spin Hamiltonian 
H = g8S-H+ AI-S+ (a/15)[ T+ (5/14)'(TutT+«)] 


in which the 7,,,’s are functions of the spin operator 


transforming like the harmonics Vim. 


Specific ally, 


T'% 


spherical 


bf 35.S8,4—30S(S+-1)S 


+2 


2 


55 2—6S5(S+1)+6S7(S+1)? ], 
and 

T s44= ((70)'/16 1S‘. 
The cubic field coefficient a is defined so that 3a is 
the separation of the doublet and the quartet states, 
into which a cubic crystalline electric field will split the 
ground state of *S;: Perturbation calculations give for 
the separation, AH, of the fine structure satellites from 
the principal component (M = 4)? 
5° 3 
- + . 
2 16g8H g8H 


a’ A*m 


M e3\H 


2A*m 
gBAH 2a 


eSH ” 


2A*m 
eBAH 


gBH 


a’ Am 


Ml eBAH a 


2 16¢8H 8H 


The above results apply when the magnetic field is along 
the crystal 4-fold axis. As in ZnS:Mn, the two fine 
structure components tend to merge on the high field 


side, indicating that A and a@ have opposite signs. 


rasce I. The properties of Mn** in CaF, MgO, ZnS and CdTe 


Coordi 


Material A(cm™ 3a(cm™ nation Reference 


0.00978 
0.008 10 
0.00638 
0.0055 


Cak. 
MgO 
ZnS 

Cd I e 


0.00019 8 10 
0.00558 6 6 
0.00233 4 3 
0.0084 4 rhis paper 


* Adopting the notation by Matarrese and Kikuchi (reference 
3), the fine structure components will be indicated by their upper 
electron spin magnetic quantum number 


( KIKUCHI 
According to Watanabe,"’ a should be positive. Assign- 
ing then, m to the low and high field hfs 
components, respectively, a pattern, as shown in Fig. 6 
is obtained. The 
because their contributions to 
the order of a 
of the calculated and the experimental 
a/A=—0.51 a/ gp 
This large value of a is Table I gives a 
summary of the properties of Mn** in CaF2, MgO, 
ZnS, and CdTe, which are all cubic. If it is assumed that 
the crystalline electric potential arise from point charges 
of magnitude Z on the nearest neighbors, the quantity 
R®(Dq)/Z for structures having coordination 4, 6, and 
8, respectively, are in the ratio (—1):(9/4):(—2). Ris 
the nearest neighbor distance. The crystal parameters 
dy and the R-X distances are as indicated in Table IT. 
As pointed out by Baker, Bleaney, and Hayes," the 
ionic assumption and the known anion-cation distances 
in CaF. and MgO lead to a ratio of the cubic field 


-$ and 


in a? have been neglected 
the 


terms 
separations are of 
Comparison 
results gives 


few tenths of a gauss. 


Since A/g8=59 gaus 3G gauss. 


urprising 








2 @A" 


Fic. 6. Plot of predicted spectra and assignments for the case 
of A negative and a positive. The spacing are given by the equiva 
lent values of A and a in gauss. Ff‘ Te, A — 59 gauss and 
a — 30 gauss 


r ( 


splittings in reasonable agreement. However, they also 
note that there is a sharp disagreement between CaF, 
and ZnS, for which the a’s should be equal according to 
the model. The discrepancy is even more 
pronounced for CdTe; the calculated ratio of a 
(ZnS): a(CdTe) is 2.3. The measured ratio is 0.28. In 
addition, as first pointed out by Watkins,” Ag is posi- 
tive in contradiction to Watanabe’s theory. 

It should perhaps be noted that in Watanabe’s theory 
the energy band structure of the diluent matrix is not 
taken into account. The atomic excited levels of Mn** 
that lead to the cubic field splitting and the g shift are 
about 3.3 to 5.4 ev above the °S; ground state. If the 
band gap is large, such as is the case for MgO and CaF, 
(about 7 and 10 ev, respectively), it is possible that the 
ionic theory is applicable. On the other hand, if the 


ion 
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Proc. Roy. Sox 
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PARAMAGNETIC 
gap is small, such as with ZnS and CdTe having about 
4 and 1 ev, respectively, the applicability of the ionic 
theory becomes somewhat doubtful. However, a careful 
theoretical analysis is necessary before any definite 
comments can be made. On the experimental side, a 
systematic study of materials such as ZnTe is needed. 

It is of interest to note the very short spin-lattice 
relaxation time at 300°K for CdTe:Mn compared to 
ZnS or insulating CdS. It should be noted that the CdTe 
used here was highly resistive so that this effect was 
not due to a temperature dependent, conduction elec- 
tron scattering effect. It appears that the strong crystal 
coupling manifests itself in the spin lattice relaxa- 
tion time. One can estimate the values of 7; at 300°K 
and 77°K from linewidth. The value of 7; at 4.2°K was 
estimated to be of the order of 10 milliseconds from 
saturation behavior. These values are summarized in 
Table III. 

Another significant result is the large superhyperfine 
structure comparable to that of CdS: Mn. If the super- 
hyperfine structure interaction is assumed isotropic, as 
indicated by the experimental results, the 
second nearest cadmiums are all equivalent, in contrast 
of CdS. The terms in the Hamiltonian con 


twelve 


to those 


TaBLe II. Crystal parameters ay and the K-X 
distances for the crystals used 


Crystal ao(A) R-X (A) 
5.451 
4.203 
5.412 
6.41 


CaF; 
MgO 
ZnS 

CdTe 


2.36 
2.10 
2.36 
2.78 


tributing to the superhyperfine structure are given by 


12 
yt. = } te AS. I... 
1 


However, all sites are not equivalent in nuclear sur- 
roundings because the odd isotopes Cd™ and Cd" con- 
stitute only 25% of cadmium, the other isotopes having 
zero spin. Since g(Cd""')=g(Cd"*), the probability of 
occupation of a cadmium site by an odd isotope is } and 
the absorption lines occur at 


E=Acam; 0, +3, +1, ---+11/2, +6, 


with relative intensities 


11 or 12 w{ 2m’) (2m’)! 


pm ; “ siiniiamemind 


I(m)= a; 
mim 2?” (m’+m)!(m'—m)! 


RESONANCE 


OF CdTe:Mn AND CdSb:Mn 


ras_e III. Estimated value of 7, for CdTe: Mn 
at various temperatures 


T (sec) 


10-* 
10-* 
10°? 


The intensities of the 5 strongest components are in 
the ratio 1.00:0.835:0,499:0.215:0,069. The observed 
spectrum is in reasonable agreement with the above 
result. The separation between successive superhyper- 
fine components is 1.4 gauss, so that Aca=2.8 gauss or 
2.6% 10 cm". 


B. CdS:Mn 


It has been noted that the superhyperfine coupling ob- 
tained for CdS is essentially the same as that for CdTe 
(our value for A.4 in CdS is in agreement with more re- 
cent, unpublished measurements by Dorain). This means 
that in spite of the differences in Ay, between these two 
materials, the measure of the overlap onto the Cd ions 
is the same. This is important in any theory of the 
nature of the bonding in these materials. No detailed 
calculations have been made to date on this point, 

Superhyperfine structure in the photosensitive CdS 
center, teniatively assigned to Fe*+**, was looked for, 
but was not found.”* The reason for the absence of struc- 
ture may be the same as that of Cr*** in ZnF>."* 

The broadening of the lines in conducting CdS is an 
interesting manifestation of an effect which has been 
observed in silicon'® at low temperatures. Jt was ob- 
served that conduction electrons shortened 7; sub- 
stantially. In our case a sufficient number of electrons 
are present in conducting crystals to show this effect 
at room temperature. 


This effect has been treated theoretically 


and one 
can estimate the expected magnitude. If we assume a 
scattering cross section, ¢, of 10~'* cm* between Mn** 
and conduction electrons, then for 10" electrons/cm' 


we have 


T » =(neN) ~10 ? sec, 


Phus, it is seen that such an effect could easily broaden 
lines sufficiently to obscure the superhyperfine structure. 
The cooling process reduces n and permits resolution of 
the structure. 
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The anomalous observed in conducting 
crystals which is characterized by a large D value as 
shown in Fig. 5 has not been satisfactorily explained. 


It may be due to Mn** 


spectra 


which is lodged near some defect 
in the lattice which produces a strong axial field. 
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rhe calculation of the magnetic held depende 


a simple model of its band structure. The results ar 


attenuation as a function of magnet 
type previously 


the The 


found to agree semiquantitatively with the latter 


electron-hole carrier gas theoretical results 


I. INTRODUCTION 
ECENT experiments! ? 


waves Il 


on the attenuation of ultra- 
sonic semimetallic crystals maintained 
at liquid helium temperatures have revealed a marked 
magnetic field dependence over a wide range of field 
strengths. Some features of the field dependence, in 
particular the occurrence of geometric resonances,’ are 
shared by metals®*~* studied under similar circumstances. 
Che amplitude of the geometric resonances as well as 
the mean level of attenuation in the region of geometric 
resonances is significantly less in semimetals than in 
for semimetals an 


tremely large increase in the attenuation as the field is 


metals. However there exists 


ex 


increased past the point where the geometric resonances 
are no longer observed.' In some cases a subsequent 


In 
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MAGNETO-ATTENUATION 

the deformation potential constants Vp, and V pa. The 
(1.1) naturally implies the 
existence of forces on the electrons and holes arising 


position dependence of 


from the acoustic strain in the lattice. 

We focus attention on the role of the deformation 
potentials in determining the acoustic attenuation and 
take the simplest possible scattering mechanism, neg 
lecting any intervalley scattering effects. When the 
mean free paths are much larger than the wavelength 
of sound, we anticipate that the details of the scattering 
are of secondary importance in marking the distinction 
between a metal and semimetal compared with the role 
played by the deformation potentials. 

In Sec. IT we consider the formal transport theory 
which provides the basis for studying the ultrasonic 
ittenuation. In Sec. III we explicitly calculate the 
attenuation in a representative semimetal as a function 
of magnetic field. In Sec. IV we discuss our results and 
compare them with existing experimental data. For pur- 
poses of continuity and clarity we adhere to the nota 
tion and conventions established in CHH. 


Il. FORMAL THEORY OF THE ATTENUATION 
A. The Constitutive Equation 


As a model of a semimetal, we adopt a system con- 

taining .V electrons and N holes per unit volume moving 
through a uniform neutral background which supports 
the sound wave. The discreteness of the crystal lattice 
in real semimetals is unimportant when the sound 
wavelength greatly exceeds the interatomic separation 
A sound wave of propagation vector q and fre 
quency w manifests itself as a velocity field u(r,/ 
x expli(q-:r—wt) | in the neutral background. In the 
present model, interactions between particles are re- 
placed by interactions of individual particles with a 
self-consistent electromagnetic field derived from Max- 
well’s equations. For currents and fields varying as 
exp[_i(q-r—w/) | the latter may be reduced to 


. (441 /w) t,/¢ 
€::= (49/twe)ji1, Ey ji, a 


1—e(v,/c)* 


where € is the electric field and j is the total current 
density accompanying the sound wave. ¢ is the di- 
electric constant of the neutral background continuum. 
The subscripts | and | in (2.1) refer to components 
parallel and perpendicular to q, respectively, and 2, is 
the sound velocity. 

The 


from the electrons, j - 


total current density contains a contribution 
and one from the holes, j,: 


9 


Both the electronic and hole currents excited by the 


sound wave are obtained from the electron and hole 


O} Sol 


ND IN SEMIMETALS 


distribution functions in the usual manner; 


)F*v, 


vf,(r,v,t)d*v, 


where f, and f, are the electron and hole distributions, 
respectively, and e is the absolute magnitude of elec- 
tronic charge. In the absence of any sound wave the 
distribution functions reduce essentially to a thermal 
equilibrium Fermi-Dirac function, fo(v,Er), for de- 
generate particles with Fermi energy Ey, and do not 
depend explic itly on the stati magnet field H» in the 
semiclassical approximation which we employ (Bohr- 
van Leeuwen theorem). In the presence of a sound wave 
the distribution determined from the 
Boltzmann equations which they satisfy: 


functions are 


of, a le 
OV al 
Oly 


m, OV al coll 


In (2.4) the forces, F, and F,, experienced by the 
electrons and holes, respectively, are the sums of the 
Lorentz force and deformation potential force acting 
on each type of charge carrier 


F,= —el + (Vp,./eiw)qq:ut+(v/c)XH] 
F,= +e € (V p,/etw qq: u+(yv c)<XH), 
where the magnetic field H includes a part H, associ- 
ated with the sound wave in addition to the steady 
field Ho. The quantities m, and my, in (2.4) are the elec- 
tron and hole effective masses, respectively, because it 
is these which determine the kinetic response of the 
particles to forces in the effective mass approximation. 
In (2.5) Vp, and Vp» are the electron and hole longi- 
tudinal deformation potential constants defined above. 
For the collision terms on the right-hand side of 
2.4) we make the relaxation time ansatz 


It is here that our previously mentioned assumption of 
no intervalley scattering becomes explicit. This ansatz 
is likely to have far reaching consequences, but we 
that the main field 
lependence of the attenuation will not depend strongly 
| f the att ll not depend strongly 
on the form of the collision operator, In (2,6) 7, and r, 


expect features of the magnetic 
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are the electron and hole relaxation times, respectively ; 
fae and f,, are the corresponding particle distribution 
functions after scattering. Since the impurities are 
moving with velocity u, f,, and /,, are local equilibrium 
distribution functions centered in velocity space about 
the impurity velocity u. Thus we have 


f,.(r,vl u(r,/), Ee. (rl 


faa(r,V,l u(r,t), Ee,(r,l 


for the distributions toward which /, and f, are locally 
relaxing, where the Fermi energies /,(r,{) and FE r,(r,t 
are directly determined by the electron and hole 
and \,(r,l 

The transport problem involved in the calculation of 
j. and ) ely pec ified. After solving the 
Soltzmann equations (2.4 
by (2.6 7 


ties according to (2.3 This 


densities, NV ,(r,t 
now complet 
with the collision terms given 
and (2.7), we may calculate the current densi 
type of problem has been 
CHH. The result of the calcu 
lation is an expression for j, and j, in the form of a 


equator We this 


unchanged 


con idered and olved i 


constitutive may take over result 


entially 


RV," 


eiw) qq: u+mu/er, |+RN,‘er 


eiw) Gq: U— mu er 


In (2.8) @, 


conductivity tensor 


and o, are the electron and hole magneto 
respectively, for frequency w and 
wave vector They characterize the response of the 
two carriers to the force fields accompanying the in- 
cident sound wave in the presence of the steady field Hp. 
R, and R, characterize the diffusion of the 
V.(r,—N, 


deviations of the carrier 


| he vector 
nonuniformly distributed carriers; .V,’ 
and JV, V(r V are the 
densities from their equilibrium values. Collisions with 
moving impurities have the effect of adding an apparent 
drag m(u/r,) and m(u/r,) to the force acting on the 
carriers. Lt is the free electron mass, m, which appears 
transfer to the 


the change in the expecta- 


here because the actuai momentum 


lattice in a collision involve 
tion value of the linear momentum operator, which is 
just the product of the free mass and the 
velocity operator. The magnetic field H; associated with 
the sound wave is not explicitly present in (2.8 

We now choose 


which q 


electron 


a right-handed coordinate system in 
l-axis, and Hp lies along the 
Irom the uatllor or ¢ 


lies along the 


3-aXxl mtinuity for electrons 


and hole W obtatr 
2.9 
The diffusive tern in therefore be written as 
2.10) 


in our coordinate 


2.11 


HARRISON 


We can 
(2.8) to 


now simplify the constitutive equations 


j. e'Lé »-/ €iw ) qq: u— mu, er, |, 


ya - Dh/ CU u+mu/er, | 


2.13 


conductivity ter which include diffu- 


are effective 


sion and are measured in units the dc conductivities 


of the respec tive electron and hole band 


2.14) 


iormulating sion for the 


We employ (2.12) ir 


acoustic attenuation, and take the required components 


] expre 


of @,’ and a,’ in from 


CHH 


any part llar case of interest 


B. The Attenuation Coefficient 


sound wave 


to the 


‘| he 
energy 


upplie and potential 
parti r i t va The electron 


and holes dissipate thi to 1 neutral back 


ground through collisior ions suffered 


by the particles are local ithout any net 


change of potential energy, it ssible to show by 
Boltzmann 
equation that the average rate per unit volume, W, at 


which particles lose kinetic e1 


straightforward manipulation based on the 
ergy in collisions is 
given by 

WW Re Thy é+ 


qq-ul}, (2.15 


where we agi lantities for con- 
Not all 
irreversibly dis ipated ‘ 
back into the sound 
velocities, (Vv 


venience energy transfer i 


cohere ntly fed 
electron 


iverage 


and hole spectively, before 


collision in general differ from those after collision, u, 


there are net forces exerted by the electrons and holes 
f th background. 


on unit volume of the moving 


These are 


neutral 


u 
2.16 
u 
Is the force exert d DV the electrons and aT 


‘ie 
where FF. 
is that 
electron mass because 


exerted by the holes. In (2.16) m is the free 
actual momentum transfer 
to the moving lattice in a collision is again identical to 
linear mo- 

to the 


lume r 


the change in the expectation va 


Energ\ s conerent 


mentum operator 


sound wave at an rate 

(+n) lav. The net pow 
volume is then ‘ { 
and j, e\\y, 


of Maxwell’s equations we may 


uverTage 


vanishes by virtu 


write after some 
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manipulation 


O=4 Re{ut-((i/ew)qq-[53 (Vo. V vs) 


+ (j-—jr)3 (V vet V va) J+ (m/e) 
x [53 (1/71/44) + Ge — gah 1/41/11) J 
+ (1/re+1/ra)Nmu)}. 


(2.17 


The quantity of direct experimental interest is the 
attenuation coefficient a, which gives the exponential 
decay of sound intensity with distance. a is the power 
density dissipated per unit incident energy flux, or 


a= bp wu} *2,, (.218 


where p is the mass density of the semimetal being 
represented by our simple model. 

Our goal is now to render the calculation of currents 
and fields self-consistent by combining (2.1), (2.2), and 
(2.12), and to use (2.17) in investigating the possible 
kinds of dependence of a on magnetic field and fre 
quency under the condition that the mean free path 
are much larger than the sound wavelength 


C. Special Cases 


We consider the special case where m,= m,=m*, and 
T-=T,=7. Under these conditions ¢,’=e,’. While this 
assumption allows considerable formal simplification, 
the special symmetry thereby established between elec- 
trons and holes is likely to effect profoundly our final 
result. Nevertheless we anticipate that effects char- 
acteristic of semimetals will not depend qualitatively on 
relative values of effective mass and relaxatien time. 

For the present we leave the values of Vp, and Vp» 
unspecified, and obtain self-consistent expressions for 
the total current, j=j.+ Ja, and for the difference of the 
two currents, j-—ja. In the coordinate system which we 
have adopted (2.1) can be written in matrix form 


&=F-j, (2.19 


where F is a diagonal matrix given by 


(2.1 


o”(V pe— V pa)’ ’ 
aa ( ———{l-e 


2etw 


> in the denominator of has been 


Equation (3.1 


O=' 


* 


\m 4a 


() 
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ALS 


neglected. From (2.19), (2.2), and the assumption of 
equal effective masses and relaxation times we may 
transform (2.12) into 


}. o'a’ «| F j T (} De cw) qq u 
o'e’ [F j 


mu/er|, (2.21) 


Ja (V pr/ ew qq: uymu/er l, 


Neér/m* is the dc 
band of carriers by itself. Adding 
(2.21) and solving for the total 


where now o’=@¢e,'=@,', and o' 


conduc tivity of either 
the two currents in 
current, we obtain 
V pa) 

qq: 4, 


0 4 
. (9.0 es Vo. 
j=(l—e’- (20°F 


Clw 


where I is the unit matrix. Subtracting the two currents 
in (2.21) we obtain 


2m 
qq I 


eT 


(V pet V pa) 
‘wu. (2.23) 


Clw 


Equation (2.22) reveals that when the effective masses 
and relaxation times are equal the total current induced 
by the sound wave re sponds only to the difference be- 
tween the electron and hole deformation potentials. 
The magnitudes and relative phase of Vp, and V ps will 
therefore have a profound effect on the resultant attenu- 
ation. It is convenient 

First we take V p.= V ps 
electron and hole energy bands moving in opposition to 


to consider two extreme cases. 
V p, which corresponds to the 


each other, with variable overlap at any given point in 
crystal. Equation (2.22) shows that j= 9, and conse- 
quently no electric field develops in the system by virtue 
of (2.19). Because of this, as we shail see, the ultrasonic 


the 


attenuation may become quite large and exhibit a 
marked magnetic field dependence. Secondly, we take 
V de Vp. Here the electron and hole energy 
bands move up and down together, with constant 
overlap at any given point in the crystal. There exists 
a tendency for the mutual separation of positive and 
negative carriers. Thus a finite j and & may develop in 
the system, therefore the remains 
small for all values of magnetic field. 


—Vprs 


and attenuation 


III. CALCULATION OF THE ATTENUATION 


We substitute Eqs. (2.22) and (2.23) into Eq. (2.17), 
and recalling that set , mM, 


m),=m* 


a (V pet V pa) 
, 
al 


we have now Te 


2m 
ae) 
el eT 
2Nm 
i)+ i] 
T 


TA T 
, we obtain 


{ V pe T V pa) 
qqr ° 


« 


a’m 2m 
eT 


eT 


{ V pe+ V pa) 
- (3.1) 


lw 


may be transformed by elementary manipulation into 


T)& S-4, 





1264 MICHAEI 


HARRI 


where @ is a unit vector in the direction of polarization and 


| De V pp 
qq [l—e’- (20°F 


{ ita 
<0 
2e°wNm 2iw 


S=R 


Since @ is polarized along the 1-axis in the present 
discussion of longitudinal sound waves, we need only 
the 11 component of Ss in order to obtain the power 


di ipation, 


V Vm u)*/r)Siu. 


It is instructive at this point to investigate the orders 
of magnitude of the various parameters entering the ex 
From (2.18 


pression for the attenuation coefficient. 


and (3.4) we obtain 
2\m pv,T ou 


a, by its nature, is the reciprocal of the mean free path 


L of the sound wave in the semimetal, 


pv,7/2Nm)(1/S41). 3.6) 


V is 5.510", and with a + 
so that L 10° Si 
and the general 


For example,in bismuth, 
of 107", (pv,7/2Nm) is about 10°, 
Ease of 
order of magnitude of background attenuation require 


for bismuth. measurement 
that L be of order 1 cm and perhaps somewhat less. 
This implies that we must have S;,2 10° for the attenua 
tion to be readily observable in a typical semimetal. 
We employ thi 
out final result 


We now 


From (3.3) 


estimate in subsequent discussion of 


consider the case where V de V ps V p. 


and the relation ¢ Ver/m* we then obtain 


after straightforward manipulation 
tV pr 
Si 1 q° 
wm 
The tensor component ¢ ’ the coordinate Syste m 
which we have adopted is given in CHH. For magneti 
fields such that the classical orbit radius is of the order 


of or smaller than the sound wavelength one has 


pat h for 
eH m* 


The function go is given by 


where Y=ql/w.r yt is the mean free 


particles with the Fermi velocity, vr, and w 


is the cyclotron frequency 


{ ] Y sin@) sinédé. 
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the limit (gl 


Equation 3.11 
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is retained in the expression for go. This leads to an 
approximate form for S;, when X¥<1. 


Vo 3 UP . m 
Sumt+( - )( ) ar( ) 
mt? p* v, m* 


(w.7)? 


(3.12) 


(wer )'+$ (ql)*(vr/0,)? 


Equation (3.12) is not quite valid for the case illus- 
trated in Fig. 1, but is a fair representation of S,; in the 
in the neighborhood of the maximum when it occurs at 
a value X somewhat less than 0.5. Equation (3.12) 
leads to the following approximate relation determining 
the position of the large maximum in S)). 


(w.7)*= (gl/3)(ve/?,). (3.13) 


We now consider the case where V p.= — V pp= V p. 


It is first convenient to introduce the diagonal matrix 
B= (20°F )— with diagonal elements By, =iy, Bo=B; 
— if, where 


y= we/8ro", 
B=we*/89o"r,’. 
Employing a matrix identity we may then write 
[l—e’- (20°F) }'-e’=[[l-—e’-B“' }"—-1]-B. (3.15) 


1000 
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Fic. 1. The solid curve represents the relative attenuation as 
given by Eq. (3.11) for the parameter values (gl)=10, (m/m*) 
=10, wr=.1, and (Vp/mvp*)=20, where (Vp.+V pa) =2V pv. The 
hollow circles represent experimental data' on the attenuation of 
a 60 megacycle per second longitudinal mode propagated along 
an x axis of a single crystal of bismuth, with the magnetic 
field directed along the corresponding y axis. The solid circles 
represent data’ on the attenuation of a 60 megacycle per second 
longitudinal mode propagated along an x axis, with the magnetic 
field directed along the z axis of a single crystal of bismuth. Both 
sets of data are normalized at the crossed point on the theoretical 
curve, and the other points plotted accordingly 
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From (3.3), (3.14) and the relation o®=Ner/m*, we 
find that in the present case S,, is given by 


Vp \? tr\? sm 
On 1+ Re| ( ) (at?( ) ( )an 
\ set Kr V, m* 


m 
«x([I o’ B rT : I) ( = Jou’. (3.16) 


m* 


For the present orientation of magnetic field and choice 
of coordinate system, the structure of @’ is given in 


CHH as 


, , 

O11 O12 

, , 

—™ 12 722 


(3.17) 
0 0 aa 


Using (3.17) and the expressions for the diagonal com- 
ponents of B in terms of the y and 8 of (3.14) we find 
after some manipulation that (3.16) may be trans- 
formed into 


m | Vp \? Wh : 
Sunt -) el ( ) ar( ) 
m mM? p’ t 


(3.18) 

° | (041/099 + O12") t ipa,’ | 
x —ou'|, 
[iloy'oe ! 4-9/2) — Bays’ + (o02'4+ ip) | 

We must now investigate the orders of magnitude of 
y, 8 and the components of @’ in order to establish a 
basis}for approximate evaluation of (3.18). For a 
typical semimetal of the highest purity which is in 
practice obtainable, we may take o°~ 10" cgs. With 
e~10, which is characteristic of bismuth,'* 2,~ 10° 
cm/sec and a sound frequency of 50 megacycles per 
~10~7, and 8~ 10 upon evaluation of 
the defining expressions (3.14). We can make 8 smaller 
only by decreasing the frequency and hence the wave 
number, g. But such a decrease would in practice lead 
violation of the requirement that gl>1, which 
corresponds to the case of greatest interest to us. For 


second we get ¥ 


to a 


instance, in the case of bismuth, if we take a relaxation 
time of r=10~ sec and an average Fermi velocity 
vep= 10" cm/sec, we obtain / 10°* cm. With a 
frequency of 50 megacycles per second and a sound 
velocity of 1,~~10° cm/sec we have g~3.0K10? cm“. 
Thus we obtain gie~3.0, and any decrease in frequency 
by several orders of magnitude in an attempt to make 
8<1 surely results in the unwanted consequence that 


pT 


gl<1. In light of the above considerations we evaluate 
Eq. (3.18) in the case that 8>>1, keeping in mind the 
representative values 6~ 10? and y~ 10~". 

With elementary manipulation we can write Eq. 
(3.18) as 


'*W.S. Boyle and A. D. Brailsford, Report on International 
Conference on Electronic Properties of Metals at Low Tempera 
ture, Geneva, New York, 1958 (unpublished), p. 58 
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, 
[ous a 


At moderate 


"2 t 1801)’ 


magnetic nelds, such that w.r=qgl, the 


components of the dimensionless tensor oe’ do 


not 
differ from unity in absolute value by more than a few 
orders of magnitude. Since Eq. (3.20) is of degree zero 
in 8, the quantities A and B also cannot differ from 
unity by more than a few orders of magnitude. Further, 
ince y~10~7 for conditions of practical interest, we 
may take (Ay)*+ (1+ By)*~1 in (3.19). The first term 
bracket of (3.19) is 
Using Eq. (3.8) as an expression for a); when w,7 ~ ql 


we may then write down an estimate for (3.19) 


in the then proportional to ¥’. 


m Vp 
Siu~l1-4 gl 


m* 


at; 


0.1 and p 10 
the second term in 
10% 
ve)gql, 
that previously employed, say 20, the value of 
bracket of Eq. (3.21) is approxi 
{~1 and y~10-". With a repre- 


For wr , the maximum value of 
the bracket of (3.21) is approxi 
With the 


and a reasonable value for (Vp/mv,’*) 


mately above values for (v,/vr) and 
WT (7 
such as 
the first 


mately 10 


term in the 
Sif wet ike 
m Vp 
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sentative mass ratio (m/m* 10, the value of Sy, 


under our present assumptions concerning deformation 
potentials and magnetic field is therefore only of 


order of magnitude unity, S This result gives rise 


to an exceedingly small attenu as we have 


ition, since 
observed above, we must ~10 
values of V in 
attenuation. 


However, in view 


for semimetallic 
order ive a lily observable 


of the result of CHH that the 
an enormous in- 
the 
in our model of a semimetal 
at magnetic fields sufficiently 
>gl. This is the only 
for the I 


sound attenuation in metals undergoe 
crease at very high magneti we explor: 
behavior of the attenuatior 
high to realize the condi- 
tion w,7 
detail 
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Imit W 


need consider in 
Vp. In this 
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Case where | De | D 


ole are given 


318 


We substitute Eqs 
approximations gl>1, (w.r)>gl, 


and make the 
the 
we employ the 
y~ 10 ', 


tforward calcul 


and al WT In 
process of making our approximatior 

representative values wr20.1, giz 10, 
B~10. After a lengthy but 


we obtain 


and 


trai¢g? 


ition 
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Inspection of Eq. (3.23) shows that in the present 
case S;, indeed exhibits a maximum at sufficiently high 
magnetic fields in addition to a slight minimum at the 
same value of magnetic field where a large maximum 


V pa. 


same values for all pa- 


occurred in the case } However further in- 


spection of (3.23) usu the 


° } 
rameters as previously quoted again leads to the con- 


clusion that for all values of field S,, is here too small for 


V p- V pa 
Sy=1-4 
2m p* 


Our detailed discussion of the two separate cases indi- 
of the deformation 


bracket of 


cates that for reasonable values 


potential constants the second term in the 


magnitude, provided 
fore negle t the 


the attenuation to be observable. The interpretation of 
this result is deferred for later discussion 

It is well to note at this point that 
giving separate consideration to the 


our procedure of 


two 


cases, Vp, 


| Dhy and } De -| Da, Was more in the 
We obtain a general ex- 
of Vp. and V ps by 
substituting Eq. 5) int ( 3.3) and 
Ve'r/m*. After mal 


interest of 
convenience than necessity 
pression for S,; for arbitrary values 
using the 


relation o' find 


ipuiation we 


V Da 


B,,({l-e’-B“"}"- | 


(3.24) dominates the term by many orders of 


We may 


contributior t] rst 


~() there- 


term in calcu- 
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lating the attenuation. Figure 1 is then an accurate 
representation of the total attenuation under the condi- 
tion (V pe+V pa)/mver*>1, which we expect is satisfied 
for bismuth. The significance of the far greater im 
portance of the term containing the sum (V p,.+ V pa) 
is that to a good approximation both charge neutrality 
and vanishing electric current are achieved. 


IV. DISCUSSION 


We interpret the oscillations in S,, coming from the 
term containing (Vp.+Vp,) as the geometric reson- 
ances observed by Reneker in bismuth. Their physical 
origin may be understood along the same qualitative 
lines which are useful in understanding the effect in 
metals. The geometric resonances in the attenuation 
enter the theory through the Bessel functions appearing 
in the conductivity tensor. These have to do with the 
strength of interaction between individual orbits and 
the force fields in the system, rather than with the 
resonant absorption of energy. Inspection of Fig. 1 
shows that the troughs in the attenuation are very 
nearly spaced # apart, in units of gR. The spacing de- 
parts most from x the higher the magnetic field and the 
closer to the first geometric resonance peak. The loca 
tion of the minima are closely given by gR=nr7. In the 
lower field region, where gRS1, the (wr)* in the de 
nominator of Eq. (3.11 
may write 


Vo 3 m £0. 
Si 1+3( (ql)? ) 1.1 
mo? »* m* 1 1— go 


Differentiation of Eq. (4.1) shows that the maxima and 
minima in $;, and therefore in a, correspond to those 
values of X=gR for which go’ vanishes ; these are listed 
in Table I of CHH. 


Since an ellipsoid can always be transformed into a 


can be neglected so that we 


sphere by a coordinate transformation, the present 
work can readily be generalized to apply directly to 
actual semimetals. Such features as 
trema would remain essentially unchanged by 


locations of ex 
this 
generalization. Thus the magneto-attenuation should 
be a powerful tool for exploring the band structures of 
semimetals, as has already been demonstrated by 
Reneker’s work. 

It is instructive to consider the ultrasonic attenuation 
in semimetallic crystals from a simplified physical view- 
point in order to obtain a qualitative understanding of 
the phenomena involved. In the presence of an applied 
sound wave electrons and holes experience deformation 
potential forces measured by the parameters Vp, and 


V pa, respectively. In the steady state a total current j 


is set up which depends on these parameters only 
through their difference, (Vp.—Vp,), as we see from 
Eq. (2.22). However, the discussion in Sec. III implies 
that the total current, and hence the self-consistent 
electric field, is very small indeed. This result corre 
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sponds to the frequently invoked assumption of charge 
neutrality. It is the difference current, j.—j,, which re 
sponds to the sum (Vp.4+-V pa), as we see from Eq. 
(2.23). The sum of deformation potential parameters 
essentially represents an unscreened external force act 
ing on the system without modification by long range 
electric fields. 
attenuation in semimetals despite the low carrier con- 


This is why we can observe acoustic 
centration, Each carrier responds to this force symboli- 
cally as je~oe'§(V e+ Va) and jr~won:'4(Voet+ V pa). 
Thus the power dissipation will schematically be given 
by Q«a(Vpet+V pa)’, which may be compared with 
Eq. (3.7), or more generally with Eq. (3.24). Since 
relative extrema in ( and therefore in @ then corre- 
spond to extrema in o, the attenuation varies as the 
response of the system to the unscreened part of the 
deformation potentials, namely (Vp.+V pa). For ex- 
ample, if the magnetic field has a value such that the 
orbit radii are given by 2R=nA, then the total mo- 
mentum communicated to a particle around an orbit 
averages to zero. The response to the external force 
represented by (Vp.+V oa) is therefore a minimum, 
and the attenuation should pass through a minimum. 
This qualitative result agrees with the calculated at- 
tenuation as presented in Fig. 1, the condition 2R= nA 
being equivalent to gR= nr. 

An analogous discussion can be given of the term in 
the attenuation containing the difference combination 

V pe—V pa), which is the quantity giving rise to the 
current. The procedure of rendering the fields and cur- 
rents self-consistent now implies that the force repre- 
sented by (Vp.— V pa) is very well screened. The effect 
of the residual long range electric field is to reduce the 
efficacy of (Vp, by the factor + 
can be inferred from Eqs. (2.22), (3.15), and the defini- 
tion of B. The corresponding power dissipation and 


V pa) we/ 82a", as 


contribution to the attenuation are then proportional 
to 7’ at all except the highest fields, and consequently 
are very small. At very high magnetic fields, where 
(w,.7)?2= 1/y, inspection of Eq. (3.23) indicates that the 
contribution to the attenuation arising from (V p.— V pa) 
becomes of degree zero in y while decreasing with field 
like 


maximum. The screening of 


1/(w,.r)? from an unobservably small and broad 


(Vp. 
duced in the presence of very high fields, but the in- 


Vpn) is in fact re- 
crease in the corresponding part of the attenuation is 
insufficient to make any perceptible contribution. 

One can obtain some insight into the physical sig- 
nificance of the great peak appearing in S,, by following 
a direct kinetic approac h. When complete s¢ reening is 
realized €& 
partic le spe ies are the magnet force and a deforma- 
tion potential force F. 


, and the only forces acting on a given 
We multiply the Boltzmann 
equation by velocity, then integrate over velocity, and 
after some manipulation obtain an equation of motion 


for the average velocity v at a point when the cyclotron 
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orbits are much smaller than a wavel 


av : i?V p ; 
3 us 
al mw 

where wu is the lattice velocity amplitude of a longi 
tudinal disturbance of wave number g and frequency w 
moving in the direction of the unit vector %. The mag 
field is 
direction of the unit vector 2 


netic taken perpendicular to # and along the 
In obtaining Eq. (4.2) we 
neglect for simplicity the distinction between the true 
electron mass and its effective mass in the crystal. 
Further, we do not yet necessarily require that w= q1 

as would be the case for an applied sound wave of 
veloc ity v,. The first term on the right hand side of Eq. 
(4.2) represt nts the frictional force « xperient ed by the 
average velocity and the second term is of course the 
Lorentz force due to the magnetic field. The third term 
represents a deformation potential force, and the fourth 
term is a hydrodynamic contribution arising from the 
nonuniform carrier density. The latter term is in fact 
Vv p/mN, where N is the local density and p 


the scalar pressure in a degenerate Fermi gas of particles 


equal to 
with mass m whose density fluctuates harmonically in 
position and time with wv 
re pectivels 

Let u 
take the deformation potential force to be zero, V p=0 


ive number g and frequency w, 


now neglect collisions by sending r — «, and 


The re sulting equation of motion possess a solution of 
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field in the 
Neglecting the (gl)*?/3 compared to 
wr)? in the first term of the denominator of Eq. (4.7 
3.12) for the case m=m*. Thus, from 
derivation of the attenuation coefficient in 
the range gR<1 we see that the high field peak repre- 
sented in Fig. 1 is a manifestation of a collective motion 
in the carrier gas, and is associated with a wave of 
density tluctuation induced by the applied sound wave. 
Differentiation of Eq. (4.7) shows that its maximum 
occurs at a value of magnetic field given by 


4glL(vr/v,)?+ (ql)? }}. 


From Eqs. (4.7) and (4.8) we see that the collision 
time or mean free path dominates both the position 
of the peak and its shape in a complicated way. Since, 
for practical purposes, gl<(vp/v,), Eq. (4.8 
replaced by 


the values of wavelength and magnetic 
region of interest 
we obtain Kg 
the above 


(w,7)* (4.8 


may be 


(w,.7)* (ql 3) (vp v,), (4.9 


which is identical to Eq. (3.13). However, if the colli- 
sion time were so long that gl>(vr v,), the effects of 
relaxation negligible and Eq. (4.8) would 
imply a peak at 


would be 


gl v3. or w@W qvy v3 (4.10 


WT 


We have seen above in Eq. (4.4) that (1/v3)gver is 
precisely the natural resonant frequency, w,, of the 
carrier gas for a density fluctuation of wave number q 
in the absence of collisions, magnetic field, and applied 
sound wave. Although the case of such a long mean free 
path is unattainable in practice, it is of some physical 
interest to note the connection between the value of w, 
at peak absorption and the value of w, at zero field 
when collisions are negligibly rare. 

The general level of ultrasonic attenuation in semi- 
metals is less than that in metals and the geometric 
However, 
although their amplitude is relatively lower than in 


oscillations are less marked, for given gl. 


metals, the detection of the oscillations is facilitated by 
using a field modulation technique, such as was em 
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ployed by Reneker. This would be difficult in high 
purity metals, for, because of their high conductivity, 
one cannot get a suitably modulated magnetic field to 
penetrate them at low temperatures except at very low 
modulation frequencies. 

The behavior of S,; as presented in Fig. 1 bears con- 
siderable resemblance to the measured attenuation of 
60 megacycle longitudinal sound waves in bismuth.' 
The measurements show a series of relatively weak 
oscillations (geometric resonances) in the attenuation 
as the field is increased, followed by a large rise whose 
magnitude is an order of magnitude greater than the 
amplitude of the low field oscillations. The data indi- 
cate, though perhaps not conclusively, a subsequent 
decrease in the attenuation. For the one orientation at 
which the onset of the rise took place at a significantly 
lower field, there is definite evidence of a subsequent 
in the attenuation as the field is further in- 
creased. Extended measurements at higher fields are 
clearly desirable for a variety of orientations. Experi- 
mentally, the large increase begins in bismuth at about 
H~100 gauss. 10-*, gl=10, and (m/m*)= 10, 
which were the values used in constructing Fig. 1, the 
large maximum in S,, occurs at a value of gR corre- 
sponding to H~125 gauss. The values of relaxation 
time and frequency employed are intended to typify 
the values attained in the experimental work. Since the 
effective mass ratio (m/m*)= 10 is roughly comparable 
to an average mass ratio for electrons and holes in 


decline 


For T 


bismuth, we tentatively identify the large increase in 
the attenuation observed in bismuth with the high field 
peak in S;; here derived. 
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4 relativistic scattering wave function, which is valid to second order in aZ for all electr 


m velocities 


is developed. The wave function has as its dominant term the Sommerfeld-Maue function. The computa 
tional simplicity of the closed form Sommerfeld-Maue wave function is retained in this modified Sommerfeld 


Maue function 


Applications of the wave function to the calculation of cross sections for the scattering of polarized 
electrons and bremsstrahlung production at the short wave limit of the spectrum are given. A large first-order 
correction to the Sauter-Fano formula for the bremsstrahlung cross section is obtained 


I. INTRODUCTION 


ALCULATIONS of various electrodynamic proces- 

ses, such as electron scattering and bremsstrahlung 
production, require the use of a continuum Coulomb 
wave function. Because of the complexity of the exact 
Dirac 
(one 


series solution of the equation, an approximate 


solution is desirable such approximate wave 
function is provided by the truncated Born series. As is 
well known, the Born series solution for a pure Coulomb 
field diverges. This difficulty is overcome by replacing 
the Coulomb potential by a screened Coulomb potentia! 
and allowing the screening to vanish at the end of the 
computation,’ The 


the resulting series is aZ/8<1 


criterion for the convergence of 
For problems such as 
the computation of the bremsstrahlung intensity at the 
short wave limit of the spectrum, the velocity of the 
outgoing electron is zero, and the Born series cannot be 
the Sommerfeld-Maue wave 
function provides a closed form solution to the Dirac 
equation which is valid to order aZ for all values of 8. 

We shall give a modification of the Sommerfeld-Maue 
wave function accurate to order a?Z?. For 6&1, this 
terms in the Born 
it has the obvious advantage, however, that it 


used. On the other hand, 


function is equivalent to three 
SETIES ; 
remains valid for low velocities. In practice, this wave 
function retains the computational advantages of the 
closed form Sommerfeld-Maue wave function. 

Some examples illustrating the relative simplicity 
of computations utilizing this wave function are given 


in Secs. II and I\ 


Il. MODIFIED SOMMERFELD-MAUE 
WAVE FUNCTION 


function which 


a plane wave 


Coulomb 
like 
outgoing spherical wave is given by’ 
Yam Ve ad ie 2u la: V 

KF i (taZ/B5 15 ipr 


\n approximate wave 


behaves asymptotically plus an 


4 


ip: r)u(p), 1) 


* This work w: upported in part by the U. S. Atomic Energy 
( ommussion 

R. H.. Dalitz, Proc. Re Soc. (London) A206, 509 (1951 

2 A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935 

3H. A. Bethe and L. C. Maximon, Phys. Rev. 93, 768 (1954 

‘A. Sommerfeld, Alombau und Spektrallinien (F. Vieweg und 
Sohr . Brauns¢ hweig 1951 2nd e Vol. 2 408 


where 
I'(1—iaZ/B) « xp raZ/ 28), 
where p and W denote the electron momentum and 
energy, and ,F;(a;6;4 the 
confluent hypergeometric function. This wave function 
differs from the function’ by 
terms of order «’Z"/r. It is the purpose of this paper to 
modify the Sommerfeld-Maue 
terms of order a?Z?. 
Setting Y=Ysm+ve, 


H—W)y¥ R, 


respectively, denotes 


exact Coulomb wave 


solution to include 


the Dirac equation gives 


Ww he re 


R= (H—W)¥sem iaZ/2Wr)a-¥ Fup), 

with F= ,F\(iaZ/8; 1; ipr—ip-r). Since the asymptotic 
form of Ysm gives an exact description of the distorted 
plane incident wave, the a*Z? corrections are required 
only in the particular solution of the inhomogeneous 
equation (2). The solution to Eq. (2), 
boundary condition that Pe 
outgoing wave, is given by 


subject to the 
represent a_ spherical 


¥e(r)=— fc rr’ )R(r’)dr’, (3) 


where G(r,r’) is the Green’s fun 
H-W). 
tion to Ve, we 


function for the 


tion for the operator 
Since we are interested in the a®Z* contribu- 
replace G(r,r’) by Go(r,r’), the Green’s 


force-free Dirac equation. Thus 


|G ror )R(r’\dr’ 


vir 


Fourie , oe 


To evaluate exp 


introduce the 
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Phen o(k)=@sx (k)+c(k), where 


oc(k | Go(k,)R(ndr. 


“ 


Using the fact that 


1 Ao(k)+W 
Golkyr —¢~in 


2r)* k°— p’—16 
where Hyp=e@-p+ pm, and noting that 
V f/(pr—p-r)=—(p/r)¥ pf(pr—p-r), 


we find to lowest order in aZ: 


a7? 
= V 


Vy? 


R(r) 


d 
-¥Y, lim iF (a; 1;ipr—ip-r)u(p). 
” da 
In this and subsequent expressions it is to be understood 
V>, 
u(p). Thus we obtain: 


operate on the spin functions 


- d 
f a-¥, lim 
P o” da 


XI (y,a)dpul(p), 


that does not 


a?Z? Ho(k)+W 
7 lim 
16n* k?— p’—16 *” 


oc(k) 


(®) 


where 


ea kar 
iF \(a;1;ipr—ip-rjdr 


r 


dor gt . 
~2p-q—2iputp* 


g° The ‘ g° 


with q= p—k. Using Eq. (9) we may write, 
a Z* Ho(k)+W 
v— lim J(u)u(p), (10) 


éclk) -— - 
Be pis 


ar’ 


where 
ia: put pa: q)du 
su)= f ee ee ee ‘ 
» Pig +u’)(g—2p-q—2iputp’) 


We 


relations 


compute this elementary integral and use 


(Ho(k)+W)a- pulp) = (a-ka- p+ p*)u(p), 
Ho(k)+W)a- qu(p) = (p?— k*)u(p), 


to find 


11) 


tne 
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a®Z* 
k)=\ 


Sx?(k?— p?— id)k(pXq)? 


ake prp 


< lim 


|: 
aie 


x (por tip: qk in 
ke Pr - 2t pu 


In 


+ip(p-q 
p—k+tp 


a 


pri 
In u(p). (12) 
p—k+ip 


We have retained yw in @c(k) in order to facilitate the 
choice of phase of the In terms in the applications 


x (=p qk+ikpg |n 
k 


iq(p’—p-q 


given below. 

The wave function which behaves asymptotically 
like a plane wave with an incoming spherical wave 
can be obtained similarly. Writing ~=Wsmt+ We, and 
denoting the adjoint of y and y’, we find: 


Yen! ‘PT 1+(i/2W)a-F | 


iF (taZ/8;1; ipr+ip-r), 


V*u' (p)e 
(13) 


(14) 


where 


avZ 


Pp 
8x? (k?— p*—15)k(pXq)* 
- 
p 


x (pat +ip- qk In 


< lim a: pa-k+ p” 


yw 
i 


k?— p> —2ipp 
pr+k ?— # 
+ip(p-q—g’) In ); 
ae k-ip q 


¢ 
k?— p’—2ipy 
pt+k 
+ig(p’— p-q) In -)}. (15) 
p—k+i 


the Fourier transforms 
Sommerfeld-Maue wave 


x (=p-a tikpg \n 


Equations (12) and (15) give 
of the a®Z* corrections to the 


Tunctions 
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Ill. APPLICATION TO COULOMB SCATTERING 
OF POLARIZED ELECTRONS 


Using the modified Sommerfeld-Maue wave function 
we can find the differential cross section for elastic 
scattering of polarized electrons. For large r, the 
Coulomb scatte ring wave function has the form 


¥(r)=exp[ip-r—i(aZ/f) In2pr sin?(0/2) |u(p) 

exp| ipr i(aZ/B) In2pr | 

t+ {(@)ulp - . (16) 
r 

The differential cross section for scattering of electrons 

orientations specified by ¢ (in the 


ystem of the electron) is given by 


with spin rest 


da (1/40 ) Trf {"(A) f(A) (1 1S yVu¥s) 


X (Ho(p)+W) |d2, (17) 


where S, is the 4-vector with components 


p< p< 
S (x p,7 ) 
m(W-+m) m 


Using the modified Sommerfeld-Maue wave function, 


we can write {(0)= fe(@)+ fe(0) where fey is the 
contribution from the asymptotic form of the Sommer- 
feld-Maue the contribution 
from the correction term. We use the asymptotic form 


of the confluent hypergeometric function to find 


wave function and fe is 


I 1 iaZ p aZ 
fay (0 


lr (1+itaZ/8) 4p’ sin?(6/2) 


aZ 
x[ Ho(p’) +0 exp(: . In sin? (6/2 ), (18) 


prr 


In order to find fc(@) we replace the Green’s funct 


where p 


Go(r,r’) by its asymptotic form 
1 
br 


Thus we obtain 


Consequently from |] 


eZ 
fc(@) a pa p+?p 
8p* cos’ 6/2) 


AND ¢ 


We write da 
tion from fax al 


dosm t+-doe, wher J is the contribu 


and find 


a'Z 
dosm 


$p?3* sin*(@ 


where n p x p 

plane of scattering. TI esult in 
that 
Coulomb 


agreement 
obtained by u ( an xpansion or the exact 
wave Tunction [ vell-Known McKinley 
Feshbach® cross section tering of unpolarized 


electrons follows immediately from Eq 23) upon 


averaging over Spin OTe ntat 


IV. APPLICATION TO THE SHORT WAVELENGTH 
LIMIT OF THE BREMSSTRAHLUNG SPECTRUM 
Recent calculations of the 


tip of the bremsstrahlung 


spectrum using an exact wave function for the outgoing 


electron and the Born approximation for the incident 
show that t owest order in aZ the 
section does not vanish as might be expected from the 
Bethe-Heitler formula 


corrected 


electron 


cTOSS 
but remail nite.” I 
\I iue 
easily obtain the aZ corre 

Fano for the 
order to 


the 


can 


sing 
Sommerfeld function we 
e formula given by 
intensity at the tip of the spectrum. In 
obtain results whi ur 1athematically 
simple, we restrict ourselves to the special case Vi m 


The 


bremsstrahlung 


where the 


subscripts 1 
final states respectively 
spins anc photon pol 


x element o¢ 


am fi 


common normalizatio1 tors have been 


The matr 


and the 


removed from incident 


’F. Giirsey, Phys. Rev. 107 
Rev. 107, 1452 (1957 

®W.A. McKinley and H. Feshba Re 1759 (1948 

7U. Fano, Phys. Rev. 116, 1156 (195 e bret t 


cross section at 


lassie, Phys 


sstrahlu £ 
el taine 


Nagasaka | F’. Nagasaka, thesi niversit tre Da 


1955 
g the Sor f 
and final elk 


Mihailov M 





rEVEIST IC. Cour 
electron state is represented by a plane wave plus an 
outgoing spherical wave while the outgoing electron 
state is represented by a plane wave plus an incoming 
spherical W riting Wsm Wat» the corrected 
function becomes ~=yYatyv 


wave. 
Sommerfeld-Maue 

/ 
tWe, 


wave 


whe Se s 


Wie eh! Fi (iaZ 3,;1;1pw—ipi-r)u Pi), 


Yur 1/2W,)e'"'* a-@ iF, (taZ/B,; 1: 


Wie fi k 'o.c(k)dk, 


pat iF; taZ Bo: 1 


ipir—ipi-r)u( pi), 26 


u'( poe ;tpr+ipe-r), 


1/2Ws)u"( pode? "a F Fy (iaZ/ B82; 


1; ipor+ipe-r), 
Yor’ f« as ‘hoo! (k)dk. 


Equations (12) and (15) are to be used for evaluating 
dic(k) and doc’ (k), respectively. 
We write M.,=M.,2%+M,,", 


given by 


M 2,®™ [vatecee . udder [vateve ‘yd 
+ [ vsteree KW iodr. 


This is the element used in the theory of 
bremmstrahlung by Bethe and Maximon.’ The corre: 
tion term is given by 


M >, fostee ‘Wy det feeciaree ey de 
4 [ovalecee Wide 29 


aZ 
contains second and higher 
order terms. We may consider, however, only terms 
through second order in M2,;®™ and only the second 
order terms in M2, 

Writing the 


two terms do 


M,5™ j 


where 


matrix 


M>,5™ both 


contributions while M, 


contains first- and second-order 


differential cross section as the sum of 


depu+doc, we find 


dopo [a (2xr)* |(W;, 


pi) poW okdkdQ dQ, 
[Mi /?|.¥24E | Ma 


and 


da; [ 2 y* i 


Ws/ pi) pW skdkdQdQ 
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where M., is the leading term in the expansion of 
M.,®™ in a series in aZ. From the work of Bethe and 


\Maximon® we infer that 


1¢ 4a Z* 
M.,5™ = 
mV ig" 


} g k 
(n° ) + it ~2maZ/B;), (31) 
q' 4 ma? 


q=pi—k and cos#=p,-k/pik. Here we have 
retained terms to order a®Z? only. 


x sin 


where 


In order to compute the sum occurring in doc, we 


use 
braZ 2m 1 
u' (pe) a e( ) 
q g m 


a-ea-g 


+ + 


M,»,° 


a-qa-e 
u(p,), (32) 


2mk q° 


which is formed by expanding M2,"™ for pz 


series in aZ. It follows from Eq. (29) that 


QO ina 


raZ | 


1 a@-qa:p, tee) 
Vf 


q pi 
a: ea: (pi tqpi) 


Pi 4+ pig 
ypit ap, 
pig? (pi + pig)? 
a-eg +a: qa-ea-q 


t u(p;). 
(pi G+ pig) 


(33) 


We expand the 
aZ for pr 


normalization factors in a series in 


» 0 to find 
V; \ 


2raZ(m/ po) (1+maZ/B). (34) 


Using the results of Eqs. (31) and (34) and integrating 


over electron and photon angles, we find for W >m 


dopa dro?’ Z r 1 naZ )\dk k, 


(35) 


with ro=e?/m. The results of Eqs. (32), (33), and (34) 


are similarly combined to give for Wi>>m 


dar 16/15)ra®Z'r edk/k. (36) 


From Eqs. (35) and (36) we find that the brems- 


ection at the tip of the spectrum is 


19 dk 
da traeZre( 1 - raz) . 
15 k 


The leading term in Eq. (37 


strahlung cross 
(37) 


agrees with the result 
of previous calculations.’ Because of the large coefficient 
of aZ in the correction, this term will be important even 
for light elements. 
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This paper explores further the use of interelectron coordinates in constructing atomix ve functions. A 


simple method is developed for constructing wave functions of this type which \ 
for the energy of a variety of atomic systems, in zero order 
unperturbed part, which is separable and which contains the interelectron 
nucleus potentials, and into a perturbing term which is always finite and which vat 


star 


in order of magnitude better for the light atoms than the energies given by 


ral 
oere 


1. INTRODUCTION 


EVERAL ars Pluvinage' illustrated, for 


helium, a method in which interelectron coordinates 


ye ayo, 
could be used to separate partially the Schrédinger wave 
equation so that bot! 


the 


the interelectron potentials and 
electron-nucleus potentials were taken into the 
unperturbed part of th 
of this 
approximation te 
ol 


e Hamiltonian. In the first paper 


series? Pluvinage’s approach was modified and an 


nnique was developed so that varia 


tional values the energy of systems beyond helium 


could be accurately calculated. The ground-state enc rgy 


of lithium was calculated and the result obtained indi- 
cated that Pluy inage s approac h held excellent promise 
for other system 

In this paper, the method of Pluvinage is modified in 
i different way in order to obtain relatively simple zero 
Phe 
unperturbed Hamiltonian is separable and the resulting 
differential equatior 
the ground-state or the excited-state energy of a variety 
of atomic systems can be explicitly written down. The 
results obtained are considerably better than those ob- 
tained using hydrogenic functions in zero or in first 
order, or using the 


order wave functions which include correlation 


are hydrogenic in character. Thus, 


Thomas-Fermi method. The zero- 
order energies we calculate are surprisingly close to 
variational energies calculated using the hydrogeni 


wave functions without explicit 1 dependence 


rhe motivation behind this paper was to obtain a 


separation of the Hamiltonian for atomic systems which 

* The research reported in this document has been partially 
sponsored by the Geophysics Research Directorate of the Air 
Force Cambridge Research Center, Air Research and Develop 
ment Command, and by the Army Office of Ordnance Research 

' P. Pluvinage, Ann. phys. 12, 10 (1950) 

* P. Walsh and S. Borowitz, Phys. Rev. 115, 1206 (1959); here 
after referred to as I. The material in this paper on the two 
electron system had previously been done but not published by 
M. Kelly and L. Spruch. Reference to their contribution was 
inadvertently omitted in our first paper. This material has since 


been published [L. Spruch and M. Kelly, Phys. Rev. 116, 911 
(1959) F 7 


from the nucleus. The zero-order « nergies corresponding to this splitting 


ily better than the energies calculated 


ields surprisingly 


good values 


The Hamiltonian for the system is split into a: 


potentials as well as the electron 
ishes whenever an electror 
of the Hamiltonian are at lez 
the usual Thomas-Fe 


wenic functions aione i rst 


with hydre 


leads to a solvable unperturbed problem and to a per- 
In addition, of the 
many possible solutions to the unperturbed Hamiltonian 
} 


lis] 


turbing term which is truly small 


only those are chosen which display the physical be- 


havior expected of the system 
he actual method adopte d was as follows. A full set 
of dependent interelectron coordinates is introduced in 
coordinates of the 
We shall refer to 
to the nucleus 
now The 
mathematical questions raised by the introduction of 


independent 


addition to the usual 


electron with respect to the nucleus 


these electron coordinates with respect 


simply as hydrogenic coordinates from on 
additional coordinates, and the relationship of the new 
| be in an 


the Hamiltonian can be 


problem to the original one wi discussed 
Appendix. With these variable 
split into an unperturbed part and a perturbing part. 
elf separable in the 
It 
contains all of the potentials present in the system and is 
The Hamiltonian differs 
from that used previously'? in that it vanishes whenever 


Che unperturbed Hamiltonian is 


various hydrogenic and interelectron coordinates 


exactly solvable pe rturbing 


an electron is far from the nucleus while still remaining 
This perturbing 
term is small compared to the Coulomb interactions in 
the neighborhood of the Coulomb singularities and is 


finite when any coordinate vanishes 


comparable to the Coulomb potentials at large distances 
from the atom where the Coulomb potentials and the 
We then hope that the 
would small 
zero-order wave function 


perturbing term are both small 
perturbing term, chosen thi "\ be 
Che 


is a product of the individua 


ay, 
throughout all of space 
| hydrogenic and interelec- 
tron wave functions while the zero-order energy is a sum 
of the individual hydrogenic and interelectron energies. 
To specify in detail the zero-order solutions, suitable 
boundary conditions must be introduced. As usual, the 
part of the wave function expressed in the hydrogeni 
coordinates must vanish at infinity and be finite at the 


nucleus. This leads to the bound-state hydrogenic fun 
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tions for this part. We impose boundary conditions on 
the interelectron wave functions to account for the 
physical behavior expected of the system ; namely, that 
when an individual electron is far from the nucleus, the 
nuclear charge is shielded by the remaining electrons. 
The part of the wave function containing the interelec- 
tron coordinates is required to account for this shielding 
at large distances from the nucleus. This uniquely de- 
termines this part of the wave function and leads im- 
mediately to appropriate zero-order energies 

The method we used does not have exact 
mathematical validity. It does have, however, a certain 
physical plausibility which we shal! discuss in Ap 
pendix 1. 

In Sec. 2 of this paper, the general form of the Hamil 
tonian is presented and discussed when the interelectron 
coordinates are introduced in addition to the hydrogenic 
radial and angular coordinates generally used. In Sec. 3, 
the separation of the Hamiltonian into a perturbed and 
an unperturbed part is presented. The boundary condi 
tions to be used on the hydrogenic and interelectron 
parts of the wave function are given in Secs. 4 and 5. The 
solution of the unperturbed wave equation under the 
boundary conditions imposed is easily carried out and 
the zero-order energy is obtained immediately. In Sec. 6, 


have 


applic ation is made to various charged, neutral and ex 
cited atoms to illustrate the method and its results. The 
results are discussed in Sec. 7 and comparison is mace 
there with other 
energies. 


methods for calculating atomi 


2. HAMILTONIAN WITH INTERELECTRON 
COORDINATES 


The Hamiltonian for the Schrédinger equation is 
written in atomic units as 


2.1) 


Z is the nuclear charge and the summations run over the 
N electrons present within the atom. The interelectron 
potentials, 1/r,;, prevent the exact solution of thi 
Schrédinger equation. The fact that these potentials ar 
singular and numerous prevents any great success in 
treating them as perturbations. This difficulty can be 
overcome to a large extent by introducing the interele« 
tron coordinates explicitly. 

We now introduce the interelectron coordinates into 
the problem according to the following procedure: In 
the Hamiltonian for the system, expressed in spherical 
polar coordinates in 2.1, we replace 0/dr, and 0/06, by 
the formulas given by the usual rules of partial differ 
entiation,’ namely 


a a a Or; 
+( ) ; 
Or, Or Or, ;F Or, 
*P. Franklin, Methods of Advanced Calculus (McGraw-Hill Book 
Company, New York, 1944), Ist ed., Chap. 2. 


GY oO} \ 


rOMS 


whe re 


r2+r2—29r97{ cos, cosd;+sind, sind; cos(¢i—¢;) | 


(x;—2,)?+ (yj— y,)*+ (2;—2,)?. 


j 


{ relationship similar to (2.2) holds for the partial 


derivatives with respect to 6;. The result is 


2d isi @ ] 1 é ra) 
H E| - | (: ) t (sina ) 
2ir,/ Gr or r? sind, 06, 00, 


0 Z 


r, sind 


, OD Or, 


: Tis° Tie oe 


; 
ria Or. Ori, 


where 6; and ¢; are unit vectors given by 


6, = cos8, cos,i+cos6, sing,j—siné k, 


‘ ‘ (2.4) 
o sing t+ COS@,J 
The partial derivatives operate on the corresponding 
coordinates only where they appear explicitly in the 
wave function. 

In principle we now seek a solution of the eigenvalue 
problem of the differential equation involving the 
augmented Hamiltonian. Actually we will find only an 
approximate solution. Since we do not know what 
boundary conditions to place on the r,; variables con- 
sidered as independent coordinates which will lead us 
back to a solution of the original problem, the introduc- 
tion of the redundant coordinates causes some difficulty. 
The proc edure we adopt is to construct an approximate 
solution of the more elaborate equation which satisfies 
some reasonable boundary conditions for the original 
problem when the constraint 7;;= | r;—r1,| is imposed. 
This seems like a good physical procedure even if a 
questionable mathematical on¢ 
further in Appendix 1 

Note that the introduction of the dependent r,;; does 
not destroy the orthogonality among the r,, 6;, and ¢; 
and, consequently, there are no terms coupling these 
variables directly. The lack of orthogonality between 
these variables and the r,;, and among the r,;, account 
for the coupling terms which are present. 

Extending Pluvinage’s idea, we can see from (2.3) 
how the total potential energy could be included in zero 
order. The first two summations on the right might be 
taken to represent the unperturbed Hamiltonian (we 
shall not do this exactly). The corresponding zero-order 
Schrédinger equation is then separable in the r;, 4., %:, 


The point is discussed 
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and ri,f oordinates. The zero-order solution is a produc t 
of the olutions for each of the coordinates, 
hydrogeni while the 
a sum of the zero-order energies obtained for 


individual 


and interelectronic, zero-order 
cen rgy Is 
each coordinate when the proper boundary conditions 
The fact that the 7,; are dependent vari- 


ables would make it difficult to carry out integrations 


are imposed 


involving this solution over all space to determine, say, 
the normalizing constant. The element 
Il r? sin6 dr dé do The r in the 
function must first be expressed in terms of the radial 
then the 
For any complicated system, 


of volume is 
zero-order wave 


and angular variables as above and in- 
tegrations performed 
uch integrations must invariably be done approxi- 
mately and one particular method of doing so accu- 
rately was described in I. This emphasizes the impor- 
tance of obtaining the best zero-order solution possible 
in the hope that accurate information can be obtained 


by examining just the zero-order case 


3. SEPARATION OF THE HAMILTONIAN 


\ possible method of separating the Hamiltonian, 


once the interelectron coordinates are introduced, was 


suggested in the previous section. For reasons given 
below, the actual se paration ¢ hosen is somewhat differ- 
et H=Hy+H' where 


ent. Instead, we 


a 


sind, 06 


00 Ar r, siné.r,, dd,0r 


Che choice given above differs from that suggested in 


the previous section by tl 


ie addition of second derivative 
$b, /dr,2 in the unperturbed Hamiltonian 


ubtraction in the perturbing part. 


terms, 
and their subsequent 
We use the freedom which we have gained by intre- 
ducing the arbitrary constants 6,; to make the perturba- 
tion vanish in the asymptotic regions of space 


The zero-order wave function is then 


v [$.(7.,0,01T 


AND 


» BOROWITZ 


The #; are the hydroger functions’ for 


atom of charge Z 
p 


where R represents the rad 
represents the angular spheri 
represent the appropriate orbita 


4 and 
umbers 
the following « 


The u,; satisfy 


The l 
choose for the asymptoti 
insist that V» be square integrable. hh 
that 
electron, we require an exponentially 
of (3.5), i.e., u, 
quirement enables us to determine the g 


solution of 


i\VIOF Ol 


bel 
1 Ser a we shall see 
in order to account for tl hielding of the 
increasing solution 
~exp(gij7 and that the shielding re 
The solution 
of (3.5) is not an eigenvalue problem. However, in terms 
ind 


of the still undetermined 6 , the energy is given 


by (see Appe ndix 2 


3.6 


This can be se behavior 


of Eq. (3.5 
The scheme for det discussed 
in Sec. 4. Th ve shall ible to det line the 


perturbed energy knowing not! 


un- 
ymptotic 
form of the u 

The proper 
wave function in Eq. (3.3 


antisymmetrization the zero-order 
neralization of 
well-known procedures , the antisym 
metrization requires that no tw ctrons have all four 


same At 


two electrons, each T of te pin, can 


quantum numbers most 


py the 
same atomic orbit. The only way in which we will make 


occu 


Pauli 
the 


its unsym 


use of the antisymmetrization is by applying the 
principle 
zero-order wave function wil in 


in filling these Otherwise, 


metrized form. One re 


ne unpe rturbed 


Hamiltonian will f the 


not n) tri in al ( 


electrons 


4. DETERMINATION OF THE b 
The total unperturbed energy system depends 


on the choice of two arbitrary parameters, } 


The 


latter are fixed, ; n indicated, by the 
asymptoti 


ind ] 


behavior of the The former 


constants are at our dispo i 


minimize the effects of H’. The potential energy terms in 


‘HA 
by S I 
p. 90 ff 

‘D. R. Hartree 
Wiley & Sons, N« 


editec 


XXXV 


Bethe and alpeter, Hand 1 "WYSIR 


Siructure (Jot 
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our Hamiltonian 


EZ. +(/DE TE l/r 11 


a 


are singular at the zeros of r,; and r,;. Since the potential! 
energy is « omparable to the kinetic energy, V cannot be 
thought of as a small perturbation. The introduction of 
to be taken 
into the unperturbed Hamiltonian, Ho. We can hope to 
accurate zero-order results if the perturbing 
Hamiltonian is now small compared to V. At the 
we note from Eqs. (3.2) and (3.3) that H’W, is 
(This is 


whe re 


the interelectron coordinates allows all of | 


obtain 
ZeTOS 
of r . Vik. 
zero angular 


always finite obvious for the 


momentum the angular derivatives are 
For other angular momenta the behavior of the 
cancels the r,;~' in the angular derivative terms 
As already mentioned, VW» becomes 
infinite at the points in question and the effects of the 
perturbing Hamiltonian are thus small compared to 
the zero-order potentials in the regions of space near 


cases, 
zZeTo 
Rr 


near the zeros.) 


the nucleus and near each electron, independent of 
the choice of any arbitrary constants 
The problem is more complex, however, in what we 


will refer to as the asymptotic region of space, where an’ 


electron is far from the nucleus and its companion ele 
trons. In this region we will, of course, want to compare 
H’' with V. Then, by adjusting the 4,;, we will make H’ 
vanish in a suitable manner. The first thing to be don 
is to decide what region of space shall comprise the 
asymptotic region. After this, we will be able to detail 
the suitable manner in which 7’ must vanish 

In order to determine the asymptotic region of space 
for each electron we picture the atom as being con- 
structed by bringing the electrons in from infinity, 
filling the atomic shells (determined by the principal 
quantum number, m) consecutively, starting from the 
innermost. In our approximation, an electron in an inner 
shell is not affected by any outer shell, but it is by the 
Such a 
picture is simple to apply and allows a unique determi 


electrons in lower shells or in the same shell 


nation of the shielding requirement imposed as a bound 
ary condition upon the interelectron wave functions in 
the next section. 

Consider an electron, the ith, which occupies the n, 
shell. The atom is built up to and including this shell 
rhe asymptotic region for this electron is created by 
moving the clectron outward from the vicinity of the 
incomplete atom. The Coulomb potential acting upon 
the electron becomes 


PA —Z+P 


I 

— 
vir 
where P; is the total number of electrons in all shells up 
to and including the m,. In the perturbing Hamiltonian, 
the portion containing the coordinate of the ith particl 


< 


rOMS 


oe 


a6 .Ar r, sind r,; 0b,0r, 
ae 
(4 3) 
Or, Or.) 


In the asymptotic region the opposing vectors r,; and 
r,; line up. The distance derivatives have the effect of 
multiplying Wo by the constants appearing in the ex- 
ponents of R and u, while the angular derivative terms 
become negligible because of the extra factor of r,; in the 
denominator. Then the operator H/,’ has the following 
approximate numerical value 


H/~! 
i” 


1 
+o ). (4.4) 
ri 


where we have again assumed that u,;~exp(qifi;) in 
the asymptotic region. The sum is over all shells up to 
shell. This is indicated by the prime 
on the summation sign 

The perturbation caused by the ith electron thus 
behaves like a constant in the asymptotic region, while 
the corresponding Coulomb potential found in the 
unperturbed term vanishes like 1/r;. The 6,; we intro- 
duced are now adjusted so that H,’ itself will vanish at 
, in the asymptotic region. There- 


and including the n 


least as strongly as | 
fore we take 


Lt —bisgi?—4 LX’ 4 


imi } 

This is the prescription we use to insure that the 
perturbation term is small in the asymptotic region. It 
is, of course, applied to all the various shells comprising 
the atom. Note that only m, enters into the formula, so 
that all electrons in the same shell, but with different 
m, | values, are treated identically. The q’s are deter- 
mined by the shielding discussed in the next section. 

We now have completed the description of the separa- 
tion of the Hamiltonian and the determination of the 
b,;. The perturbation introduced is small compared to 
the Coulomb potentials near the origins of all the 
coordinates. In the asymptotic region about each elec- 
tron, the effect of the perturbation, although com- 
parable to the Coulomb potential, decreases as 1/r. It is 
then reasonable to expect that the effect of the perturba- 
tion will be small throughout all of the physical space of 
each electron, and that the zero-order wave function, 
Eq. (3.3), should accurately represent the system. 
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The asymptotic behavior of H,’ for the interelectron 
wave function used in I is worthy of note. The q’s were 
all taken as zero in that paper and all the interelectron 
wave same Bessel-Clifford fun 
tion. The corresponding 7,’ thus vanish asymptotically 
However, investigation of the Bessel-Clifford function 
hows that 


functions became the 


j W rc 


HVac~Olr 


In addition, the shielding condition we impose in the 
next met by this 
Nevertheless, the approach used in I resembles in part 
the present method and the success found with the 
Bessel-Clifford function partially validates the method 
used here 


section cannot be wave function 


5. SHIELDING REQUIREMENT 


The zero-order wave function has been given in Eq 
3.3). In order to determine the wave functions ® and 
u,; completely, suitable boundary conditions must be 
imposed. Actually in writing ® as given in Eq. (3.4) we 
have implicitly assumed one set of boundary conditions 
This is that the hydrogenic wave functions are finite at 
In fact, they must 
that the total 


integrable De spite the 


the origin and vanish at infinity 


vanish so strongly at infinity wave 


function quadratically 
exponentially increasing behavior which we will demand 
of the u;; the solution for Wo satisfies this boundary 
condition 


What 


u,;? The choice, 


boundary condition shall we impose upon the 
we have indicated earlier, must express 
the shielding of the nuclear charge which occurs as one 
electron is moved away from the nucleus 

olution of the Schrédinger equa 


shell is in its 


Let us examine the 


] 


tion when the ith electron in the n 


asymptotic region as described in the previous section 


Mathematically we do this by requiring that r,/r, be 
very small, where the subscript / designates any electron 
in the same shell or in an inner shell compared to 7, while 
requiring that r,./7, be very large where the subscript & 
represents any electron in the outer shells. The cloud of 
electrons located in shells outside of the n; shell will not 
affect the 
these electrons are uniformly distributed. We specifically 


although there are errors 


potential of the ith electron, assuming that 
assume that such ts the 
involved in this assumption due to the overlap of the 
shells. The 
the nuclear 
changing its effective value to Z— P;+1. 


Case, 


wave functions corresponding to different 


inner electrons, 4, however, will shield 
charge, 

That part of the Schrédinger equation corresponding 
to the 7th electron now separates out. If we impose the 
usual boundary conditions on the solution of this part of 
the Schrédinger equation, that it be finite at small r,; and 
vanish at infinity, the corresponding wave function is a 
hydrogenic wave function bound in some orbit to a 
charge, Z—P;+1 


r./r, is large, the ith electron does not 


Under the conditions that r,/r; must 


be small while 


have any possibility of interacting with the other elec- 


AND 


S BOROW 


trons, and it mu 
shell The relor in the vmptot n i he ith 
electron, the 


zero-order \ function mu have a 


eparable part whi represents t th electron as 


moving In gina ( { held of a nuclear 
charge Z—P is I irement « 


every detail. Howeve I ea sal 


innot be met in 
sfied as far as the 
exponential behavior of cerned by imposing the 


following boundary condition on u;; at large distances: 


, +i1)r 


®,(r,) [] u:,(ri;)~exp 51 


Thus 
P 


sin eP.(r 
In view inner 


elec trons, 


the outer electron need 


Since 
not impose any requirement n;>n;. The 


How 


our ap 


argument given above not a proot 
ever, it doe lish the I ess Ol 
proac! The re do not defin 
the asymptoti gi r the it tron by moving 


this electron out past trons becomes 
ith electron 


ulidity of the 


obvious from our argument 
through the cloud of outet ctrons, the 
original orbital assignment troyed because of 
the electronic interactior ( nnot say what precise 
orbit the ith ele around the 
shielded nucleus of charge Z +] 


expone ntial behavior of di 


tron v now occupy 
Again, 


orbital wave 


the similar 
functions 
treatment 


within the 


representing the same s! xplains why the 
is identical for 
same shell. Note that juantum num 
ber appears in yur equall TT 

Once we have determi } 
equation in the |: ction wl xpres condi- 
that H : be solved 


Following the above rgul nts allt ),; are taken as 


equal when » ess than or « ilton hen Eq. (4.5 


tion vani 


yields 
1+4 


By starting with the innermost shell and progressively 
filling the outer shells, a set of numbers and 6,; are 
easily generated. Thes ind 6’s complete the descrip- 
tion of H 


now be obtained by inve 


and W». Useful properties of the 
gating H 


zero-order ent rgy, lor exan le, is ju 


system can 


individual hydroget 


Eq. 3.6) and the 
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Various applications of this equation will now be 


discussed. 


6. APPLICATIONS 
Two-Electron Atoms 


Helium and helium-like ions consist of two electrons 
both in the lowest orbit surrounding a nucleus of charge 
Z. These are the simplest many-electron systems which 
are encountered. Only the ground-state energy is con- 
sidered now. 

The zero-order wave function is a product of two 
ground-state hydrogeni functions 
interelectron wave function. That is 


wave times the 


Wo= e716 2724 (750). 6.1) 


When one electron is far from the nucleus it moves in the 
ground state of a nucleus of shielded charge Z—1. Its 
radial coordinate, say, rz becomes very close to the value 
of ri. The exponential form of « at large values will be 
exp(gri2) and in order that Wo display the proper 
shielding at larger r we demand 
e~2rig—Zrigarit~ @—Zrig—(Z—-l)ra. 
Thus 
q 1, 
in agreement with Eq. (5.2). 
The perturbing Hamiltonian H,’ for the second ele 
tron is given by Eq. (4.3) 
)v ' 6.4 


At large rz the vectors r2 and fez line up and H,’ ap 
proaches the numerical value 


"Rye do 


rT. OT.Or; 


iH,’ by?+ Zq. 6.5 
In order to have H,’ vanish asymptotically, we require 


b= —Z. 


6.0) 


This agrees with Eq. (5.3). 

The total ground-state energy in zero order is the sum 
of the separate nuclear and interelectron energies. Thus, 
using Eq. (3.6), 

Fo= —2— (14-5) = —-27+Z—1, (6.7) 
in view of Eqs. (6.3) and (6.6). The corresponding zero- 
order energy using only the hydrogenic functions is just 

ky H —Z', (6.8) 
Table I presents the zero-order energies calculated using 
interelectron functions, and also using only hydrogeni« 
functions. These results are given in terms of the 
percent deviation, A, from the true value: 


A= 100(Eexpt— Ecate)/ Eexpt- 
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raste I. Comparison of percentage deviations, Mo", Ao, of 

calculated zero-order energies (in atomic units) from the experi 

mental energies using hydrogenic functions and using the method 
f this paper 


System exp(a.u Ayo" 


Helium-like 
He 
Li 
Be** 
B* 
ce 
N* 
Oo* 


Excited helium* 
> 1.36 


4 Sy 
4 445, 


* The experimental value 
1 triplet values 


ym are an average of the singlet 


Excited States of Helium 


An excited two-electron atom is the simplest atomic 
system involving more than one orbit. Consider one 
electron in the inner /th shell and the other electron in 
the outer mth shell. The inner electron shields the outer 
electron from the nuclear charge but sees the full nuclear 
charge itself. The zero-order wave function is 


Vy, ‘ (r,)®,, Fo)thim (119). (6.10) 


At large distances this has the asymptotic behavior, 
exp(—Zr,l-'—Zrom™+qri2). When the outer elec- 
tron is far from the nucleus, the shielding produced 
by the inner electron requires the behavior, 
exp —Zr,l-'— (Z—1)rm™ }. Therefore, g= 1/m. There 
is no equation to express shielding of the inner electron 
because there are no electrons in still lower orbits than 
it. The perturbation H,’ has the asymptotic value [see 
Eqs. (4.3) and (6.5) 


iH,’ b+-Z)/m (6.11) 


—L. 


As in the unexcited case, we must choose b= 
The total zero-order energy now becomes 


‘(- Z (Z—1) 
IAT ) m* 


The corresponding zero-order hydrogenic energy is 
if/z” Pg 
The deviation of these energies from the experimental 


values are presented in Table I for the singly excited 
states of helium. 


(6.12) 


(6.13) 


Ground State of Neutral Atoms 


We now treat the ground state of neutral atoms 


within the periodic chart. The atoms are treated by 
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starting with the innermost shell and filling the shells 7. DISCUSSION 


uccessively. Those orbits with the same principal Table | i cal mparative energy deviatio1 
- ‘ i t t | y t yy (i ALIONS 


quantum number are considered equivalent. Once an . ile Cal , 
calculated in zero-order e use of hydrogeni 


inner shell is filled no further change occurs in the 


functions and with t method outlined in this paper 
for various exci in nized two-electron atoms. A 
noted in Appendix I, ur! thod is not applicable to the 


he introductio1 I lectron coordinates 
| 


manner of treating that shell 
The first shell is filled with helium. The contribution 
. ( nergy f j leted s ; 
ko, to the zero-order ¢ nergy res " a ed = case. Z=1.1 
as we progre aiong the eCTIOA art langes only . 14: . 
prog P . = ‘ ' re, together with the proper snl ig requirements pro- 
because of the variation in Z. This contribution ha 


already been given by Eq. (6.7) as —Z77+Z—1 


Consider the electrons in the second principal orbit 


duces a very substantial gain in accuracy. This is 
illustrated more forcibly in Tab where results for 
. various neutral aton givel t is apparent that 
n 2. As one of these electrons is move« to infinity, the 
electrons remaining in the second and first orbit shield . | 

- : .? for neutral atoms } 
the nucleus. Since the ge; are all identical, Eq. (5.2 ; 


In order to yield im la wel with hydrogenk 
yields g 4, njS2 ; 


hydrogenic functions do not yield satisfactory energies 


functions, recourse must nade to first order, or still 


The perturbation terms linking this shell to lower ? : ' * 
better, tO Variational ‘ ation with a consequent 


hells must vanish asymptotically. The requirement is large increase in computational effort at h stage. W 
arg ( a comp ation: oO at eacn stage ¢ 


fulfilled by Eg aa There are P.(P2—1)—2 |/2 


q ; also present in Table II, these first-order and variational 
interelectron coordinate linking the second hell to 


calculations for the hy genic functions. The varia 


} 


itself or lower shell Therefore, the zero-order contribu . : 
tional results are available and were obtained with the 


tion to the energy from the second shell is 4 . ] 
antisymmetrized Morse functio1 These Morse func- 


+ ti 


Z tions are just the hydrogeni in which 


the constants, such a le 7 ir il al treated as 
variable parameter! I e Tunctio alculations 
are representative of t mal ( t variational 
(6.14 calculation in the literatur nd, furthermore, have 
been extended over most of tl nge tor which energy 
values are availa first-order ene1 given in the 
When this shell l] 2=10 and Foe has the value table were 

+ 55 j - > ibut c f . 
7°+11Z imilat manner, contribution TOM saference 6 and by takis 
the outer shells can be « ilculated rapidly. lor instance, . - 
, ” of unsymmetrized hydr 

the third shell contributes the energy : 


7 Table I] shows that th ro-order el! ole obtained 

7? {P;—10 with the introduction of shielded interelectron functions 
re considerably better thar Lne t-order hydrogeni 

ene rgies Thi i o ce | tf lac that tne zero-order 


Pasir Il. Per 
\." are the zer 
hvdrogenic lu 
and the zero 
while the rth shell has the energy 


6.16) 


The total zero-order energy is the sum of the various 
energies of the filled or partially filled shells. The 
corresponding zero-order contribution using only hydro- 
genic functions is 


6.17 


The energies calculate ve above formulas art 
given in Table II, in term heir deviation from the 
experimental valu 





A\PPROXIMATI 


results are enormously more simple to obtain, involving 
only algebra and no integration. Indeed, our zero-order 
energies are surprisingly close to the variational energies 

Another widespread and relatively simple method for 
obtaining the energies of neutral atoms is the Thomas- 
Fermi calculation. This calculation is based on a varia- 
tional approach‘; however, because of the mathematical 
ipproximations introduced within the theory,’ accuracy 
in the energy values comparable to usual variational 
calculations cannot be « xpected. Table I presents the 
deviations calculated by the usual Thomas-Fermi ex 
pression, E7r=0.769Z"". These results compare very 
poorly with our zero-order calculations for the light 


atoms given in Table IT, the Thomas-Fermi energy 


deviations being an order of magnitude larger than the 
zero-order deviations. The experimental energies for the 
light atoms have been extended analytically to heavier 
atoms by Mayer and these energies have been reported 
by Cowan and Ashkin." Figure 1 compares the Thomas 
Fermi energies and our zero-order energies with the 
experimental values over the extended range of Z up to 
those values of Z where relativistic corrections become 
important. No significant improvement of the Thomas- 
Fermi results over the zero-order calculations is found 
within this range. 

Some words should be said here about the appli 
cability of the type of shielding we introduced as a 
boundary condition upon the interelectron wave fun 
tions. This discussion may help us to understand how 
the results we obtained can be adapted to other types of 
quantum-mechanical systems. It should be remembered 
that the outer shells were neglected in treating the 
asymptotic shielding of any orbit, while all subshells in 
the same shell were treated identically. Such a procedure 


will be expected to work well whenever the atomic 
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F1G. 1. Comparison of the Thomas-Fermi energies and the zer: 
order energies of this paper with the experimental energies of 
neutral atoms (in atomic The experimental values for Z 
up to 13 are as given in Table II while the last three experimenta 
values are actually analytical values due to Mayer as reported in 
reference 10. 


units 


*P. Gombas, Handbuch der Physik, edited 
Springer-Verlag, Berlin, 1956), Vol. XXXVI, p. 120 ff. 
*N. H. March and J. S. Plaskett, Proc. Roy. So« 
A235, 419 (1956). 
R. D. Cowan and J. Ashkin, Phys. Rev. 105, 144 (1957 


by »S lugge 


(Londor 


OF ATOMS 1281 
system possesses well separated shells together with an 
of the 


indeed, produce well 


approximately central field. The characteristic 
Coulomb potential is that it does, 
separated shells and the central field approximation is 
certainly excellent for all the filled shells within the 
atom. Thus our approach should describe very well the 
be havior of the inner shells In an atom and these shells, 
of course, contribute the major part to the total energy 
of the atom. The presence ol p, d, 
filled shells 
such inaccuracies 


\ glance 


general 


shells outside of 
should disturb the results somewhat, but 
will disappear once the shell is filled. 
at Table IT confirms these expectations in a 
Note the 


hell is completed in comparison to the progressive 


way extremely good results once a 
worsening while the shell is being filled. 

\ final note will be made concerning the applications 
of first-order perturbation theory with our zero-order 
functions, V 
tions, the wave functions, Vo,, generated by allowing the 
individual electrons 


wave Because of the interelectron func- 
to fill all of the possible orbits are 
not completely orthogonal among themselves. This is so 
because H’ is not zero. If it were, we would have Hyp= H 
and the set, Vop, 


of the Hermitian properties of /7. However, our method 


would be orthogonal simply because 


of approach has been aimed at making H’ small com- 
pared to Ho and the results obtained certainly indicate 
that this aim has been accomplished. We can then be 
fairly confident that the set of functions, Vo,, is quasi 
orthogonal in the that (Wo,,Wo,) is much smaller 
than either (Wop,Vop) or (Wog,Vo,). This, plus the fact 
that Hy~H will allow us to take over the usual first- 
order perturbation formulas directly for use with the set 
Vo, with the expectation that any inaccuracies will 


ens¢ 


affect the results in second-order only. 


APPENDIX 1 


We shall illustrate the basic procedure we have used 
in this paper by introducing redundant coordinates in a 
one dimensional problem. Using this as a model it will 
become clearer what the mathematical content of the 
more complicated problem treated in the body of the 
paper is. 

Suppose the Hamiltonian of 


i dx?+ V (x 


HH (x) 


our 
and the original equation is 


system is 


H(x)o(x)= Ela A(1.1) 


By imposing suitable boundary conditions, we can 


specify the solution of A(1.1) corresponding to a par- 


ticular energy. Figure 2 shows a curve which might be 
a portion of such an eigenfunction. We next parametrize 
in it, so that 


a portion of @( x), by substituting y y(x) 


¥(x,y(x)) 


QA 


his procedure is not unique, but its lack of uniqueness 
unimportant for our considerations. We now can plot 
the function (x,y(x)) in the x, y, ¥ space and the effect 





z* o(s,yis) 








2. Relationship of ¥(x,y), @(x), and y=y(a 

is to deform the plane curve ¢(x) into some space curve. 

¢(x) is the projec tion of ¥(x,y(x)) onto the x—@ plane : 
We now require that the derivatives of the plane 

curve @(x) be equal to the derivatives of the space curve 

¥(x,y(x)). This means that 


¥(x+ Ax, v(xa+Ax))—W(x,v(x)) 


Aa 


nH oy ay 


Ox Ovada 


which is the chain rule of differentiation we have used. 
The original Hamiltonian H(x) is thus replaced by a 
Hamiltonian H(x,y) which is equivalent to it on the 
curve ¥(x,y(x)). This Hamiltonian is not unique, de- 
pending as it does on the parametrization y(x) we have 
used but again its lack of uniqueness is irrelevant. 

Let us now consider the larger problem in the three- 


dimensional space 


j 


Lf the w(x, 
¥(x,v(x))=—@(x) Is an 
problem corresponding to 


contain the curve ¥(x,y(x)), then 
the original 


urlact 
elge nfunction of 
the energy associated with 
(x). For the larger problem we have no way of speci 
fying a suitable boundary condition in the y variable to 
ensure that the surface contain the curve ¥(x,y(x)). 
The procedure we have followed in the text is to guess 
at reasonable, approximate solutions of A(1.3 
contain a curve corresponding to an approximate 
¥(x,y(x)) which in turn satisfy reasonable boundary 
@ plane. Since 


which 


conditions when projected onto the a 
our approximate solutions in the larger space have this 


property when projected, we consider that they are 


BOROWILTZ 


reasonable representations ol functions of the 
problem corresponding to A(1.1 

We might add that we have used this technique for 
solving approximately the one-dimensional harmon 
oscillation with success comparable to that quoted in 


this paper for atom 


APPENDIX 2 


The solution terelectron wave 


function, 


has the form 


where g=+|—/ and ,F,; is the confluent 
hypergeometric function.” At large values of r and for 
real g, e*” ,F; has the dependence exp(+ |q/r). This is 


the exponentially increasing solution in r at infinity 
the shielding requirement 
(b+1) 


that 


have the 


which is needed to fulfill 

For the 
value 0. The solution of Eq for 
n(O) exp (Er? /4 r/2 This does not 
ponential behavior we 
applicable in that particular instance. This 


hydrogen negative ion, has the 
case is 
ex- 
need and our method is not 
result is not 
have negiecte the [ 
and tl 
depends wholly on this polarizatio1 

It is 
obtain the atomic energies 
E= (Wo,HV,)/(¥o,%o) can be carried out in closed form 
for two electron systems 4 (2.2 
interelectron For these 
Hylleraas” variables are in 
following types are found 


polarization ol 
e binding of H 


surprising since we 
the atom by the added electron 
noting that the integra 


worth necessary to 


from the variational formula 
when is used as the 

systems the 
of the 


wave function 


1 and integrals 


These are evaluated by 


and Winther. he fina 


‘1 P. M. Morse and 
McGraw-Hill Book Com 

2 FE. A. Hylleraas, Z. Physik 5 

3K. Alder and A. Wi 
Mat.-fys. Medd. 29, 18 
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where F, is the generalized hypergeometric function in 
two variables." 
An approximation technique was given in I for 
“P, Appell and J. Kampé de Fériet, Fonctions H ypergéomé 
triques, etc. (Gauthiers-Villars, Paris, 1926). 
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evaluating integrals containing many interelectron func- 
tions. For greatest accuracy, the technique depended ' 
upon the evaluation of integrals of the type, J,. 
Equation A(2.4) thus allows this approximation tech- 
nique to be used with the wave functions of this paper. 
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The Hulthén-Kohn variational method is applied to the elastic scattering of electrons by hydrogen atoms 
The trial function used is of a nonseparable form, allows for the virtual excitation of the 2s and 3s states, and 
contains a scaling parameter which is allowed to vary. The resulting scattering lengths and S, P, and D 
singlet and triplet phase shifts are compared with the results of other calculations, and reasons are given for 


expecting them to be of improved accuracy 


I. INTRODUCTION 


HE elastic scattering of electrons by hydrogen 
atoms is the simplest example of atomic scattering 
involving a composite system. As such it is not tractable 
by exact analytic means, and has been the subject of 
numerous successively improved calculations involving 
various approximation techniques. As there have re- 
cently appeared several papers' containing excellent 
reviews of the subject, we will not attempt to include 
one here. This paper is concerned with a Hulthén-Kohn 
variational calculation for the S, P, and D phase shifts, 
making use of a more flexible trial function than has so 
far been used. It is expected that this will substantially 
improve the existing values in a manner similar to the 
rapid improvement of the bound-state energy of a two- 
electron system when more elaborate trial functions are 
used in the Ritz variational procedure. 


Il. HULTHEN-KOHN VARIATIONAL METHOD 


In the atomic units in which length is expressed in 
Bohr radii and energy in double rydbergs, the Hamil 
tonian for the electron-hydrogen atom system is 


H=—4V2—302- +— (1) 


The asymptotic boundary condition for a given trial 
partial wave function satisfying the Schrédinger equa- 


tion, 


H—hyv=0, 


H.S.W 
Branscdet 
Son London 


172 (1959 


Masse Revs 
A. Dalgarno, T. I 
71, 877 (1958); |} 


Modern Phys. 28, 199 (1956); 
John, and M. J. Seaton, Proc 
B. Malik, Z. Naturf 


orscl 


may be expressed as 


VY, ~ Yolr V »o(f))r, 
b, sin(kr,;— 41x) +a, cos(kr,— flr) 
x or (3) 
@ sin(&r;+7.—4lr), 


where Wo(r) is the ground-state hydrogen wave function 
e’/</m, and Vj »(f) is the normalized Legendre poly- 
nomial [ (2/+1)/4a }!P;(cos@,); t=r/r. In addition to 
the above asymptotic condition, the trial function must 
(1) be symmetric or antisymmetric in fr, and rf, (2) 
atisfy the boundary conditions at the origin of r,; and 
r,, and (3) be an eigenfunction of the z component and 
quare of the total angular momentum. 
Consider the integral 


Ly [ [va ewardrs (4) 


in which ¥, satisfies all the preceding conditions and 
contains the additional variational parameters ¢,, C2, 
Cn. The Hulthén-Kohn stationary expression is 


5L = G*kin,= k[ b da,—a db, |. (5) 


The variation in L,; is performed with respect to all other 
parameters that may be contained by V, as well as the 
asymptotic parameters, 9;, @,, and b,. As we may choose 
the asymptotic amplitude to be @=1, the two phase 
parameters a, and b, cannot be varied independently. 
1 and 6a,=0 leads to the second Hulthén 
method? (called this to differentiate from the original 


Choosing a;- 


Hulthén method), with the condition 


é6L, kbb ,, (6) 
sik 35A, No 


L. Hulthér rkiv Mat stron. | 25 (1948). 
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which requires that the variational parameters are de- 
termined by 


OL ,/dc,;=0 2 een OL ,/db:=—k. (7) 


The resulting second-order phase parameter and phase 
shift are 


b b4L, k. (8) 
and 
n=arccotb (9) 


Similarly, if we choose b,=1 and 66,=0, the corre- 


sponding relations of the Kohn’ method follow: 


bl, 


kéba ty 


7] arctand. 


The two schemes are linearly independent and become 
identically only if L,=0. The 
Hulthén method‘ does not treat the asymptotic phase 


a variational parameter, and hence 6L,=0. 


equivalent original 
parameter a 
As this leads 
c,’s and a,), the 
invoked 
The 
cle arly demonstrated in 
She pe lenko.® If the « 
one obtains from (5) a set of n+2 linear homogeneous 
and b, 
and the c,’s, while the last » equations 
As the determinant of the coeffi- 
cients does not in general vanish, a nontrivial solution 


for the n+2 


to only m equations in m+1 unknowns 
ub idiary condition J 0 is also 
methods 
a paper by Demkov and 
’s enter the trial function linearly 


connection between the three was 


equations in the c,’s, @,, he first two equations 
contain ay, by, 
contain only the « 
unknowns does not exist. In the second 
Hulthén and Kohn methods, the +2 homogeneous 
equations are converted to 2+ 1 nonhomogeneous equa- 
tions in m+1 unknowns, which can be nontrivially 
solved, by 0, or b.=1, 6b,=0, re 
spectively. The original Hulthén method is equivalent 


setting a,=1, dba; 
to retaining the last m equations (61,=0) and replacing 
the first two linear equations by the quadratic equation 
0. This has the effect 
spurious nonphysical real root in 


in a, and c,’s corresponding to L, 
of introducing a 
addition to giving rise to the possibility of complex roots 
for a, both of which would then be nonphysical. Be- 
cause of these ambiguities which may arise from the 
Hulthén numerical 


complexity we shall presently use only the Kohn and 


original method and its greater 


second Hulthén methods, which we shall refer to as 


Case A and Case B, respectively. 


*W. Kohn, Phys 
‘L. Hulthén, Kgl 
1944) 

® Tu. N. Demkov and F. P. Shepelenko, J 
U.S.S.R.) 33, 1483 (1957) [translation 
1144 (1958) ] 


Rev 74, 1763 (1948 
Fysiograf. Saillskap. i Lund, Férh. 14, No. 21 
Exptl. Theoret. Phy 
Soviet Phys.-JETP 33 
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III. CHOICE OF TRIAL FUNCTION 


In choosing a trial function we must make a compro- 
mise between desired accuracy and computational feasi- 
bility. It is desirable to choose a trial function which can 
be subsequently improved in a systematic way, giving 
to the correct phase 


results that will ultimate 
shifts. 
We consider the 


Vv converge 


iorm 


W,(r,r 


}P) cosé 14) 


angle betw n tl wo electron radius 
shown by Breit,® if the coordinates 


, 2 tO 7}, G1, di, ro, 6. og, 


Here @ is the 
vectors. As 

transformed from 1r;, 4), #1, fe, 8 
the transformed L? L, = 5 operator does not con- 
tain any differential operators in 6. Hence, the above ¥, 
eigenvalue /(/+-1). Also 


with eigenvalue 


are 


is an eigenfunction of L? with 
it is an eigenfunction of / Littl 
m=, since the transformed operator contains only 
0/d0¢). 


14) | 
Ritz variational calculations for the energy of bound 


Trial functions in the form of ive been used in 


states. Generally, the results were quite good even when 
only #9 was retained and all higher ®)’s omitted. For 
for the total 


of its correct 


example, Chandrasekhar’ found a value 
energy of the 'S state of H~ within 3 
value with a trial function containing only the ®» in (14). 
In a calculation on the 1s2p*P state of He with a trial 
‘found that C= —0.0089 


( 


function in which ®; = Cp, Breit 


and the energy remains essentially unchanged from 


what it was with ®p» alone 

The Hylleraas type of trial function has been used 
even more extensively than (14) in energy calculations 
on two-electron systems. Green et al.* have analyzed the 
tion for the ground 


a Legendre function expansion 


3 and 6 parameter Hylleraas fun 
state of He in terms of 
similar to (14). They found that the contribution to the 
total ene rgy of the A=1, 2, and 3 term 
mately 0.01, 0.001, and 0.0002 of the A 


are approxi- 
0 term. From 
that the inclusion of 


this we see 


the variable r;. in the 


trial func tion does not nece an appre ( iable 


admixture of angular correlat 


These and other calcula e that an energy 


correct to within a few | cel in be achieved with 


they ave 


spherically symmetric il functions if ; 


enough radial flexibility ity has been found 


to be greatly enhance f tl fective nuclear charge 


pail - ’ 


parameter is permitted us encouraged 


*G. Breit, Phys. Rev. 35, 569 (1930 
7S. Chandrasekhar, Astrophys. J. 100, 176 
5G. Breit, Phys. Rev. 36, 383 
*L. C. Green, M. M. Mulder er, M. N 
Wol!, E. K. Kolchin, and tev. 96, 319 
” See S. Chandrasekhar ‘ dern Phys. 16, 301 
and H. Bethe and I ter 
Springer-Verlag, Berlin, 


1944 

1930 

Lewis, J. W 

1954 
1944), 





©=LECTRON-H ATOM 
to expect phase parameters of comparable accuracy with 
a trial function of comparable flexibility, although our 
analogy between the energy and scattering calculations 
is only suggestive and certainly not rigorous. 

Our present trial function for Case A is (14) with 


Po (71,72) = kbo(re)[ 7 ( eri) — (1 —e-")? 4" (ker}) | 


3 
+h 4e/(21+1) rite ¥ caRnolrs), (15) 
newl 
?,=0, A>O, 
where j; and m, are the spherical Besse! and Neumann 
functions. For Case B we use the above form with a;= 1 
and 6, multiplying j,(kr,;). Here y and the c,’s are 
variational parameters and the R,o’s are the unnor- 
malized hydrogenic radial 1s, 2s, and 3s functions, e~" 
e~"2(1—7/2), and e~"*(1— 2r/3+-29°/2 
and: (1—e¢—"!)?! 


7). The factors r,! 
are included to satisfy the boundary 
conditions at the origin. The scale parameter y is 
analogous to the effective nuclear charge parameter in 
the energy calculations. As ¥ is always real and positive, 
the assumed trial function does not take explicit account 
of real excited states for k®>0.75. 

This trial function differs from the Hartree-Fock 
function in that it cannot be expressed as the product 
F(r,)fo(r2) (before symmetrization). The nonseparable 
terms belonging to m= 2 and 3 in the above sum may be 
thought of as representing virtual excitations to the 2s 
and 3s states during the collision. Similarly the inclusion 
of terms for which A>0O would correspond to virtual 
excitations to p, d, --- states, which would allow for a 
more complete description of the scattering. These 
virtual excitations also are included in the general term 
“polarization.” As the adiabatic approximation is of 
questionable validity for this case,'' we will consider 
polarization to exist only in the above sense of virtual 
excitations, rather than in terms of an added induced 
potential between the electron and the hydrogen atom. 


IV. PROCEDURE OF CALCULATION AND RESULTS 


The integrals contained in L, have been incorporated 
into a general code for the IBM 704. They have been 
evaluated by a combination of analytical and numerical 
means for /=0, 1, and 2. For any given value of +, the 
resulting set of four linear equations, (7) or (11), in the 
parameters ¢1, C2, C3, and a; (or b,) is solved and the 
corresponding L, is obtained. 

As the c,,’s and a, (or 6,) contained in L, are functions 
of y, for Case A 


OL, dL, 


OL, don OL, da, da 


n=1 0c, dy Oa, dy 


dy 


Oy dy 


and for Case B, 0L,/dy=kdb/dy. The points of zero 
'B 

Martin, 

London 


A. Lippmann, Bull. Am 
M. J. Seaton, and J 
72, 701 (1958 


Phys. Soc. 5, 119 
B. G. Wallace, Proc 


1900); V. M 
Phys. So 
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derivative of a and 6 with respect to y thus correspond 
to the stationary condition 0L,/dy=0. For the S wave, 
most of the space integrals in L, are considerably simpler 
than for />0 and can be evaluated completely analyti- 
cally. An independent code was assembled for the S 
wave only to take advantage of this fact and was used as 
a check against numerical errors in the general code. 
At each energy there may be any number of y’s at 
which 0L,/dy=0, both for the Case A and Case B 
solutions. In general, the n’s corresponding to these 
different stationary points were very close to one 
another, in which case we chose for tabulation that 
stationary point whose y value was most continuous 
with those of adjacent energies. When there existed a 
considerable spread in the n’s, the best one was assumed 
to correspond to the minimum absolute value of L,, as 
the correct wave function would give L,=0. Since the 
trial functions used in Case A and Case B have different 
isymptotic normalizations, rather than compare the 
different values for L, itself, we define the quantity 


I Le (1+ a’) 
L./(1+86*) 


A) 
(for Case B), 


(for Case 


the minimum absolute value of which is our criterion 
for the preferred phase shift. The resulting phase shifts 
and variational parameters are given in Tables I, II, 
and III. 

As a result of the inadequacy of our trial function for 
energies above the excitation threshold, we could in 
some cases not find a value of y for which 0L,/dy=0 is 
satisfied. In these cases n tends to approach the same 
value asymptotically as y gets very small or very large. 
We thus include the asymptotic 7 in the tables but omit 
the c, parameters as they loose significance in the limit 
of y @, 

When » goes through 0 or 2/2, b, and b or a, and a, 
respectively, go through a discontinuity, +” to Fo, 
Since this requires one of the unknowns (a, or b,) in the 
linear equations to become infinitely large in magnitude, 
the other terms containing the c,’s become masked and 
errors are introduced. In those situations we use the 
method which results in a continuous change in the 
parameters, Case A when 9 goes through 0 and Case B 
when » goes through w/2. The phase shift has to be very 
close to 0 or x/2 for the above errors to enter, and it will 
be seen from the tables that with our coarse net in k the 
problem did not arise. For instance, Case A was used 
in both the singlet and triplet S wave for ’s near #/2. 

The very low-energy behavior of the S-wave phase 
shifts can be expressed in terms of the scattering length, 

1o, and effective range, ro. These quantities are defined 
in the expansion of k cotn in powers of # at zero energy, 


To" 


& cotn k?+-O( k*). (16) 


We find Ag*t=8.220, 2.350, and ry 
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l'aBie I. Variational parameters and phase shifts for 5 wave 


0.9288 
1.070 
2.790 
0.1819 
0.1247 
—0.1369 
0.07601 
~0.01476 
0.07939 


0.1108 
0.3631 
6.120 
§.272 
2.527 
0.01181 
0.05346 


0.04832 
0.2378 
0.03032 
0.02140 
0.001034 
0.01681 
0.005393 
0.000798 
0.01103 


0.006998 
0.02015 
0.01244 
0.4061 
0.3594 
6.004063 
0.001442 


0.003218 
0.3499 
0.01236 
0.01484 
0.0000025 
— 0.000487 
0.001405 
0.000294 
0.003166 


0.001440 
0.004194 
- 0.000883 
0.05099 

0.04783 

0.000968 
0.000206 


or b 


1.024 
3.116 
10.92 
0.2068 
0.6998 
0.9033 
0.7257 
0.8124 
1.380 


0.5041 
1.240 
2.891 
20.74 
4.601 
1.975 
1.406 


Casie IT. Variational] parameters and phase shifts for P wave 


0.005863 
0.01120 
0.01776 
0.07830 
0.006467 
0.001308 


0.007458 
0.01395 
0.02590 
0.3385 
0.01737 
0.007277 
0.02508 


0.003536 
0.006617 
0.01013 
0.01011 
0.004347 
0.000420 


0.004756 
0.008864 
0.01491 
0.1834 
0.02301 
0.02202 
0.003246 


0.002500 
0.003978 
0.003059 
0.001337 
0.001965 
0.000297 


0.002179 
0.003260 
0.001870 
0.03489 

0.006006 
0.004456 
0.001003 


0.000053 2 
0.0003740 
0.001433 
0.1070 
0.07473 
0.07231 
0.01646 
0.2371 
0.3851 


0.0000479 
0.00048 11 
0.005135 
6.971 
0.2811 
0.3999 
2.820 
2.899 
3.144 


Pasie III. Variational parameters and phase shifts for D wave 


0.0002069 
0.00087 56 
0.0003640 
0.003939 


0.0004132 
0.002106 
0.3511 

0 003364 


0.0002136 
0.000441 1 
0.000087 1 
0.0000173 


0.0003690 
0.001189 
0.1744 
0.002754 


-0.0001004 


— 0.00001 28 


0.0000208 
0.0001909 


0.0000886 
-0.0000770 

0.03322 

00005684 


0.000003684 
0.0001535 
0.002551 
0.01286 
0.004529 
0.03705 
0.1211 


0.00000584 
0.00007 514 


64.76 


0.03323 


17.96 
10.03 


8.092 


@ \or b 


0.9373 
3.711 
12.19 

0.3879 
0.8952 
0.6640 
0.5218 
0.5028 
0.5834 


0.4984 
1.220 
2.923 
22.10 
6.849 
1.477 
1.000 


1 (or b 


0.0001960 
0.0008 170 
0.002691 
0.03952 
0.09035 
0.1163 
0.1043 
0.009059 
0.1071 


0.0006958 
0.004794 
0.02772 
7.037 
0.2847 
0.3791 
2.741 
2.862 
3.139 


a (or b 


0.00005719 
0.001585 
0.007033 
0.01404 
0.01760 
0.001665 
0.03330 


0.0001655 
0.003420 
67.60 
0.03650 
18.10 

9 919 


& O49 


2.389 
1.834 
1.489 
1.201 
0.8406 
0.5862 
0.4809 
0.4658 
0.5281 


0.9756 
0.7854 


0.000196 
0.000817 
0.002691 
0.03950 
0.09010 
0.1158 
0.1040 
0.009059 
0.1066 


0.000696 
0.004794 
0.02771 
0.1412 
0.2774 
0.3624 
0.3498 
0.3361 
0.3084 


0.000057 
0.001585 
0.007033 
0.01404 
0.01760 
0.001665 
0.03328 


0.000165 
0.003420 
0.01479 
0.03649 
0.05520 
0.1005 
0.1236 
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TaBLe IV. Variational! and Born phases at higher energies 


noBore mm 
0.4903 
0.4408 
0.3993 
0.3648 


0.1847 
0.2087 
0.2125 
0.2084 


= 1.22 by extrapolating to zero energy the results of the 
variational calculation at very low energies (k~0.01). 
The variational values for k cotqo* are plotted in Fig. 1. 
We cannot expect the linear relationship between & cotn 
and k? to hold for k®= 1/r,?, which is seen to be the case 
in Fig. 1 [(1/ro+)?=0.113 and (1/r¢~)?=0.688 }. 

We have also investigated the energy dependence of 
the P and D phase shifts for very low energies. The 
variational values of tann; were determined at k=0.01, 
0.015, and 0.02. The three values of (tann,)/k?'** plotted 
as a function of k® were found to fall on a straight line. 
Defining A,;* as lim,y.o(—tann,*/k?'*'), we find the 
extrapolated values A,;+=—1.904, A;~= —5.906, A, 

=(0.05175, and As-=—0.7305. In the adiabatic 

proximation where the asymptotic potential goes as 1/r 
it can be shown” that for />0, tann,« ® as k—> 0. If 
this is the correct dependence it would imply that 
tanno*/k® should be a factor of 8 larger at A=0.01 than 
it is at R=0.02. Our results show this quantity changing 
by less than 5% between these two energies (with mag- 
nitude decreasing for the singlet and increasing for the 
triplet). It is unlikely that the variational phases could 
be in error by so large an amount, considering that 
there are 5 parameters in the trial function that are 
independently varied at each energy. 

As previously mentioned our trial function is inade- 
quate for k?>0.75 because it does not include real 
excitation and ionization states. We did attempt to seek 
solutions for some large values of & with the result that 
we could not in all cases satisfy the condition 0L,/ 04 
=0. However, the phases were not too sensitive to the 
choice of y, and they tended to approach their Born 


approximation values 
) ier (17) 


nom arctan 26 f re x | 


Thus, keeping y fixed at 1.5, we have determined the 
phases for higher energies by varying only the linear 
parameters. These results, expressed as the average of 
the Case A and Case B phase shifts, are given in 
Table IV together with the Born phases. Their esti- 
mated maximum uncertainty due to the averaging of 
the two cases is 0.01, 0.001, and 0.0001 radian for the 
S, P, and D waves, respectively. 

The phase shifts can be used to calculate the various 


ap 
4 


1 
1+ 


r 


* B. H. Bransden, A. Dalgarno. T. L. John, and M. J. Seaton, 
Proc. Phys. Soc. (London) 71, 877 (1958); hereinafter referred to 
as BDJS 


m Bore Ure "2 


Bor 

0.1160 
0.1346 
0.1419 
0.1434 


0.1416 
0.1496 
0.1511 
0.1494 


0.0887 
0.1185 
6.1320 
0.1370 


0.2297 
0.2322 
0.2258 


0.2164 


total cross sections for electron scattering by hydrogen 


atoms, such as (in units of wap?) 


4 ¥ 
> (2/+1)(} sin*n + +4 sin’y 7 J, 


let) 


o (elastic) = 


ee 
> (+1)C} sin? (9i*— ait) 


k? Le) 


o (momentum loss) 
+} sin?(n-—nu1) |, 
1 « 
> (21+1) sin?(ni*—a7), 
4k? i~0 


o (spin exchange 


and their corresponding differential values. The zero 
energy values of these total cross sections are 84.1ra¢’ 
and 8.61ra@ (spin ex- 


(elastic and momentum loss) 


change). 


V. CRITERIA FOR CORRECTNESS 


Although the stationary expression for the phase shift 
resembles that for the ground-state energy in that the 
error is proportional to the square of the error in the 
trial function, the resulting phase shift at an arbitrary 
scattering energy is not a bound of any kind while the 
resulting ground-state energy is an upper bound to its 
correct value. This lack of a bound for the phase shift 
arises because the second order contribution to (8) or 
(12) cannot be shown in general to be either positive or 
negative. In the absence of such a rigorous bound, we 








Fic. 1. Plot of & cotys versus #. The upper set of open points 
correspond to the presently calculated singlet, and the lower set, 
triplet phase shifts. The limiting straight lines are also plotted 
together with the extension of singlet line to negative values of # 
he solid point is at & cotny* = . 


a, P= —a’, 
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parameters and tann for Case A treat 
0.01 as number of virtual states is 


Paste V. Variationa 
ment of singlet 
increased 


S wave at 4 


cy tany 


0.08268 
0.08232 
0.08231 
0.08680 
0.08596 
0.08445 


0.6840 
0.7537 
0.7538 
0.6660 
0.3124 
0.01610 


0.03003 


0.03148 0.001972 


0.1886 


0.4954 0.1637 


can only infer the accuracy of our calculation from the 
sensitivity of the results to certain arbitrary changes in 
the trial function. 

The effect of the variation of y on the convergence of 
the phase shifts is illustrated in Table V. In the Case A 
singlet S-wave solution at k=0.01 the stationary point 
0.71 


at ¥ 


In Table V are given the c’s and 
0.71 and 1.0 as the number of 
included is increased from 1s only to Is, 
0.71 the effect on c, of introducing the 


ny occurs at ¥ 
resulting tan’ 
virtual stat 
2s, and 3s. For y 
higher virtual states is small and tany has effectively 
reached its final value 

1.0, the excited states come in strongly with a 
effect on 
tann. It 1 
1.0, the introduction of higher ns terms and 


For ¥Y 


very larg and there are relatively large 


changes in probably reasonable to assume 
that for 
possibly some angular terms (, d, virtual states) 


into the trial function would be needed to get con- 


correct value, while these terms 
little effect on 


vergence of tann to its 


would have relatively tann at the 
optimized value of 7 

Table VI contain 
k=0.01 and variou 


c,'s in the trial function is increased from one to three. 


a/k for singlet S scattering at 
values of y while the number of 
These values are essentially the scattering lengths as 
0.01 to k=0. 
decrease uniformly as more parameters 


there is very little change in going from k 
Since a/k doe 
are added for any 
that the 
present 


rbitrary fixed value of yy, it appears 


singlet scattering length as derived from our 


trial function is an upper bound on the true 


value 


A criterion which has been used” for the correctness 


of the results.of the Kohn method (our Case A) is the 


Taste VI. Value I is a functior 
vave at & 0.01 as the imber of parameters 


increase 


GELTMA? 


closeness of the jl ititv dad | units (Jur met! 


choosing the bes iny given energy is 
equivalent to applied to within 


Case A or Case B I bably not proper, however, to 


ense. At 


are 


regard this test as a crite absolute 


high energies, where the variational phase shifts 


approaching the Born approximation values, the ratio 
a/a, departs quite markedly from unity. I 
k=6.0, where 
the Born 

0.310. 


from unity when 7 goe rough zero 


instance, al 
within 10% of 


0.313 and (a/a, 


both and n ire we 


approximation, a 


In addition, 


depart drastically 
even though 7 is 
and not, k=1.5 


correct @ is ice nile 


presumably correct (see results for 


This occurs because thi ally equal to 
0. A similar thing happens to 6/b, when n 
) 


zero when n 


goes through 7 more likely a better indi- 


cation of how well can be made 


satisfy the Schrédinger equation o1 space 
two electrons than of 


variational phase 








0 


< 


Fic. 2. S-wave phase shifts as a fur 
all calculations in good 


BDJS, (c) Hartree-Fock metho 


agreement 


+} 


energies is admittedly inadequate, but the presumably 


correct phase shifts are obtained, ir to what occurs 


in the variational energy calculat 


VII. DISCUSSION OF RESULTS 


In Fig. 2 we 


Hartree-Fock (or 
and with the variational phases of Bransden, 
and Seaton We have the 
ases of BDJS, of which some were 
some by Massey and Moisei- 
well. In 


hifts with the 


compare 
one-stat ‘change approximation) 
phases 
Dalgarno, John, 


plotted 


adopted S-wave pl 


calculated by them and 
witsch." The triplet S phases all agree very 
3 The original calculat of the S-w Hartree-Fock phases 
was made by P. M. Morse Phys. Rev. 44, 269 
(1933). Their paper cont he corrected calcula 
tion for S and P waves 5 ne | midvar, New York 
University Institute ‘ é port No. CX-37 
unpublished), and T. I m gratefu Dr. John for 
sending me his results it ance of pu ! 
“4H. S. W. Massey a 
London) A205, 483 (1951 





ELECTRON-H ATOM ELASTIC SCATTERING 


2012 


Fic. 3. P-wave phase shifts for 
low values of &. The solid lines are 
the results of the present calcula- 
tion and the dashed lines are the 





Hartree-Fock results of John. The 
upper curves are triplet and the 
lower curves are singlet. 





fact, our results agree with the Hartree-Fock triplet S 
phases to 4 significant figures at all energies up to 
k=0.8. While our singlet S phases are quite close to the 
Hartree-Fock values, they fall considerably below the 
adopted BDJS phases. Our value of 8.220 for Ao? 
compares with the Hartree-Fock value of 8.095 and the 
BDJS value of 7.02. Other calculated values'*'® for 
Ag* range between 6 and 10. 

In the earlier variational calculations”: the intro- 
duction of an arbitrary function of r:2 into the trial 
function is equivalent to the choice of a specific (1,72) 
in (14) for all A, each of which is multiplied by the same 
variational parameter. This results in no flexibility to 
give more weight to some }’s than to others, and may 
lead to an over estimate of the effect of the higher 
angular correlations. 

Very recently there has been theoretical work on 
upper bounds for variationally determined scattering 
lengths by Ohmura and by Spruch and collaborators."’ 
Their conclusions depend very heavily upon the know}- 
edge of the existence of all the bound states of the 
scattering system, i.e., in this case the singlet and 
triplet system of H~. The only state of H~ whose exist- 
ence is certain is the well-known singlet ground state 
bound by 0.75 ev. On the assumption of the existence of 
only the ground state of H~, Rosenberg, Spruch, and 
O’Malley’® find the upper Ao* £6.23 
Ag~ <1.91, which are in conflict with the present as well 


bounds and 


as many other theoretical results. As it is unlikely that 
other bound states exist this discrepancy in the scatter- 


ing lengths remains unexplained. 

‘6 T. Ohmura, Y. Hara, and T. Yamanouchi, Progr. Theoret 
Phys. (Kyoto) 20, 82 (1958 

16S. Borowitz and H. Greenberg, Phys. Rev. 108, 716 (1957) 

’T. Ohmura, J. Math. Phys. 1, 27, 35 (1960); L. Spruch and 
L. Rosenberg, Phys. Rev. 117, 1095 (1960); L. Rosenberg, L. 
Spruch, and T. F. O’Malley, Phys. Rev. 118, 184 (1960) 

8 L. Rosenberg, L. Spruch, and T. F. O’Malley, Bull. Am. Phys 
Soc. 5, 65 (1960), and Phys. Rev. 119, 000 (1960). 

%T have been informed privately by Professor C. L. Pekeris 
that he has looked for a bound triplet state of H~ but did not find 
one [for method see C. L. Pekeris, Phys. Rev. 112, 1649 (1958 
If the order of the 2'4S levels in H~ are assumed to be the same 


The P-wave results are particularly illuminating when 
compared with other calculations. For k>0.5, our re- 
sults for the singlet and triplet P? phase shifts are in good 
agreement with the Hartree-Fock phases, the varia- 
tional phases of BDJS (exchange approximation, no 
Malik. For 
k<0.5, both our singlet and triplet phases become 
gradually shifted positively relative to the Hartree- 
Fock curves. This causes the singlet phase shifts to 


polarization), and those calculated by 


become positive again near zero energy (see Fig. 3). 
The absolute net change in 7; is so small as to negligibly 
affect the scattering cross sections. 

In their investigation of the effect of introducing a 
polarization term of arbitrary strength into the electron- 
hydrogen atom interaction, BDJS find that increasing 
the magnitude of the polarization term results in a 
positive shift of the entire P-wave phase-shift curve at 
all energies. Thus it becomes apparent that the trouble 
with the adiabatic approximation is that it introduces a 
constant polarization potential, whereas our results 
indicate it should be strongly energy dependent. Table 
VII illustrates the effect on n,;* of including more virtual 
excited states (the equivalent of more polarization) in 
the trial function. When the 2s and 3s states are ex- 
cluded the resulting phase shift is identical to the 
Hartree-Fock value of —0,0012 at k=0.1. It appears 
that still further improvement could be expected with 
the inclusion of more terms in the trial function. 

The only other published evaluation of the D- 
wave phase shifts is the Hartree-Fock calculation of 


rasve VII. Singlet P-wave results for =0.1 and optimized ¥ in 
Case A as the number of virtual states is increased. 


ci 2 ” 
1.01 0.0001677 


0.82 —0.01009 
0.80 —0.01120 


—0.001203 
— 0.000343 
0.0008 17 


0.006314 


0.006617 0.003978 


as in He, the 2’S state of H~ would also not be expected to be 
bound. However, this assumption may not be valid. 
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McEachran and Fraser.” The present values are of the 
ame sign but larger in magnitude than theirs by the 
order of 30%. 

Ohmura, Hara, and Yamanouchi'® have extended the 
effective range theory of neutron-proton scattering to 
the case of electron-hydrogen atom singlet scattering. 
Here k cotno* is expanded in the form 


k cotng* at bo(a?+ k*)+Of[ (2+ k? (18) 


where a’ is the binding energy of the H~ ground state in 
rydbergs, 0.0555. The coefficient p is approximated from 
a knowledge of the bound-state wave function alone and 
is found to be 2.646 by Ohmura and Ohmura” using the 
best available H function. When this value is 
inserted into (18) and the third term on the right 
neglected, Ao* 
disagreement with our value for Ao*t, but 


wave 


6.167 is obtained. This is in significant 
consistent 
with the Rosenberg, Spruch, and O’ Malley upper bound. 
Our variationally obtained values for k cotyo* cannot fit 
(18) unless the terms in Of (a?+&)?] contribute ap- 
preciably. This is made apparent by noting in Fig. 1 
that the extension of the limiting straight line for 
k cotno* does not intersect the point corresponding to 
the bound state, k cotnot= —a at k® = —a*. No estimate 
has been made of the magnitude of the higher terms, and 


*”R. P. McEachran and P. A 
1960 Note added in pr 
Fock D-wave results of T. L 
Lamkin have recently 


Fraser, Can. J. Phys. 38, 317 
The as yet unpublished Hartree 

John and A. Temkin and J. C 
come to our attention. They agree with 
each other and are also very close to the present results. Thus the 
McEachran and Fraser D-wave phase shifts are probably in error 
by about 30°; 

TT. Ohmura and H. Ohmura, 
My thanks are due to Dr 
copies of this paper and the 
ence 17 


Phys. Rev. 118, 154 (1960) 
la-You Wu for giving me preprint 


ones by T. Ohmura cited in refer 


GELTMAN 


‘ , 
ol exchange, 


they may be large due to the pre 
which does not 


ence 
enter the neutron-proton scattering 
problem. Also the validity of the approximation used 
to obtain p is somewhat uncertain and would surely 
break down if an excited bound singlet state existed. 

The total elastic cross section resulting from our 
phases is consistent with the experimental result of 
Brackmann, Fite, and Neynaber” below 10 ev, but 
much more precise experimental data, in. particular for 
the angular distribution of elastic scattering, are needed 
in order to choose between the various calculations of 
phase shifts. 


In conclusion, we cannot quantitatively estimate the 


error in our phase shifts arising from inadequacies in the 


trial function. However, for reasons discussed in Secs. 
III and V it is our feeling that this error is small. It is 
apparent that further theoretical study of the possible 
existence of excited states of H~ would be very im- 
portant in clarifying the low-energy scattering situation. 
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The total neutron cross section of B® has been measured at 
neutron energies between 0.00291 ev and 0.1 ev with the Columbia 
University crystal spectrometer. The B" absorption cross section 
was obtained by subtracting the relatively small, known, scatter 
ing cross section from the measured total cross section. Two 
samples enriched to 92.84+0.06 atom % and 99.88+0.01 atom % 
B"° were used for these measurements. The B" absorption cross 
section obtained with the 92.84% B" sample followed the relation 
F4e,=612.342.4 barns ev! and yielded a value of 3849+15 
barns at 0.0253 ev. For the 99.88% B" sample, the B” absorption 


cross section obeyed the relation /'e, =6G08 9+2.3 barns ev? and 


I. INTRODUCTION 


HE neutron absorption cross section of B™” has 

been obtained in the past from the measured 
neutron cross section of natural boron together with a 
mass-spectrometer determination of the B"™ content of 
the sample. The absorption cross section of normal 
boron is almost entirely due to the B'(n,a) reaction 
and is obtained from a measured value of the total 
cross section by subtraction of the relatively small and 
known, scattering cross section. Recently published 
values of the neutron absorption cross section of 
natural boron are summarized in Table I and are in 
good agreement with the quoted errors of about +0.7% 
The major uncertainties in these measurements have 
arisen from the determination of the amount of boron 
in the sample and from contamination of a sample by 


I. Recent measurements of the 2200-m/sec abs« 


cross section for natural boron 


ry pe of 


source measurement 


Transmission 
Transmission 
Neutron lifetime 
l'ransmission 
lransmission 
Neutron lifetime 
l'ransmission 


Argonne* 
Brookhaven? 
Oxford* 

Harwell? 

Columbia Universit y* 
Stockholm‘ 
U.S. S. Rt 


*B G : and S. Wexler, Phys. Re 90. 603 
1953 
> R. S. Carter, H 
1953 
ollie, R. I 
1956) 
Egelstaff, J. Nuclear Energy 5, 41 (1957 
W. Havens, Jr.. FE. Melkonian, and B. M 
versity Report CU-160, 1957 (unpublished) 
Von Dardel and N. G. Sjéstrand, Progress in Nuclear 
i by O. J. Hughes, J. E. Sanders, and J. Horowitz (Pergamor 
York, 1958), Vol. II, p. 183 
ngnatev, Kirpichikov, and Sukhoruchkin, Proceedings of the Second 
nited Nations International nference on the Peaceful lL se f t 
Energy. Geneva, 1958 (United Natior 1958), Vol. 16, p. 209 


Palevsky \ Myers, and D. J. Hughes 


Meads, a E. E. I 


wckett, Proc. Pt S 


Enere 
Pre« 


(Ceeneva 


t Work performed under the 
Energy Commission 


auspices of the I » Atomi 


1960 


gave a value of 3828+ 15 barns at 0.0253 ev. A sample of Argonne 
Brookhaven standard normal boron, 19.8+0.1% B”, was meas 
ured simultaneously. The resulting absorption cross section for 
normal boron was o,(0.0253 ev) =764+3 barns and obeyed the 
relation Rte, =121.5+0.5 barns ev!. The average of the results 
for the two enriched samples yields ¢,(B")=3838411 barns at 
0.0253 ev and Ete, (B") =610.541.7 barns ev!. The ratio of the 
above values of the absorption cross sections for B” and normal 
boron yields a value of 19.9+0.1% B® for the normal sample which 
ter determinations 


good agreement w ith mass spec tron 


small quantities of water.’ Mass spectrometer measure- 
ments of the isotopic ratio of natural boron are sum- 
marized in Table Il. The values range between the 
extremes of 18.4°7, to 20.0% and give rise to a variation 
ated B 
availability of 
the reliability of mass spectrometric 


of 4 WY) on the cale section. 


Phe 


improvements in 


cTros 
highly enriched B” samples, 
determinations of the boron isotopic abundance, and 
the high degree of precision that has been attained for 
neutron transmission measurements in the thermal 
region, now make possible direct and precise measure- 
ments of the B" cross section. The need for reducing 
the uncertainties in the boron cross section arises from 
ts widespread use as a standard for measurement of 
and from its use in boron loading 


reactor physics 


other cross sec tions 


specific ations for reactors and in 
calculations. 

In the present experiment the total neutron cross 
ection of B® was measured over the neutron energy 
range from 0.00291 ev to 0.1 ev. Two samples enriched 
in B® content (92.8 atom % and 99.88 atom % B”, 
respectively) were used. The total neutron cross section 
of a sample of Argonne-Brookhaven standard natural 
boron was also measured simultaneously with the above 
two samples as a check on these measurements and on 


the sample preparation 


Il. EXPERIMENTAL PROCEDURE AND APPARATUS 


The boron samples for this measurement were 
olutions of NaBO, dissolved in DO, which were con- 
tained in boron-free quartz cells of known thickness. 
\ separate cell of identical thickness (matched to 0.1% 
in thickness) contained Na»SO, in a DO solution. This 
cell was used to determine the effective transmissions of 
the cell containing 
the NaBO, and 


the elements other than boron in 
tre NaBO>. The concentrations of 


‘D. J. Hughes, Proceedings of the Second lnited Nations 
International Conference on the Peaceful Uses of Alomic kners 
19058 1 Nations, Geneva, 1958), Vol. 16, p & 


Genera, Unites 
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ras_e IT. Mass spectrometric determinations of the 
isotopic composition of natural boron 


source 


Atomic % B™” 


Thode et al.* 19.0—18.5° Reported a 5 // 
geographic variation in the B"/B* 
isotope ratio 
measurement at Oak Ridge 
National Laboratory on Argonne 
Brookhaven standard material 
yielded 18.5°7, (systematic error 
not estimated ). It was found to be 
the same within 4% as B” content 
of “California boron”’ measured at 
Oak Ridge National Laboratory 

18.83+0.2)* 

Italian boron 
Central Asian boron 

18.4+0.2)% 

20.0%. “Run of mine material” at 
Oak Ridge National Laboratory 


Carter et al.» 


M. G. Ingram 
V. Shiuttse 


c 

19.6+0.3)°% 
19.0+0.3)% 
Panchenkov et al.* 
Melton et al.‘ 


fe 
Myers a 


70, 653 
et. Phy 
1956 
Motssee Zh 

k, R. Baldo 


1946 


S.S.R.) 29, 486 


Fiz. K} 30 
k, and R. M. He 


NaeSO, were 

with 1SO,4 

the lor 
transmi of the 
Nat cancel a l he effects 


small, 


uch that a BOs ion is compared 
number of Nat ions per cc was 
cells. When the ratio of the 
two cells is taken, the effects of the 
of the D.O except for a 
ured D.O off-balance, for which a correction 


ame two 


Ol 


mea 

made, 

by the 

the above 
] 


relatively 


due to the slightly different volumes occupied 
BO solution. In addition, 
of the 


effective scattering 


and 4(SO, ions in 


balancing techni jue reduces the sizé 
mall correction for the 
BO 


ts in the coherent scattering cross 


cross sections of the 
the 
ections of 

The Columbia University 


at the 


ind the 3SO,-~ ions, including 
interference eff 
the e 10! 
neutron crystal spectrom- 
Brookhaven National Laboratory reactor 


1 


as used for these Similar 


high 


measurements. types of 


precision pectrometers have been des ribed 


previously in the lit 
0.0253 ev to 0.1 ev 


to the (111 


forbidden, 


erature.? In the energy range from 
1 germanium single crystal oriented 

r which second order reflections is 
monochrometer 


l | for the neutron 


togethe rwithan | 
crystals.* The 
tamination is less tl 


0.00291 


r 
PO il 


ter composed of large quartz 


measured, fractional higher-order con- 
in 0.05% in this energy range. From 
to 0.0253 ev, a mechanical neutron ve locity 
selector was used to select 


first 


only those neutrons from 
order reflections.’ At energies above 0.006 ev, a 
germanium crystal was used as a spectrometer mono- 


chrometer. At lower energies, a mica crystal having a 


rv. I 
wi 

B. M 

Phvs. Soc 
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Sailor, H. | loo 
Instr. 27, 26 (1956 


Wajima 


Rev 
Rustad, ‘I 
4, 245 (1959 
Holt, Rev. Sci. Inst: 


28, 11 (1957 
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larger lattice spacing was total 


the 


measured 
higher-order conta beam after 
velox ity selector i 
The data 

taken at each ene rgy 
sample in - sample 
effect of intensity drift beam from the 
reactor. More than taken at 
each energy to obtain the desired statistical accuracy of 
about 0.1%. The background was 


the « rystal 2 


for the t irements were 


beam open - 


minimize the 


300 hc vere 


ured by turning 
from the peak and repeating 
the above sampl equence. The transmission 
each energy consisted of four or five 


ments spaced as much as 


data at 
individual measure- 


the resulting cross se 
the accuracy 
were re produc ible 


with 


agret 


statistical the data 


Possible systematic error urements, such 


determinat 


detector dead 


as energy kground, and 


1On, - it n, bat 


time tigated and were 


found to be negligible 


III. PREPARATION OF THE SAMPLES 


The B! 
mined by mass 
in Table 


isotopic contents of ples, as deter- 


spectrome ureme! are given 
MII. As a 
spectrometer determinatio1 
ments of the B 
made; one at Knolls 
other at Oak Ridge 


are in excellent 


heck on the reliability of mass 
de pe ndent measure- 
ibunda 

Atomic Power 
Natior Laboratory. The results 


agreemel 


isotopic of each sample were 


Laboratory and the 


A major difficulty boron samples for 
the 


| known boron 
compound which is free from wat In tl 
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has been 


neutron transmission me 


preparation ot a welg 
most of the 
measurements,® a_ weighe rtion of the 
BoOs w li 


is dl 
have shown, 


reported 
fused 


ent experiments 


ult to remove 
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the last traces of int tit vater in preparing the 
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Oak Ridge 
National 
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SLOW NEUTRON 
fused boron oxide from boric acid.’ In the present 
experiment, the preparation of the boron sample 
followed a modification of a procedure used to prepare 
samples of B.O; for the precise determination of the 
molar heats of solution of boric oxide.’ The desired 
weight of BO; was prepared directly in a calibrated 
volumetric flask by dehydration of boric acid at a 
controlled low pressure. The boric acid was heated at a 
temperature of 275°C and at a pressure of 1-4 mm of Hg 
for 10 hours. During this period, dry nitrogen at the 
rate of 1-2 cc/minute was flowed through the flask. 
The neck of the flask was cooled by an ice bath to 
condense any H,;BO; that may have volatilized. The 
flask neck was later separately heated to 285° to 
convert the boric acid deposited on the neck to BOs, 
and the nitrogen flow was reversed to carry it back to 
the flask. At the temperatures involved, the BO, is 
not volatile. Prolonged heating did not give rise to any 
change in weight of the BO; sample. Amorphous 
boric oxide prepared in this manner is extremely porous 
and has a large effective surface area which facilitates 
dehydration. A weighed portion of B,O; produced by 
this technique was dissolved in a known volume of 
H,O and titrated using 0.1N NaOH with @ naptholph- 
thalein in the presence of mannitol as an end point 
indicator. The result that the dehydrated 
sample corresponded to B,O; within +0.1% experi- 
mental error. In addition, the loss in weight of the 
initial samples boric acid dehydrated by this technique 
according to the reaction 2H,BO; —~ B.0O,+3H.0 was 
determined. A careful titration of the initial H,;BO, 
determined its possible B,O; content. The experimental 
loss of weight was equal to the computed one to within 
0.1%. 

The NaBO, sample was prepared by adding D,O 
directly into the volumetric flask to dissolve the weighed 
B.O;. Pure metallic sodium was added 
gravimetrically to form NaBO:. Heavy water was then 
added to dilute the solution to the final calibrated 
volume. The solutions were then placed in identical 
boron-free quartz effective thicknesses 
were 10+0.01 mm. The number of grams of boron 
per cc was calculated from the weight of the known 
compound, B.O;, and the calibrated volume of the 
flask and yielded the results: 0.004210+0.000010 g/c 
for the 92.84% B"™ sample, 0.02425+-0.00061 g/cc for 
the natural boron sample, and 0.004180+0.000011 g/c: 
for the 99.88% B"” sample. At the conclusion of the 
experiment, quantative analyses for the boron concen- 


showed 


charge of 


cells whose 


tration of each of the three samples agreed with the 
7 


above values to within 0.5%, the accuracy of this 
analysis. 


7™W. O. Haas, F. M. Rourke, J. L. Mewherter, and P. H. 
McDonald, Atomic Energy Commission Research and Develop 
ment Report KAPL-2062 Office of Technical Services, Department 


of Commerce, Washington 25, D. C. (1959 
*E. R. Van Artsdalen and K. P. Anderson, J. Am. Chem. Sox 
73, 579 (1951). 
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The use of NaBO, and the above chemical procedure 
also avoided other difficulties previously encountered 
in the determination of the B® cross section. When 
B,O, dissolved in D,O is used for a sample, it has been 
necessary in certain cases to heat the sample to an 
evaluated temperature during the measurements to 
keep the desired amount of boron in solution.* As 
NaBO;z is highly soluble in D,O no such heating was 
necessary. In addition, all the chemical preparation of 
the standard solution of NaBO, was performed directly 
in the calibrated flask. This avoided possible errors due 
to losses of boron during transfer procedures. 
. The NaSO, solution was prepared by the vacuum 
dehydration of a chemically pure sample of sodium 
sulfate in a calibrate flask in a similar manner to the 
above preparation of the B,O;. Heavy water was then 
added to the desired weight of Na,S( ), to bring the 
olution to the standard volume. 

The small difference in the number of D,O molecules 
per cc arising from the different volumes occupied 
by the two compounds in solution was determined by 
subtracting the known weights of NasSO, and NaBO, 
from the weights of the final contents of each volu- 
metric flask. 

Spectrochemical analyses of the final Na,SO, and 
NaBO, solution showed chemical impurities including 
rare earths were small, giving rise to about a 0.1% 
correction of the final values of the cross sections. 


IV. RESULTS AND CONCLUSIONS 


The final value of the B” neutron absorption cross 
section was calculated from the ratio of transmissions 
of the NasSO, and NaBO, cells; the measured thick- 
nesses of the quartz cells; the isotopic B” content of 
the sample; and the weight of the B,O, in the standard 
volume of solution. 

The Remington Rand 409.2R computer at Brook- 
haven National Laboratory was used to calculate the 
sample transmissions for each data collection cycle,the 
statistical variation in the data based on the counting 
statistics, and the standard deviation of each set of 
measurements. All sets of data were satisfactory on the 
basis of Pearson’s Chi-squared test. All errors quoted 
unless otherwise stated are one standard deviation. 

The ratio of the measured transmissicns of the 
NaBO, and the Na»SO, sample cells may be expressed 


as: 


T (NaBO,)/T (4Na2SO,) 
exp{ —nfo.[1+Cit+C:+C;,}}, 


where f is the fractional isotopic B” content of the 
enriched samples; m is the number of atoms per cm? 
of total boron in the sample; 

: [(1— f\o.(B")—4e,(S) } 
Ci 

fo,(B™) 
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Fic. 1. The variation of E4e, for B” as obtained with the 
99.88% B", the 92.84%, B” samples, and the Argonne-Brookhaven 
standard boron. The solid lines are weighted least-squares fits 
to a straight line for each of the three sets of data shown 


is a correction term for the relatively small, absorption 
cross sections of B" and sulphur in the samples; 


o,(BO.-)- ka, (SO,g ) 
fog( BO, ) 


is a term giving the fractional correction for the effects 
of scattering by the BO.-~ and SO, ions; and C,; 

[Ano(D,O) |/ fno,(B”) is a correction for a small 
off-balance in number of D,O molecules per cc between 
the two cells due to an BO; ion occupying a slightly 
different volume in solution than a 4SO,-~ ion. 

The values of f, the isotopic content of B® in the 
enriched samples are given in Table ITT. In the case of 
the boron sample, f is effectively 1 if the absorption 
cross section for normal boron is being considered. 

The final values of n the effective sample thicknesses 
used to obtain the cross sections, were (2.5162+0.0072) 
10+” atoms/cm? for the 99.88% B" sample, (2.5141 
+0.0072) XK 10*” atoms/cm? for the 92.84% B" sample, 
and (13.505+0.039) x 10” atom/cm? for the normal 
boron sample. 


In the correction term C, the absorption cross section 
for oxygen does not enter the calculation due to the 
balancing of the two cells contain the same number of 
atoms of oxygen atoms per cc. The absorption cross sec- 
tions of sulphur and B"™ were assumed to obey a (1/0) 
behavior and were normalized to the 2200-m/sec values; 


of o,(B")<50 mb and o,(S)=0.52+0.02 barn, respec- 
tively.? The magnitude of the correction was —0.028% 
for the enriched samples and —0.13% for the normal 
boron sample. 

The term, Cz includes a calculation of the interference 
terms in the coherent scattering cross sections of the 
BO; and SO,-- 

The scattering cross sections” 


ions. 
which were used in 


Hughes and R. B 
Report BNL-325 


* Neutron Cross Sections, compil 
Schwartz, Brookhaven National 
Superintendent of Documents Government Printing 
Office, Washington DD , 1958), 2nd ed., p. 3 and 5 
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the calculation of this term o,(B)=4.0+0.5 
barns, o,(B") = 4.4+0.3 barns, o,(0)=4.24+0.02 barns, 
and o,(S)=1.2+0.2 barns. This term corresponds to a 
correction of +0.20% for the enriched samples and to 
+-0.98% for the normal boron sample at 0.0253 ev 

In the correction C;, the term An(D-.O), the difference 
in the number of D,O molecules per cm, was obtained 


by the weighing technique described previously. The 


were 


total cross section of D,O versus neutron energy was 
obtained from the literature.’ This correction was 
+0.48% for the enriched samples and +-1.87% for the 
normal boron sample at thermal energy 

The values of E4c, vs E for each of the three samples 
are plotted in Fig. 1. The errors shown are those for 
The solid lines in Fig. 1 are 
the weighted least-squares 
function El¢,=a+dh/ 
coefficient (b as les 
deviation. The resulting 2200-m /se« 


counting statistics only 
fit to a straight line for the 
all the 
the standard 


For three 


than 


samples, 


w 2.5 time 


values of o, and 
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TABLE sorption cross sections 


7 he, 
2200 m/sec) 


barns ev? 


2200 
varns 


m/sec 


No. 1 
No. 2 
No. 3 Argonne-Brookhaver 


standard boron 


B™”) = 3828+ 15 
B) = 3849+ 15 
normal boror 

= 7644-3 


608 
612 
121 


E4o, are given in Table IV for the 
The B® cross section obtained from weighted average 
of the above 3838+11 barns at 
0.0253 ev and follows E4¢,=610.541.7 
barns ev!. The ratio of the thermal values of the B™” 
and the normal boron absorption cross sections gives 
(19.9+0.1)% for the atomic % B"™ for Argonne-Brook- 
haven normal boron. This value is in good agreement 
with the mass spectrometer measurements given in 


Table ITI. 


three samples. 


is 
relation 


measurements 


the 
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Stripping Effects in the Reactions C’’(He’,p)N™ and C’’(He’,d)N™ at 13.9 Mev* 


J. R. Prrest,t D. J. Tenpam, anv E. BLevuLer 
Department of Physics, Purdue University, Lafayette, Indiana 
(Received April i, 1960 


Angular distributions have been measured for the reactions C"(He’,p)N“ and C"(He'?,d)N™ using the 


cyclotron 14-Mev He* beam. Assuming that the (He’*,p 


reaction proceeds by the stripping of a deuteron in 


either its singlet or triplet state from the He* nucleus, reasonable fits to the angular distributions were ob 
tained using a [jz (Qro) ? dependence. For the transitions to the 1*, 7=0 ground and second excited states 


of N¥, L=2, 


ro=6.0f, and L=0, ro=5.7f, respectively 


his is in accord with a predominant *D, ground 


state and predominant 4S, second excited state configuration for N“. For the transition to the O°, 7 =1 first 


excited state, L=0 and ro=5.7f. Butler’s stripping theory for the 
accounts reasonably well for the C®(He',d) N™ angular 


INTRODUCTION 


S the first experiment using the 14-Mev He® beam 

from the Purdue cyclotron, the angular distribu- 

tions of three proton groups and one deuteron group 

produced from the bombardment of C” have been 
measured. 

The C"(He*,p)N™ reaction has been studied previ- 
ously for several bombarding energies between 1.30 and 
6.05 Mev'* using van de Graaff accelerators and at 
21.0 Mev using a cyclotron.‘ Angular distributions of 
various proton groups have been measured by Bromley 
ef al.’ at 1.30 to 2.66 Mev (po, pi, and p2 groups),° 
Johnston et al.? at 2.0 to 5.6 Mev (po, pi, and p2 groups), 
Sweetman® at 6.05 Mev (po, pi, Po, P3.4 groups) and 
Wegner and Hall‘ at 21.0 Mev. For energies between 
1.30 and 5.0 Mev, the angular distributions show both 
compound-nucleus and direct-interaction effects. The 
4.5-Mev data* for the po and 2 angular distributions 
have been analyzed with moderate sucess by El Nadi 
and El Krishin® in terms of a two-nucleon forward 
stripping process and the heavy-particle stripping of a 
proton from the C" nucleus. At 6.05 Mev, the angular 
distributions are peaked at 0° and the direct-interaction 
character is better represented. In a preliminary meas- 
urement, Wegner and Hall‘ have reported that at 21.0 
Mev, the direct interaction character is well represented. 


* This work was supported in part by the U. S. Atomic Energy 
Commission. This article is based on a portion of a doctoral 
thesis submitted by J. R. Priest to the faculty of Purdue Uni 
versity. A preliminary report has been given in Bull. Am. Phys 
Soc. 5, 45 (1960). 

+ Present address: 
Heights, New York. 

1D. A. Bromley, E. Almquist, H. E. Gove, A. E. Litherland, 
E. B. Paul, and A. J. Ferguson, Phys. Rev. 105, 957 (1957) 

?R. L. Johnson, H. D. Holmgren, E. A. Wolicki, and E. G 
Ilisley, Phys. Rev. 109, 884 (1958). 

*D. R. Sweetman, Bull. Am. Phys. Soc. 3, 186 (1958), and 
private communication. 

*H. E. Wegner and W. S. Hall, Bull. Am. Phys. Soc. 3, 338 
1958), and private communication. See also D. A. Bromley and 
E. Almquist, Chalk River Laboratory Report, Chalk River, 
Ontario (unpublished) 

* The notation »; group means that proton group which leaves 
the residual nucleus in its ith excited state. i=0 denotes the 
ground state. 

*M. El Nadi and M 
73, 705 (1959) 


IBM Research Laboratory, Yorktown 


El Krishin, Proc. Phys. Soc 


(London 


He’.d) reaction with |, =1 and ro=5.8f 


listributior 


The gap in these measurements for energies between 
6.05 and 21.0 Mev is now partially filled in by the 
present measurements at 13.9 Mev. 

Because of the negative ground-state Q value of 3.553 
Mev for the C"(He®,d)N™ reaction,’ this reaction has 
not been studied for the bombarding energies available 
from van de Graaff accelerators. Wegner and Hall‘ have 
measured the angular distributions of the do, d,, and 
d,, groups for energies of 21.0 and 24.0 Mev. The 
angular distributions are peaked in the forward direction 
and exhibit the diffraction-type patterns characteristic 
of direct-interaction processes. 

The Purdue data at 13.9 Mev for the angular distri- 
bution of the dy group from the reaction C"(He’,d)N™ 
adds another measurement at an energy substantially 
lower than the previous energies which can be used to 
study the trends of the angular distributions as a 
function of bombarding energy. 

The theory of the (He’,d) stripping reaction which 
has been treated by Butler*® with the same rigor as the 
(dn) and (d,p) stripping reactions has been applied to 
the C"*(He*,do)N™ data. The theoretical curve is based 
on Eq. (12.4) of reference 8. 

The (He*,p) reaction has as yet received little theoret- 
ical attention. El Nadi and El Krishin® and, recently, 
Newns,* have developed quite complicated, two-nucleon 
stripping theories for (He*,p) reactions. The expressions 
for the angular distributions are difficult to evaluate 
and do not lend themselves to simple analyses. However, 
assuming that the reaction proceeds by the stripping 
of a deuteron with a definite spin, isotopic spin, and 
parity, they can be approximated by,’"® 


a(¢)~> 1 [A(L)jr(Oro) F. (1) 


Lh is the orbital angular momentum of the captured 


7 F. Ajzenberg-Selove and 
1959). 

*S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957) 

*H. C. Newns, University of Liverpool, Liverpool, England 
private communication ) 

”S. Hinds and R. Middleton, Prox 
196 (1959) 


Lauritsen, Nuclear Phys. 11, 1 


Phys. Soc. (London) 74, 
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deuteron and is determined from the relations 
J, J,+Sp+L, (2) 
J, J, Sp : i % L<J7t+Jit+Sp. (3) 


J; and J; are the spins of the initial and final nuclear 
states, Sp is the spin of the captured deuteron and 
can be 0 or 1, and L is odd only if there is a parity 
change between the initial and final states. A(L) is a 
constant which depends only on the nuclear properties 
of the states formed, ro is the interaction radius, and 
Q=ky.?— (m;/m,)k,, where ky. and k, are the wave 
vectors of the He’ particie and proton in the center-of- 
mass system and m, and my, are the masses of the target 
and residual nuclei. Approximate expressions of this 
form have been used with good success by Hinds and 
Middleton'*-” in the analysis of (He*,p) angular distri- 
butions at lower He’*-particle energies. Where two L 
values are allowed, they have determined the ratio 
A(L)), A (L») from the best fits to the experimental 
data. The same type of analysis has been applied to the 
(He*,p) data to be presented here. 


EXPERIMENTAL METHODS AND TECHNIQUES 
Beam and Energy Spread 


The external 14-Mev He*® beam was focused by 
two pairs of magnetic quadrupole lenses and was an- 
alyzed magnetically by a symmetrical wedge magnet. 
The analyzing magnet was calibrated using the 5.3054 
+0,0010-Mev™ alpha particles from Po*®, The rms 
energy deviation from the nominal value due to finite 
geometry and imperfect focusing was 24 kev. 

The beam current as measured in a Faraday cup was 
integrated by the method of Higinbotham and Ranko- 
witz" to obtain the total incident charge. To check the 
integrator and account for changes in target thickness 
and target orientation due to bombardment by the beam 
and carbon accumulation on the target, two CsI(TI) 
scintillation spectrometers utilizing Dumont 6365 pho- 
totubes were placed at equal angles (~17.5°) with 
respect to the incident beam. 


He’ Recirculating and Recovery System 


The Purdue cyclotron is a fixed-frequency machine 
operating at about 12.3 Mc/sec. The properly shimmed 
magnetic field required to accelerate 19-Mev alpha par- 
ticles and 9.5-Mev deuterons is about 16 000 gauss. In 


order to accelerate He’ partic les, it was necessary to 
completely reshim the magnet at 75% of the normal 
field. This was done by very accurately mapping the 


“S. Hinds and R. Middleton, Pro« 
762 (1959 

2S. Hinds and R. Middleton, Proc 
779 (1959 

3. A. White, F. M. Rourke, J. C. Sheffield, R. P. Schuman, 
and J. R. Huizenga, Phys. Rev. 109, 437 (1958) 

“W. A. Higinbotham and S. Rankowitz, Rev. Sci 
688 (1951 
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nance fluxmeter. These 
readily for the full-field 
tion of He‘ and H?. 
t of He* gas it is nec essary 
from the ion source. A 


magnet field using a nu 
He’ shims can be exchang 
shims used for the accelera 
Because of the present co 
to recirculate the unused gas 
schematic diagram of the He 
Phe heavy 


recirculating system is 
shown in Fig. 1. line and arrows indicate 
one of two gas paths for supplying the gas to the ion 


source. With the exception ol 
} ] 


the impurity traps, the 
system is similar to that used by Wegner and Hall'® 
in the variable-energy machine at the Los Alamos Sci- 
entific Laboratory. The Los Alamos system uses an 
activated charcoal trap while 
out the impurities by pumping the unused gas into a 


the Purdue system freezes 


Monel cylinder surrounded by liquid helium. The oper- 
ation of the system is as follows : as shown schematically 
in Fig. 1, the gas is in trap 7 II and the trap TI is 
empty. The gas flow to the ion source is regulated re- 
motely by the needle valve V and the unused gas from 
the ion source is pumped by a Cenco Hypervac 20 pump 
(with an external oil system for lubricating the shaft) 
from the cyclotron back into trap 7 II, where the im- 
purities are frozen out. At the end of the day’s run, 
valve 7 is closed and as much as possible of the He’ gas 
remaining in the cyclotron and associated lines is re- 
covered. The gas from the trap being used is then 
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Fic. 1. Schematic drawing of tt 
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REACTIONS C'!?(He!,»p 
transferred over to the evacuated trap and sealed off. 
Both traps are then brought to room temperature and 
the impurities are pumped out of the trap that was 
used for the day’s run. For the next run, the same pro- 
cedure is followed using the trap which now contains 
the He’ gas. 

No trouble was encountered in the operation of the 
recirculating system. He’® particles were accelerated for 
periods up to 16 hours without having to pump the 
impurities out of the traps. It is estimated that the loss 
of gas is of the order of 1 cm® per hour at STP. 


Reaction Chamber 


The reaction chamber used was the one used in this 
laboratory for the study of alpha-particle scattering.'® 
A 63-inch collimator with }-inch diameter apertures 
defines the incident beam to within +1.06° of the nom- 
inal beam direction. The chamber lid was mounted on 
#;-inch diameter steel ball bearings and an O-ring seal 
lubricated with Dow-Corning 200 fluid so that it could 





Fic. 2. Block diagram of the electronics used in conjunction 
with the proportional counter-CsI scintillation spectrometer 
counter telescope. The gating circuit shown within the dashed 
lines is used only when deuterons are counted. P.C.—proportional 
counter; P.A.—Atomic 205-B preamplifier; L.A.1, L.A.2—Atomi 
219 linear amplifiers with modified output circuits; CsI 
lation spectrometer; C.F.—White cathode follower preamplifier ; 
E-SE—-Los Alamos multiplying circuit; L.A.3—Atomic 204-B 
linear amplifier; SCA—singie-channel analyzer; SC—-slow coinci 
dence circuit; 20CA—Atomic 520 twenty-channel analyzer 


scintil 


be rotated under vacuum. The geometry and mechanics 
of the chamber permit the observation at laboratory 
reaction angles between 11° and 169°. The solid angle 
subtended by the 3;-inch diameter defining aperture 
used was 0.785X10~ steradian. The maximum rms 
deviation from the nominal laboratory reaction angle 
which is defined as the angle between the axis of the 
collimator and the normal to the defining aperture was 
0.9°. To reduce the accumulation of carbon deposits on 
the target, a refrigerator was installed around the throat 
of the diffusion pump used to evacuate the chamber. 


Target 
Since polyethylene foils were found to deteriorate 
under prolonged bombardment, a film of polystyrene, 
[ (CH)(CeHs5)(CH2) ],, of thickness about 1.5 mg/cm? 
was used for the C™ target. It was prepared by dissolving 


6. H. Gailar, E. Bleuler, and D. J. Tendam, Phys. Rev. 112, 
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Fic. 3. Multiplied spectra obtained when AF’ is bombarded 
with 9.5-Mev deuterons. The upper plot illustrates the constancy 
of the mean multiplied pulse-height for deuterons as the energy 
is changed. 
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Fic. 4. Response of CsI (T1) to deuterons, protons, He’, and alpha 
particles. The relative proton-alpha-particle pulse-height data of 
Souch and Sweetman have been normalized to the Purdue data 
for protons, deuterons, and He’ particles. 
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commercial 0.001-inch polystyrene sheet’? in benzene 
and allowing the benzene to evaporate after the mixture 
is placed on a water surface. The number of C™ nuclei 
per cm® as seen by the incident beam was determined 
by comparing the cross section for the elastic scattering 
of 19-Mev alpha particles from a known thickness of 
polyethylene, [(CH»2)(CHz) ],, to the cross section for 
the elastic scattering of 19-Mev alpha particles from 
the polystyrene target. To insure that the mean He’- 
particle energy was the same for all the differential cross 
sections measured, the target was always oriented at 
45° with respect to the incident beam. The target was 
then 0.44 Mev thick for 14-Mev He? particles. 


Particle Detection and Discrimination 


The detection head was a counter telescope ( onsisting 
of a gas'® proportional (AZ) counter and a CsI(TI) (£) 
scintillation spectrometer having a resolution of better 
than 4% for 9-Mev deuterons and protons. The Q values 
for all competing reactions and the long range of the 


protons as compared to deuterons, tritons, He? particles, 


and alpha particles of comparable energy, allow one to 
distinguish the protons simply by absorbing out, or 
sufficiently degrading the energy of, all shorter range 
reaction products. Making use of the fact that the pro- 


duct EdE/dx is approximately proportional to the mass 


7 Kindly supplied by the Dow Che 
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mical Company, Midland 


10 gas (90°) argon, 10°; methane) obtained 


Co. was used 


BLETI 
of the ionizing particle, the deuterons from the reaction 
C®(He’,d)N™ were identified by multiplying the AZ 
pulses from the proportional counter with the & pulses 
from the scintillation counter 

In the vicinity of the reaction chamber, especially 
near the collimator, there intense gamma-ray back- 
ground. This gamma-ray background was completely 
eliminated from the proton and deuteron groups studied 
This method 
between 


by using sufficiently thin CsI crystals 


avoids the requirement of a fast coincidence 


the proportional counter and CsI counter pulses for the 


oper identification or tne partic les in the groups 
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studied 


Gotec Energy Spectrur 


Energy pectrurr 


Ungoted 
3 
) 


s € 
Ga * 6 


*(He’, de)N” 
E4=8.4Mev 


Counts x | 








10 


ric. 6. Typical gated and ungat: leuteron histogram for 
C®(He?,d)N™. Only the d, grou; ‘ yived because of the 
energetics of the reactior roton peak shown 
in dashed lines, reduced by a fac rf ie to knock-on 
protons from the hydrogenk t t t 


Electronics 


A block diagram of the electronics used in conjunction 
with the & and AE counters is 


hiry 1 own within the dashed 
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lines. 
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REACTIONS C'*(He?,¢ 
discrimination is illustrated in Fig. 3. Conventional 
linear amplifiers, pre-amplifiers and single-channel an 
alyzers and an Atomic Instrument Model 520 twenty 
channel pulse-height analyzer were used in conjunction 
with the multiplying circuit. The completeness of the 
deuteron-proton separation was enhanced by requiring 
a coincidence from the proper multiplied and the propor 
tional (AF) counter pulses. The coincidence circuit was 
of the Garwin type and had a resolving time of about 1.5 
msec. 

When the protons were counted, the gating circuitry 
was completely removed and the gas was removed from 
the proportional counter. 


Analysis of the Data 


The pulse-height data recorded on the twenty-chan- 
nel pulse-height analyzer were plotted in the form of 


400 : 1 
C?( He’, pe)N 

E,gr 13.9Mev (Lob) 
Qe = 4.772 Mev 


oic.m) mbAter 


re 

— [j,(Qre)} 
=o — m2 — 
Oekyy - — kp 
le 26.0x10°%cm. 


—H- 1, *5.7%10'tm 














Fic. 7. Theoretical fits to the angular distribution of the 
group from the reaction C®(He*,p)N™ 


histograms. Since the pulse height from the CsI(T}) 
scintillation spectrometer is proportional to the energy 
of the ionizing particle and the response is linear for 
protons and deuterons” (Fig. 4), the protons and 
deuterons were identified by comparing the mean pulse 
height (channel) for a given group with the mean pulse 
heights for other, known groups. The mean energy in 
the target was calculated using the incident He*-particle 
energy obtained from the calibration of the analyzing 
magnet and the Q values for the reactions taken from 
Ajzenberg-Selove and Lauritsen.’ Energy losses in the 
target, counter vacuum seals, and aluminum absorbers 
were calculated from the data of Whaling.” A typical 
proton histogram for the C™(He’*,p;)N™ reaction is 


" S. Bashkin, R. R. Carlson, R. A. Douglas, and J. A. Jacobs, 
Phys. Rev. 109, 434 (1958) 
= R. A. Peck and H. P. Eubank, Rev. Sci. Instr. 30, 703 (1959) 


™W. Whaling, Handbuch der Physik, edited by S 
Springer-Verlag, Berlin, 1958). Vol. 34, p. 193. 
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Fic. 8. Theoretical fits to the angular distribution of the p- 


group from the reaction C"(He?, p)N™ 


shown in Fig. 5. The po and p; groups were clearly 
resolved. Some difficulty was encountered in unfolding 
the p2 group from a more intense lower energy proton 
background. In Fig. 6 a typical gated and ungated 
energy spectrum for the C"(He'®,d)N™ reaction is shown. 
Because of the energetics of the reaction, only the do 
group was ly resolved. The effectiveness of the 
gating circuitry is illustrated by the disappearance of 
the very intense “‘knock-on”’ proton group which comes 
from the hydrogenic content of the target. 


cle ar 


RESULTS AND DISCUSSION 
C'(He’,p,)N" 


The angular distributions of the po, pi, and p2 groups 
from the reaction C(He?*,p,)N" are shown in Figs 7, 8, 


and 9. The mean He’*-particle energy was 13.9 Mev. 


For the region of angles less than 90° the counting 
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G. 9. Theoretical fit to the angular distribution of the p, 


group from the reaction C®(He’,p)N™ 
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rheoretical fit to the angular distribution of the d 
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statistics are better than 6%. Thereafter, they are no 
better than 10%. 

For the lead to the 1+, 7=0, 
ground and second excited states of N™, 
rule [ Eq. (3) ] for the reaction which strips a deuteron 
in its triplet state He® nucleus allows L=0 
and L=2. A predominant L=2 transition for the 
C"(He*,po)N“ reaction is indicated by the good fit 
obtained for the po angular distribution using only 
[ j2(Qro) 6.0f (Fig. 7). A better fit (Fig. 7) 
to the forward peak is obtained using ro=5.7f but the 
rhe predominant L=2 
deuteron capture supports the findings of Visscher and 


Ferrell™ for a nearly pure® D, configuration for the N™ 


transition which 


the selection 


from the 


with r 


over-all agreement is reduced 
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Fic. 11. Comparison of the Purdue C"(He',d)N™ data at 13.9 
Mev with that of H. E. Wegner and W. S. Hall of the Los Alamos 
Scientific Laboratory at 21.0 and 24.0 Mev 


* W. M. Visscher and R. A. Ferre!l, Phys. Rev. 107, 781 (1957 
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ground state. The 2 angular distribution is fitted best 


by [jo(Qro) ? with ro=5.7f even though the theoretical 


curve grossly underestimates the experimental intensity 
in the forward angles (Fig. 8 jo(Or 5.7f 


g with r 
with the experimental curve. 


is seen to be inconsistent 
find 


configuration for the 


Visscher and Ferrell” 
a predominant 4S 
state of N“. 
Only L 
allowed by the selection rule for the (¢ 


, in agreement with our results, 
second excited 
0 capture for deuterons in the singlet state is 
He A Pi)N ‘ re- 
9) to the p; angular distribution 
is obtained for the region of 


action. A good fit (Fig 
ingles greater than ~ 25° 
radius of 5.7f. But, 
as for the po angular distribution, [ j9(Qr 


using [ jo(Qro) ? and an interaction 
grossly 
underestimates the experimental intensity in the for 
In both ises, tne 


fitted better if a smaller 


ward angles. forward peak can be 


tion radius is used but 
the over-all agreement is vastly reduced. A 


imilar ef- 

fect, using the same ty} analysis, observed for 

the C a,p)N reaction 1.5 Mev 
The C"(He*,p)N" angular distributior 

a remarkable likene to tl redictions of a crude 


stripping theory, thus lendir len he supposi- 


shown 


TABLE I. Energ eper 


(in 10%cm™') for the first 
section of the reaction ( 


13.9 Mev 


tion that a deuteron is st re He 
It should be pointed out tri 

1+, T=0 states of N™ (po,p apture of a deuteron 
in its singlet state are forbidden as is the 
the Ot, 7=1 first excited state of N 
deuteron in its triplet state. The 
and total cross sections for the three 


nucieus 


nsitions to the 


transition to 
. by capture of a 
angular distributions 
transitions can 
more 


then, when analyzed in the realistic 


theory, yield information trengths of the 
deuteron singlet and triplet states in the He* nucleus. 
In view of the possibility of such 
differential cross 
angle with the results 


0.54¢tota1( Po) = 0.46¢or01( P 


C"(He',d,)N 


a calculation, the 
over solid 


O total ( Pr) 


sections 


were 


The angular distribution of the d 
reaction C™(He*,d)N 
He’-particle energy and the counting statistics were the 
same as for the C'™(He’,p periments 


group from the 
in Fig. 10. The mean 


The angular distribution is fitted reasonably well by 
Butler’s theory® for th proton from the 


He® particle. An interaction radi 5.8f used 


was 
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The /,=1 assignment is in agreement with the assumed 
spin and parity of the ground state of N“.’ The zeros 
of the theoretical curve are in good agreement with the 
minima of the experimental curve and the amplitude 
of the strong forward peak is accounted for reasonably 
well. 

In Fig. 11 these data are compared with the data of 
Wegner and Hall* at 21.0 and 24.0 Mev. As seen, the 
angular distributions do not change radically in this 
energy interval and the minima show a systematic shift 
toward smaller angles as the bombarding energy is in 
creased. If, as is true for most simple direct-interaction 
theories, the angular dependence is contained in some 
function of Qro, then, assuming that ro is constant, the 
value of Q for a given minimum should be independent 
of energy. Inspection of Table I shows that the values 
of Q for a given minimum are nearly independent of 
energy in this energy range. This leads one to believe 
that the reaction does indeed proceed by a simple 
direct process and that the angular distributions will 
be explained in more detail by a more sophisticated 
expression. 


SUMMARY 


Using a crude theory for the C"(He’,p;)N™“ reaction, 
the angular distributions were fitted by simple [ jz(Vro) ? 
functions. In fitting these data an effort was made to 
correlate the minima in the experimental angular distri- 
butions with the zeros of 7,(Qro) and to keep the inter- 
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This was done with 
good success using interaction radii of 6.0, 5.7, and 5.7 


fermis and L=2, 0, and 0 for the po, pi, and p: angular 
distributions, ré spec tively. The theoretical « urves, how- 


action radius reasonably constant. 


ever, grossly underestimate the experimental intensity 
in the forward angles of the p; and p2 angular distri- 
butions. If more freedom is allowed for the value of the 
interaction radius, the forward part of these experi- 
mental curves can be accounted for, but the over-all 
agreement is vastly reduced. 

The C(He'® dy) N“ data were compared with Butler’s 
theory® for the stripping of a proton from the He’ 
nucleus. Good agreement between the zeros of the theo 
retical curve and the minima of the experimental curve 
was obtained, though the latter were not always well 
defined, and the shape of the experimental curve was 
accounted for reasonably well. 

It is expected that just as for (d,p) and (d,m) stripping 
reactions, more detailed analyses, especially the dis- 
torted wave calculations, will remedy some of the de- 
ficiencies of the simple stripping theories used here. 


ACKNOWLEDGMENTS 


The authors take pleasure in expressing their ap- 
preciation to Mr. F. Hobaugh and Mr. K. Runck for 
the cyclotron bombardments, to Mr. J. Moore for his 
advice and help on the mechanical problems, and to 
Mr. W. D. Ploughe for his aid in the planning and 
execution of these experiments 


NUMBER 4 AUGUST 1 1960 


Angular Distributions for C’’(«,p)N* at 16.1-19.0 Mev and 
F'®(a,p)Ne” at 18.9 Mev* 


J. R. Priest,t D. J. Tenpam, anp E. BLevrer 
Department of Physics, Purdue University, Lafayette, Indiana 


(Received April 1, 1960 


measured for the 

N™ and F"(a,p) Ne™ using the cyclotron 19-Mev alpha 
particle The C™(a,po)N™ data at 18.0, 17.1, and 16.1 Mev 
differ markedly from the 19.0-, 18.7-, and 18.3-Mev data; the 
latter three are very similar to each other. The differential excita 
ion function at 31.8° (lal resonance at 17.5 Mev 
width at half-maximum of ~2 Mev. Steep backward 
peaking is observed in the 16.1-Mev data. Some of the 
of the 17.1- and 18.0-Mev data can be represented by Butler's 
formula for (a,p) reactions using /=1 and ro=5.9 and 5.5f, rs 
For the F"(a,p)Ne™ data the cross sections for the 


rular distributions have been reactions 


beam 


t shows a 
with a 


leatures 


spectively 


INTRODUCTION 


HE proton angular distributions to be reported 
here are the first of a series of measurement 
* This work was supported in part by the U. S. Atomic Energ 

Commission. This article is based on a portion of a doctoral thesis 

submitted by J. R. Priest to the faculty of Purdue University. A 


transition to the ground state of Ne™ are factors of 10 to 20 less 


than the cross sections for the transition to the first excited state 
of Ne®. This inhibition, together with the F"(n,d)O" data, may 
he explained by assuming that the two last neutrons of F" are not 


disturbed in the direct interac { 


tions and that they are in a (d,;2*), 
dsi?)s or ?)> configuration in F* 


Using ro=5.1f, Butler’s formula accounts reasonably well for the 


configuration in Ne™, in a 


forward peak and the location of the minima of all three angular 


listributions for the region of angles less than 90°. The angular 


lietr 


ibutions are all peaked in the backward angles 


using low and medium Z target nuclei and the 19-Mev 
alpha-particle beam from the Purdue cyclotron in which 
an endeavor is being made to determine the magnitude 
preliminary 
1959 

t Present arcdress 


Heights, New York 


report has been given in Bull. Am 


Phys. Soc. 4, 17 


IBM Research Laboratory, Yorktown 
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f direct-interaction contributions at this energy. Efforts 
are being made to establish some systematics over a 
fairly wide range of target nuclei and to analyze the 
angular distributions in the light of current direct- 
interaction theories. Attempts are also being made to 
correlate the data with the predictions of the shell 
model for the configurations of the nuclei involved. 

rhe angular distributions of the ground-state proton 
group (po) from the reaction C"(a,p)N" for alpha- 
particle energies between 30 and 40 Mev'™* (Fig. 4) 
have given strong evidence for the direct-interaction 
mechanism. and 30 Mev 
4) some of the direct-interaction character seen 


For energies between 25 
(Fig 
at the higher energies is still present but the angular 
distributions become more energy dependent. The most 
significant departure from the simple direct-interaction 
mechanism as visualized, for example, by Butler,‘ is the 
steep backward peaking which is observed from about 
25 to 31 Mev. In order to study the trend of the angular 
distributions and the direct-interaction contribution at 
lower energies, we have measured the angular distribu- 
tion for alpha-particle energies of 19.0, 18.7, 18.3, 18.0, 
17.1, and 16.1 Mev. 

The F(a, p)Ne 
and Heydenburg® 


reaction has been studied by Pieper 
for five alpha-particle energies be 
tween 6.0 and 6.55 Mev. The angular distributions of 
the po and p; groups, the latter leaving Ne” in its first 
excited stat , wert found to be ve ry energy dependent 
At some energies the distributions 
striking agreement with predictions based on simple 
mechanisms, there 
at certain other energies. For a higher 
bombarding energy one might expect that the direct- 


angular showed 


direct-interaction whereas was no 


resemblance 


interaction character which was observed by Pieper 
and Heydenburg at selected energies would be better 
represented. Thus we have measured the angular dis 
tributions of the po, pi, and p». groups for an energy of 
18.9 Mev 

Where 
derived by Butler* has 


feasible, the theory of (a,p) reactions as 
been applied to the data pre- 
sented here. The theoretical curves are calculated from 
Eq. (40) of reference 4. The the Wronskian 


function used is that given by Butler.® 


form of 


EXPERIMENTAL METHODS 


The experimental setup and proton detection tech- 


nique have been described previously.” The rms energy 
1 [T. Nonaka, H. Yamaguchi, T. Mikumo, I. Umeda, T 
and S. Hitaka, J. Phys. Soc. (Japan) 14, 1260 (1959 
?C. E. Hunting and N. S. Wall, Bull. Am. Phys 
1957 
R. Sherr and Ric , Bu An 
1957); Annual re 
inpublished 
‘S. T. Butler, Ph Rev. 106, 272 (1957 
G. | » _Heyvdenburg 
1958 
*S. T. Butler and O Hittmair, Nuclear Strip ping 
John Wiley & Sons, Inc., 1957), p. 30 
J. R. Priest, D. J. Tendam, and E. Bl 
Phys. Rev. 119, 1295 (1960 


Tabata, 


So 2 


( «, 


Phys. Soc 
W ishington | 


niversity 


Pieper at Phys. Rev. L111, 264 


Reactions 


preceding paper 
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deviation from the nominal! alpha-particle energy due 


to finite geometry and imperfect focusing was 50 kev 
Commercial targets of Teflon,* (CF.),, 2.7 mg/cm? 
thick and polyethylene,’ [ (CH»)(CH,) |,, 1.3 mg/cm? 
thick were used as the F'® and C® targets, re spec tively 
The Teflon and poly thy iene targets were, respect tively, 
0.73 Mev 0.48 Mev thick for 19-Mev 
particles. 

The proton groups for the 
in general, ( learly resolved. There were two ext eptions. 
1. For the F (a, pi)Ne” reaction it was difficult to re- 
solve the po group because of its very weak intensity 
and the fact that the first excited state of Ne” is only 
1.275 Mev above the ground state. 2. For the C"(a,po)N™ 
reaction, a gamma-ray background which comes from 
the very intense gamma-ray flux near the collimator 
interfered with the low-energy protons which emerge 
in the backward angles. For each measurement where 
it was necessary to correct for the gamma-ray back- 


ground, a run was made with sufficient aluminum in 


and 


alpha 


transitions studied were, 


front of the crystal to absorb out all reaction products 
The gamma-ray background recorded was then sub 
tracted from the proton spectrum 

A preliminary proton energy scale was determined by 
calculating the mean energy of the proton groups using 
the O values for the taker 


reactiol Irom \jzenberg 
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Selove and Lauritsen” and then comparing these ener- 
gies with the mean pulse heights for the grcups. The 
energy scale was cross-checked by comparing these 
proton energies with calculated proton energies from 
other (a,p) reactions with known ( values.”® For the 
F'*(a,p) Ne® calibration, the protons from the reactions 
AP? (a,p)Si® and Si**(a,p)P" were used for the cross- 
check. These results are shown in Fig. 1. The po group 
from the reaction C"(a,p)N™ was identified by com- 
paring its pulse height with the knock-on proton pulse 
height. 


RESULTS AND DISCUSSION 
Ci \ a, pi \N'> 


The angular distributions of the po group from the 
C"(a,p)N™ reaction measured for alpha-particle ener 
gies of 19.0, 18.7, 18.3, 18.0, 17.1, and 16.1 Mev (lab) 
are shown in Figs. 2 and 3. For illustration purposes, 
these data along with the data at 25 to 39 Mev' are 
shown in Fig. 4. The energies of 19.0 and 18.7 Mev 
were those for which maximum beam intensities were 
available for two different operating conditions of the 
cyclotron. The 18.3-Mev energy was obtained by 
selecting an energy somewhat lower than the maximum- 
beam energy. To obtain energies of 18.0, 17.1, and 
16.1 Mev, the beam energy was degraded by using 


2.00} 
oe n® 
E, = !9.0 Mev (Lab) 





Fic. 2. Angular distributions of the ~» group from the reaction 


C®(a,p)N™ at 19.0, 18.7, and 18.3 Mev. 
 F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
1959) 


Angular distributions of the f» group from the reaction 
C*(a,p)N™ at 18.0, 17.1, and 16.1 Mev. 


combinations of 0.0005-inch and 0,001-inch beryllium 
foils placed in front of the entrance slit to the analyzing 
magnet. 16.1 Mev represents the lower limit that could 
be used while still retaining reasonable beam intensity. 
For the three higher energies the counting statistics 
are better than 6%. For the three lower energies, 
where the beam intensity was low, the counting sta- 
tistics are usually better than 8%. Because of the high 
intensity of the knock-on protons from the hydrogenic 
content of the targets used, it was impossible to obtain 


° 


any data for angles less than about 25 


rhe angular distributions are seen to be very energy 
dependent, especially in the region of angles less than 


about 50° and greater than about 130°. The cross 
section at around 130°, where a pronounced maximum 
occurs at all energies except 16.1 Mev, is fairly constant 
except at 17.1 Mev where it is a factor of two larger. 
In all cases there is a minimum at around 80°, as there 
is at higher energies.' The sharp rise beyond 130° at 
16.1 Mev is a characteristic 
elsewhere’ at 


which has been observed 
higher energies. Similar effects have 
been recorded in this laboratory for the reactions 
F"(a,p)Ne® (to be presented later) and Si**(a,p)P*," 
and at other laboratories for the reactions AP? (pa)Mg™,” 
F*(p,a)O"*,” and O'*(pa)N"¥." 

"W. D. Ploughe, Purdue University 

21. Kumabe, C. L. Wang, M. Kawashima, M. Yada, and H 
Ogata, J. Phys. Soc. (Japan) 14, 713 (1959) 

“H. Ogata, J. Phys. Soc. (Japan) 14, 707 (1959) 

“TD. R. Maxson, Palmer Physical Laboratory, Princeton Uni 
versity priv ate ¢ 
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Because of the rapid changes in the cross section in 


the forward angles, the 
31.8 


differential excitation function 
(lab 
teps which were consistent with the energy spread of 
triking the target. The re- 
ults (Fig. 5) show a pronounced resonance at about 
17.5 Mev. The width of the 2 Mev 
Similar resonances have also been 
4 34 Mev.' At the 


observed for this reaction at 27 
attempts were made to 


was measured at The energy was varied in 


the incident beam before 


resonance is about 
at half-maximum 
and 
higher bombarding energies 
correlate these re with resonances in the total 


onance 


cross section. However, the total cross section varies 


quite smoothly and increases as the energy is de- 
creased. Only slight bumps, if at all, appear in the total 
cross section versu energy curve at 27 and 34 Mev 


A . P 
Lop” 348 
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parison of the 
at 16.1-19.0 Mev 
f the University of 


5-39 Mev 


the differential cross section 
Che data at 16.1 to 19.0 Mev 
to 170°. The 
within the errors 


where the resonances in 
are in the forward angles. 
were integrated over solid angle from 20 
fable I. To 


1 


excluding the contributions 


results are shown in 


involved in from angles 


less than 20° and greater than 170° and uncertainties 


in the measured differential cross sections, the sys- 


tematics observed in the higher en rgy data are also 


true for this energy region. The integrated cross sec- 
tion increases with decreasing and there is a 
Mev, 


aifferential excit 


energy 
small increase at 17.1 which is near the energy 


in the ation function 


for the resonance 
at Fab 
nances to compound nucleu 


31.8°. It seems difficult to attribute these reso- 


formation if large reso- 
Reso- 
in the forward 
1 for (d,p) reactions where 

angular distribu- 


Structure 


nances do not occur in the total cro ection. 


nances in the differential cro ction 
angles have also been note 
the stripping-type character of the 
6 The 


has been interpreted as ‘re- 


tions was well represented resonant 
for the Si**(d,p)Si* data'* 
flecting direct interaction-compound nucleus interfer- 
ence effects with a dominant direct reaction amplitude.” 
Although the direct-interaction cl 
in the simple theories,‘ is not as 
(a,p) reactions as in (d,p 
structure observed in the differential cro 
the forward angles for C"(a,po)N 

direct interaction-compound nucleu 


unknown resonant processe 


iracter, as visualized 
well represe¢ nted in 
reactions, the resonant 
section in 
may also be due to 

interference or to 
the direct-interac- 
tion formalism. 

Butler’s formula‘ for 1 lires nock- of the 
least bound proton ha 


egrated 
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17.1 and 18.0 Mev. The theoretical curves (Figs. 6 
and 7) were calculated from Eq. (40) of reference 4. 
The interaction radii of 5.9f for the 17.1-Mev data and 
5.5f for the 18.0-Mev data compare favorably with a 
radius of 5.5f which was used in the analysis of the 
C®(a,a’)C"*, O= —4.43 Mev (2+) data at 18.0" and 
31.5 Mev."* As seen, the theoretical curves for both 
energies have minima in the forward angles while the 
experimental curves have maxima. However, the bumps 
in the experimental curves at ~45° coincide with the 
first peaks of the theoretical curves and the positions 
of the second experimental and theoretical peaks co- 
incide. If the theoretical curves are normalized to the 
experimental curves at ~45° the heights of the second 
theoretical peaks fall below the experimental peaks. If 
the theoretical curves are normalized to the experi- 
mental curves at ~120°, an excellent fit is obtained 
beyond 90° but the theoretical curves are much too 
high in the forward angles. Qualitatively, the peaks 
which appear in both cases at ~ 120° and the bumps 
at ~ 45° can be accounted for by the simple knock-out 
process. However, the formula does not explain at all 
The 


distinct difference in the theoretical and experimental 


the forward parts of the angular distributions 


curves in the very forward angles that was observed 
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Fic. 7. Theoretical fit to the angular distribution of the pp group 


from the reaction C"#(a,p)N™ at 18.0 Mev. 


here at 17.1 and 18.0 Mev is very similar to that which 
was observed in this laboratory for C®(a,’)C™*, O 
4.43 Mev (2*) at 18.0 Mev." 

The sharp rise in the cross section beyond ~ 130° 
for the 16.1-Mev data (Fig. 3) is reminiscent of the 
heavy-parti le stripping process as proposed by Mad- 
ansky and Owen However, the steepness of the 
peaking cannot be accounted for in a simple manner. 


F'*(a,p,)Ne” 


The angular distributions of the po,pi, and p2 groups 
from the reaction F"(a,p,;)Ne® are shown in Figs. 8, 9, 
and 10. The mean alpha-particle energy was 18.9 Mev. 
Representative errors, which include due to 
counting statistics and an estimation of errors due to 
unfolding the peaks, are indicated on each angular 
distribution. 


those 


With the exception of the extreme backward angles, 
the transition to the 0* ground state is easily a factor 
of ten and at some angles a factor of twenty less 
probable than the transition to the 2* first excited 
state of Ne”. 


account for a factor of five, the ground-state transition 


Even though the statistical factor can 


is still weak. A similar inhibition of the ground-state 


transition was observed in the F'(dm)Ne™ stripping 


9 } 


L. Madansky and G. E. Owen, Phys 
*(. E. Owen and L. Madansky, Phys 


= T. Fulton and G. E. Owen, Phys 


Rev. $9, 1608 (1955) 
Rev. 105, 1766 (1957). 
Rev. 108, 789 (1957). 








1306 PRIEST, TENDAM, AND BLEULER 
ed ll 2.* 1.703 Mev listing some shell-model configurations for the imitial 

E18 a . . and final nuclei which can be connected by a direct- 

2 interaction process. It is assumed that the two last 

Jie Tae |W it te Or), Me like | neutrons in F remain unaffected and that in the 

ia : m ” (a,p) reaction the alpha particle captured in the final 

= : nucleus is in an S state. The angular momentum 
| sata ase transfer is then equal to the angular momentum of the 

| proton in F". The first symbol in each case stands for 

[ the last two neutrons, the second for the last proton(s). 
From the inhibition of the ground-state transitions 

: | : in the reactions F'(a,p)Ne” and F'*(d,2)Ne™ alone, 
_ one would be tempted to conclude that the (d4*)od, 
g term is predominant in F'*. The strong ground-state 
3 transition in the pickup reaction, however, indicates 
= sad that one of the other terms must also have a large 
amplitude. A consistent picture obtained, for ex 

ample, if one assumes that only d; states contribute in 

| Ne” and Ne”, whereas O'* has an (s;?) term and F” 

| is a mixture of (d,*) and (s,°) terms, with only a small 

al é (dy?) sy part. This would be in contradiction to the 

| . calculations by Elliott and Flowers*® and by Redlich**® 
who find essentially equal (s;*°) and (ds*)sy terms, with 

| the (d,*) intensity being smaller by about a factor 4. 

| The results of fitting Butler’s formula‘ to these data 

= a are also shown in Figs. 8, 9, and 10. An interaction 

ics radius of 5.1f was used throughout. Pieper and Heyden- 

Fic. 8. Angular distribution of the pp group from the reaction burg,® using the same equation for the analysis of the 


i (a,p )Ne™ at 18.9 Mev 
the trend in the extreme 


lhe broken curve is drawn to emphasize 
ackward angles 


reaction.”* In the F'*(n,djO" 
the reduced widths for the transitions to the ground 
state and the first excited state were found to be about 
equal.** In Table II, an attempt is made to gain infor- 
mation on the structure of F'’ from these reactions by 


pickup process, however, 


Paste Ll. Possible direct transitions between some shell-model 
configurations of the initial and final nuc lei for the reactions 
(%.d)O", F8(a,p)Ne™, and F"(d,»)Ne™®. Experimentally ir 
hibited transitions are sh« brackets 
re ody dy? )osy $4" )oSy 

_— 

oO" 1% : ! 

; 1,=0 
Qi dy 2 

d ip>=Q) see 
Ne? ' ’ , 

‘4 ty =()) 
Ne@* iy 2 

a; Ty 
Nex dy?)o (sy? 1,=0 i 

s,2)o(s4? 1,=0) 
Ne®™* (dy?)a (dy? l 2 
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DISTRIBUTIONS FOR ¢ 
interaction radius of 5.2f. Although the character of 
the po angular distribution is poor, the zeros of the 
theoretical curve are not inconsistent with the indica 
tions of minima in the experimental data. The formula 
accounts well for the forward peak and the location of 
the minima in the p; angular distribution. The peak at 
150° is not explained at all by the formula but i 
reminiscent of a heavy-particle stripping process. 

Although the spin and parity of the 3.35-Mev level 
of Ne” are not known for certain,'’*’ the theoretical 
curve for /=2 is not inconsistent with 2*, the most 
probable assignment. The theoretical fit in the forward 
angles is reasonable and the zeros of the theoretical 
curve are consistent with the minima of the experi 
mental data. 

The most significant departure from the predictions 
of Butler’s theory‘ is the backward peaking observed in 
all three angular distributions. Backward peaking, 
though much more slowly rising, has been adequately 
explained in certain (d,n) cases by the heavy-particle 
stripping process. However, the sharp backward peak- 
ing observed here and elsewhere for other (a,p)'~*"' and 
(p,a)'*"* reactions has thus far defied analysis. 


SUMMARY 


Direct-interaction effects of varying magnitudes have 
been observed in both reactions studied. The most 
prominent differences between the measured angular 
distributions and the predictions of the simple direct 
interaction theories were the backward peaking, esp: 
cially the steep backward peaking at selected energic 
the strong energy dependence of the C'*(a,po)N"® re- 
action, and the lack of definition in the minima. As 
pointed out, similar behaviors have been observed 
elsewhere. The interpretation is not at all clear and 
certainly demands more theoretical attention. It is not 
known at all whether the more realistic distorted wave 
calculations will account for the (a,p) data. Perhaps 


7B. P. Foster, G 
93, 1069 (1954) 


S. Stanford, and L. L. Lee, Jr., Phys. Rev 
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Fic. 10. Angular distribution of the p2 group from 
the reaction F™(a,p)Ne® at 18.9 Mev. 


these data will be better explained by the inclusion of 
another direct process, presumably heavy particle 
stripping, with appropriate interference between the 
two 
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Magnetic spectrometer studies were made on the beta spectra of Ga”, La, Ex I ind S The 
highest energy beta group of each of these transitions has an abnormally 4 parative ha 
proba is a once forbidden decay from a 3— initial state to a 2+ final state. For all, the hig! energy beta 
spectrum was found to have a nonstatistical, nonunique shape. On the assumption that the B atrix 
element minates the decay, the experimental shape factors were fitted empirica C=¢ pP?+D 
rhe best fits were obtained for values of D equal to 15, 10, 5, 20, and 15 for Ga”, I I I ‘ and 
1 
Sb™, respectively 
INTRODUCTION The existence of an abnormally long « 
. . . é f-life ( ig fi vali na ye us | l f 
MEASUREMENT of the detailed shape of the half-life (high fi value) may be used gi 
. ° 6.8 » , t nm orbiddet dj Cay \ 
beta spectrum of a once forbidden transition can identifying Gtner once soruem mage & 
, . , . rive rise statistical nonunique b ; 
contribute information about the nuclear matrix 8'V€ MSe to nonstatis a ' 
elements. A sensitive analysis of a beta-ray spectrum ‘S#M€ Suppression of the matrix element \v 
can be st be obtained Iroma study of a shape fac tor plot down the transition may ~~ Caen 
: # - ; ae +} | 
of the data. In this treatment of the data, the shape measurable an SS oe 
factor, C«N/pF(W.—W)? is plotted against the 1” the present investigation, the highest « 
spectrum groups in the decays of Ga™, La 


energy W, where N is the number of beta particles per 
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isotopes suggested by 


, Sb 


1960 


omparative 
lide toward 
hich might 
The 


slow .) 


pec tra. 
whic h 
to make 


ipe factor. 


a 


nergy beta 
‘Eu 
are the 


est 


f particular 





the maximum energy of the electron. F is a known ° ; . ; peel 
function which des rib s the Coulomb effects on the interest. hey are pr bab ) ANSIUIC trom = 3 
electron as it leaves the nucleus. The theoretical shape initial state = 2+ ana te and a - sociated 
factor for the spectrum of a once forbidden transition with abnormally ign jf value si 
can, In general, be expressed by C= k(1+aW+6/W-4 rhe a men al =, oer —. ractor 
fa where k, a, 6, and ¢ are parameters which are can, in general, be fitted © ready by regarding the 
functions of nuclear matrix elements. For most non constants k, a, 6, and (Se ys arb ary param: 
unique once forbidden transitions, the beta spectrum ete rs. Ideally, one should like to have four inde pendent 
has a shape which is indistinguishable from the statis- ©@@tlons in order to solve es oo 
tical shape which Is « Xper ted for the spectra of allowed param ters. In pein es ats Bn ob 7” cones 
senaeleions mation by combining the results of the spectrum shape 

In sucl cases, ONt ob erves a constant shape fac tor MCASUTeHICRt with “~ Ro ded — rom beta- 
since the energy dependence is masked by the domi- — ee ee ae ee Cone 
nance of the large constant term. Under certain circum- ©" lation and beta polar : Under certain 
Stances, one may expect the effect of the constant term circumstances, theoreti = —_— 7 _ sUBEES aes 
to be reduced and an energy dependent shape factor to 5°™ of th a oe be negligible and that 
become measurable The suppre ssion of the constant othe 53 may be dominant Ir -aerwerenee 
term may arise from cancellation among the nuclear @ the beta-spectrum shape w mbined wate beta 
matrix elements or from the action of additional ®84#™™4 correlation me — may yield Goa 
S¢ lection rule s sucl those asso lated with K forbid- information abo e the _ : a If one 
denness and j forbiddenness Nonstatistical, nonunique assumes that the B, _ os Ce som : nen 
shapes have been observed in the beta spectra of the theoretical shaps " . - y See 
once forbidden transitions in the decays of RaE, Sb™, in the notation used by Kotat 
Re'®®, Ag Rb** and Pr" C=}; P+Ap)+ka(1 W+a/u HW 
a - rete i . } y — of Naval Research and where k,. a,. b. and « depends 

''T. Kontani, Phys. Rev. 114, 795 (1959 order (asp) and A=) known tab 

? E. A. Plassman and L. M. Langer, Phys. Rev. 96, 1593 (1954 For the case of a unique e fort le 
on. a N. H. Lazar, and R. J. D. Moffat, Phys. Rev Al=?. yes b 0. The experimer y 

‘lk. T. Porter, M. S. Free an, T. B. Novey, and F. Wagner spectra of the isotopes 1died 1 
Phy s og ahegdher 7 = pin a could be fitted empiri by a ipe I wr of the form 
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SPECTRA OF Ga’ 


C « g+p + D where D is an adjustable constant. Such 
a fit is identical in form to that predicted for the modi 
fied B,; approximation! for which ¢,=6=c,=0. 

In some cases the measurement of a spectrum shape 
can be of help in the assignment of spins and parities to 
the initial and final nuclear states. Whereas a AJ=2, 
yes iransition must give rise to a “unique” spectrum 
shape, the observation of such a ¢+ A?’ shape is not 
forcing to such an assignment. On the other hand, the 
observation of a nonunique spectrum shape does pre- 
clude the possibility of a AJ =2 yes assignment. 


EXPERIMENTAL PROCEDURE 


In this investigation, the beta spectra were studied 
by means of the 40-cm radius of curvature magnetic 
spectrometer described earlier." A_ proportional 
counter was used as a detector. For all of the high- 
energy spectrum measurements, the counter window 
was 0.9 mg/cm? aluminized Mylar. For measurements 
extending to lower energies in order to determine the 
total beta spectrum intensity, the counter window was 
an unsupported aluminized zapon film with a thickness 
of ~ 150 wg/cm?. Since rather intense sources were used 
in this investigation, additional checks were made in 
order to assure that low-energy electrons from the more 
intense inner groups were not being scattered so as to 
distort the measurements in the high-energy regions of 
interest. Even though the source strengths sometimes 
exceeded 20 mC, the background was never increased 
by more than 50% over that measured with the source 
removed. 

The extreme criteria for the source thickness and 
backing, which were demanded for the investigation of 
possible small deviations in shapes of beta spectra,'®" 
were relaxed in these measurements, since the study of 
the spectrum shapes was limited to high-energy regions. 
Previous experience has indicated that the source thick 
ness and backing used in these experiments should have 
no influence on the interpretation of the data. As a 
further check, a Sr®-Y” source was prepared with a 
thickness and backing comparable to that used in these 
measurements. Under these conditions the beta spec- 
trum of Y” was found to have the expected unique 
shape undistorted from 1.3 Mev to the end point at 2.3 
Mev. For the present investigation, it was deemed 
advantageous to obtain the better statistical accuracy 
which is possible with stronger but somewhat thicker 
sources. Except in the immediate region of the end 
point, where the counting rates might be prohibitively 
low, an accumulation of 10000 counts was made for 
each point of the spectrum. 

In order to fit a shape factor to a beta spectrum, it is, 
of course, necessary to choose a value for Wo. For a 
nonstatistical F-K plot, the determination of W, in- 

*L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948 

” ©. E. Johnson, R. G. Johnson, and L. M. Langer, Phys. Rev 
112, 2004 (1958). 


“J. H. Hamilton, L. M. Langer, and W. G. Smith, Phys. Rev. 
112, 2010 (1958). 


1309 





' ; Gor? 














“ “ac Ce) 


Fic. 1. Fermi-Kurie plot for the beta spectrum of Ga®. 


volves the extrapolation of a curve rather than a straight 
line. If data with good statistical accuracy are obtained 
in the immediate neighborhood of the end point, the 
possible error in Wo is not very large. Nevertheless, Wo 
must be regarded as a slightly adjustable parameter. 
The F-K plot corrected by means of a shape factor 
which is based on a choice of Wo» must, in order to be 
self-consistent, be a straight line which extrapolates to 
the same value for Wo. Such a value for Wo was deter- 
mined for each run. The value of Wo relative to the 
other values of W in a particular run involves less error 
than the determination of the absolute maximum energy 
release, Eo. 

All the sources except the Sb" were liquid deposited. 
The uniformity of the deposits was improved by the 
use of insulin."*"* Runs with sources of different thick- 
ness yielded identical spectra over the high-energy 
regions to which the spectrum shape studies were con- 
fined. The sources were 0.4-0.5 cm wide and the resolu- 
tion of the spectrometer was 0.5-0.7%. 


RESULTS 
Gallium-72 


The sources used in this experiment were prepared 
from several shipments from Oak Ridge. The sources 
were liquid deposited GaCl,; on 0.25 aluminized Mylar 
which was covered with a 20 ug/cm?* zapon film. The 
insulin technique for the uniform distribution of 
the source material does not work well directly on a 
Mylar surface. For measurements in the high-energy 
region the source thickness ranged from 0.5 mg/cm? to 
2 mg/cm’. All sources were covered with a ~4 wg/cm? 
zapon film. Since the measurements made on the beta 
spectrum of the 3— to 2+ transition were restricted to 
a high-energy region, the thickness of the source did not 
have any distorting effect on the interpretation of the 
data. The decay was followed over a period of 57 hours 
and the half-life was found to be 14.2 hours with no 
evidence for any activity with a different half-life. Five 


2L.M Sci. Instr. 20, 216 (1949). 


Appl. Phys. 13, 427 (1942). 


Langer, Rev 


@V. J. Schaefer and D. Harker, J 
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62 sa 

Fic. 2 
of Ga™. The dashed straight line is shown to emphasize the curva 
ture in the ordinary statistical plot 


F-K plot for the highest energy beta group in the decay 


} 


empirical shape factor 


runs were made on the spectrum, and they were cor 
rected with this half-life. 


A Fermi-Kurie (F-K) plot of the data above 1.5 Mev 


is shown in Fig. 1. Figure 2 shows a blown-up F-K plot 


of the highest energy beta group. It is seen that the 


ordinary plot for which C= 1 does not lie on the dashed 


reference straight line. The upper plot shows how an 
empirical shape factor linearizes the F-K plot. A shape 
factor plot of the data using an extrapolated end point 
W 9= 7.165 moc* is shown in Fig. 3. This plot shows three 
attempts to fit the data. The best fit 
C=¢+Ap+15+10. The maximum energy for this 
group is 3.15+0.01 Mev. This value includes estimates 
of both statistical and instrumental error. 


is obtained for 


In order to obtain a measurement of the entire spec- 
trum and of the inner groups a thinner source (~0.1 
mg/cm*) was used. The backing was a zapon and LC600 
thick 

The F-K plot corrected with the shape factor ¢ g T 
\p?+15 was used in order to subtract the high-energy 
group from the total The result of this 
subtraction yielded a spectrum for the next inner group. 


laminate ~ 200 ug/cm 


spectrum, 


The extrapolated end point for this group occurs at 
5.932 moc?, a value which is consistent with the 0.63-Mev 





(9) Coq? + 959" 
(dD) C oq? + 95p2% +15 
(¢) C ag? + 969% +30 








The upper curve shows the 
linearization produced by application of the best value for the 


AND D SM 


transition betwes 


gamma-ray 


spite of the large errors whi introduced 


when making suc} was clear that the 
F-K plot for this group was different 
line. However, because of the 


limits must be 


subtractions, it 
from a straight 
large errors rather wide 


put on the shape factor fit. The experi 


mental shape factor plot shown in Fig. 4 is indistinguis- 


able within the accuracy of the measurements from an 
fitted by the 
g+0.95p?+0+7. Figure 5 shows 
the lineraization of the Fermi plot for this group after 


unique shape factor plot and is best 
empirical relation ¢ 


the application of the shape factor 





Further subtractions give evide for two more 


groups whose Fermi plot longer be distin- 
guished from straight lines ) trapolated 


£84 my 
3.95 moc*. The relative intensities, et point 
and ft values for the fe highest energy 


end points found for thes and 
energies 
groups are 

the effect 


1 
Since the 


shown in Table I. These values incorporate 


of the nonstatistical sh ipes observed lower 
energy groups may be somewhat distorted because of 


source thickness effects, t values should be regarded 


as lower limits 
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Lanthanum-140 


Carrier-free LaCl, sources were prepared from several 
shipments from Oak Ridge. The sources were liquid 
deposited on thin laminated backings of zapon and 
LC600. The sources ranged in thickness from 1 mg/cm 
to 2 mg 
a period of 6 half-lives indicated that there were no 
other activities with different half lives present 

Figure 7 shows a sample F-K plot of the high-energy 
portion of the spectrum. The ordinary statistical plot 
is curved and can be linearized by the application of the 


cm?. A check of the decay of each source overt 


shape factor obtained from Fig. 8. The best fit to the 
¢ + 0.845 p t 


5.262 


data is obtained with a shape factor ¢ 
10+5 using an extrapolated end point of W, 
mc. Considering statistical and possible instrumental 


-—_———— 
} 


6. F-K plot for lower energy inner groups in the decay 
of Ga®™ obtained by successive subtractior 


raBLe I. End-point energies, relative intensities, and 
parative half-lives for the highest energy groups in the beta deca 
of Ga™. 


com 


Int. (°% of total) logft 


7 90 
8 8.6 
3 & 4 
5 


7.8 


errors, the best value for the end-point energy is 
FEo= 2.175240.005 Mev 

There has been some question in the past as to 
whether the highest energy transition was from 3— to 
2+ or from 4— to 2+ levels. The shape factor fit indi 
cates that the transition is not unique and therefore 
eliminates the 4— to 2+ possibility.™* 

At this point, it is of interest to compare the shape 
factor plot of La™ with that obtained for Y” under 
similar experimental conditions. The Y™. source 
prepared to simulate that of La™ in thickness and 
backing. The measurements cover almost identical 
energy ranges. Figure 9 shows that the Y” data cannot 


was 


3° Note added in proof 
to be J=3 by the atom 
F. R. Petersen and H. A 
343 (1960 


rhe spin of La has been determined 
beam magnetic resonance method | 
Shugart, Bull. Am. Phys. Soc. II, 5 


AND Sb**¢ 


Fic. 7. F-K plot for the highest energy beta group in the decay 
of La. The dashed straight line is shown to emphasize the curva 
ture in the statistical plot. The plot is linearized by the application 
of the best fitting shape factor 


be fitted with anything much different from the 
“unique” ¢+Ap* shape factor. The plot of g@+Ap?>+5 
is shown to indicate the sensitivity of the fit. 

Using the corrected F-K plot, the highest energy 
group of La’ was subtracted from the total spectrum. 
rhe next inner group was found to have an extrapolated 
corresponding to Ko= 1.68+0.02 
Mev. This is consistent with the 0.487-Mev gamma ray 
reported in Ce. Because of the large errors introduced 
by the subtraction process, nothing definitive can be 
aid about the shape factor of the inner group. 


end point of 4.295 myc? 


“Or 


The highest energy group was found to be 5.7% of 
the total, leading to an ff value of 9.5. Because of possible 
low-energy distortion of the total spectrum, this value 
should be regarded as a lower limit 
7 and 8 is the 
which internal conversion lines were 


The gap in the data shown in Figs 
energy region in 
observed corresponding to an interesting 0+ — 0+ 
“. We find for the energy 
of this transition 1.910+ 1.004 Mev. On the same run, 
the internal conversion electrons corresponding to the 
transition from the first excited state in Ce™ to the 
ground state were also measured. On the basis of the 
same calibration, we find 1.596+0.006 Mev for that 
transition. For the 1.910-Mev 
K/(L+M) ratio of 5.14. For the 
the K 


radiationless transition in Ce 


transition, we find a 
1.596-Mev transition 
(L+M) ratio is found to be 6.62. 


ted +e 
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8. Shape factor plot for the highest energy beta group 
in the decay of La™, 
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ric. 9. Shape factor plot for the high-energy portion 
of the unique spectrum in the decay of Y® 


The gamma-ray spectrum was examined with a Nal 
scintillation counter and 100-channel analyzer in a 
search for any gamma radiation associated with the 
1.9-Mev transition. The absolute intensity of the 2.5- 
Mev gamma ray has been measured" as 0.05 quanta 
disintegration. By comparison with the intensity of the 
1.6-Mev and 2.5-Mev gamma-ray intensities, an upper 
limit of less than 5X 10 


set for any 1.9-Mev radiation. This leads to an internal 


‘ quanta/disintegration may be 


conversion coefficient of greater than 2 for the 1.9-Mev 
transition. Clearly, this value is too high for anything 
but a 0+ to 0+ radiationless transition. Dzhelepow 
et al.'® have also identified this as an electric monopole 
transition. 


Europium-152 


The sources of this activity were prepared from EuQs, 
enriched to 91.9% in Eu'"', which was irradiated in the 
Brookhaven reactor for 70 days with a neutron flux of 
~1.6X 10"n/cm? sec. The sources were liquid deposited 
on 0.25-mil aluminum coated Mylar covered by a thin 
zapon film. The source thicknesses were from 0.03 mg 
cm? to 1.5 mg/cm*. All sources were covered by a thin 
zapon film to reduce the danger of contaminating the 
spectrometer. 








— pw om ua 
1G. 10. F-K plot for the high-energy portion of the beta spec 
trum of Fu'™ before subtraction of the Eu! contaminant 
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Several weeks elapsed between the time when the 
material was removed from the reactor and the begin- 
run. Data on subsequent 
No 
evidence for any short half-life contaminants was found 
curves 


] 


ning of the first experimental 


runs were all consistent within counting statistics. 


in the spectrometer data or in gross de ay 
checked against a uranium standard. 

Previous measurements on the shape of the highest 
energy beta spectrum of Eu'™ have suggested that the 
’ or that the shape was indistin- 
evidenced by 
internal con- 


shape was “‘unique’”™’ 


he statistical 


guishable from t shape'® as 
a straight line F-K plot 


version lines occupying part of the energy interval 


, 
Since there are 


available for spectrum shape study, the better resolution 
employed in the offered the 
possibility of obtaining a more definitive answer. 

of the data in the 


present investigation 


Figure 10 shows a typical F-K plot 
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gy beta spectrum in the decay 

to emphasize the curva 

ture in the statistical p [ the linearization 
of the data after application of the best fitting shape fac 


tor 


high-energy region above the end point of the next inner 
group. The tail of the distribution arises from the weak 
Eu'™ impurity. Although the Eu'™ spectrum is found 


to have a nonunique, nonstatistical shape, the intensity 


present in the Eu'® sample was so weak that the sub- 


traction of this tail was insensitive to factor 
assumed for it. 

Figure 11 shows the F-K plot for Eu'™ after subtrac- 
tion of the weak Eu'™ contribution. The 
represent the ordinary F-K plot with a constant statis- 


tical shape factor. The dashed straight line is presented 


the sl ape 


lower data 


to emphasize the curvature. The upper data show the 
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SPECTRA OF Ga", La'* 
linearization after the application of the best fit shape 
factor. The extrapolated end point is Wo=3.902 moc 
corresponding to Eo=1.48340.007 Mev. 

A shape factor plot of Eu'® data is shown in Fig. 12. 
The best empirical fit is obtained with C=¢+Ap*?+ 
S+ 2. 

The intensity of the highest energy beta group was 
found to be 17.6% of the total negative beta spectrum. 

The high-energy internal conversion lines were 
examined closely and correspond to a transition energy 
of 1.412+0.006 in Sm'®, The K/(L+M) ratio was 
measured to be 4.88. 


Europium-154 


For this study, EuO, enriched to 95% in Eu'™ was 
irradiated in the Brookhaven reacter for 1195 hours 
with a neutron flux of ~ 1.6 10"n/cm? sec. 

The source was liquid deposited on a 0.25-mil alu- 
minized Mylar film surfaced with a film of zapon. The 
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Fic. 12. Shape factor plot for the highest energy group 
in the decay of Eu™. 


source thickness was ~1 mg/cm*. Since the measure- 
ments were restricted to the high-energy region, the 
source thickness and backing had no measurable effect 
on the beta spectrum. 

Initial measurements indicated the presence of a 
considerable intensity of 15-day Eu'®* activity. After 
four months, the Eu'®* activity was reduced to a 
negligible value and the study of the Eu'™ spectrum 
was begun. The presence of Eu'® activity does not 
contribute in the high-energy region to which the spec- 
trum shape measurements were confined. The daia 
obtained on six runs were all found to agree and no 
indication of any other short period activity was 
detected. Since there was some Eu'® present in the 
source, the measurements on the Eu'™ spectrum were 
limited to energies above 1.483 Mev. 

Figure 13 is an F-K plot of the high-energy beta 
spectrum of Eu'*. The data do not fall on a statistical 
straight line. The extrapolated end point is Wo= 4.630 
moc? corresponding to Eo= 1.855+0.005 Mev. Figure 14 
is a shape factor plot of the data. The best fit is obtained 
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Fic. 13. F-K plot for the high-energy beta spectrum in the decay 
of Eu. Arrow ‘A”’ indicates the end-point energy for the Eu'® 
contaminant. Arrow “B”’ indicates the end-point energy for a 
hypothetical first inner group with Eo=1.6 Mev. The dashed 
straight line is shown to emphasize the curvature in the statistical 
plot of the data. The lower plot shows the linearization of the data 
after the application of the best fitting shape factor. 


with C=¢+Ap+20+5. The application of this shape 
factor linearized the F-K plot as shown in Fig. 13. 

The proposed’ decay scheme of Eu'™ suggests that 
the first inner beta group should have an end point at 
1.6 Mev and an intensity of about 4 that of the 1.855- 
Mev beta transition. Both the F-K plot and the more 
sensitive shape factor plot give no indication of any 
1.5-Mev transition with an intensity of that order of 
magnitude. Within the statistics of our measurements, 
the highest energy spectrum of Eu'™ shows no indication 
of a second group down to 1.48 Mev, at which energy 
the contribution from the Eu'® contaminant becomes 
evident. The arrows at A and B in Figs. 13 and 14 mark 
the end-point energies for the spectrum of Eu'™ and 
for the postulated 1.6-Mev group in Eu, All the shape 
factor fits are normalized to the experimental intensity 
at an energy above 1.6 Mev. 


Antimony-124 


Since the decay of the highest energy group in Sb™ falls 
in the same class of 3— to 2+ once forbidden transitions 
with abnormally long comparative half-lives, the data 
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Fic. 14. Shape factor plot for the high-energy beta spectrum of 

Eu’, The arrow “A” indicates the end-point energy for the Eu! 

contaminant. The arrow “B’’ indicates the end-point energy for 
the hypothetical 1.6-Mev inner group 


% Nuclear Data Sheets, National Academy of Sciences, National 
Research Council (U.S. Government Printing Office, Washington, 
p. Gi 
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Fic. 15. F-K plot for the highest energy beta spectrum in the 
decay of Sb™. The dashed straight line is shown to emphasize the 
curvature of the statistical plot. The upper curve shows the 
linearization of the data after application of the best-fitting shape 
factor 


obtained earlier? were reanalyzed in a similar manner 
suggesting the dominance of the B,;; matrix element. In 
the earlier work, it was assumed for the shape factor fit 
that the contribution from the B;; matrix element was 
negligibly small. 

The F-K plot of the high-energy portion of the Sb'™* 
beta spectrum is shown in Fig. 15. A shape factor plot 
of the data is shown in Fig. 16. On the assumption that 
the B,;,; matrix element 
factors of the form ¢ 


dominates, empirical shape 
g+Ap D were fitted to the 
data. A best fit is obtained with D=15+5. The upper 
plot in Fig. 15 shows the linearization of the F-K plot 
when this shape factor is applied." 


DISCUSSION 


The highest energy beta spectra in the decays of 
Ga”, La™, Eu 
which are nonstatistical and nonunique. These transi- 
tions are all from a 3— initial state to a 2+ first excited 
state in the daughter isotope. All have abnormally high 
ft values. 


Eu'™, and Sb! all exhibit shapes 


It was possible to fit the beta spectrum of each of 
these transitions with an empirical shape factor of the 


gy + Ap +D 
shape factor was dictated by the suggestion by Kotani 


form (¢ The choice of this form for the 


that all the above decays may be dominated by the B, 
For Kotani 


writing the theoretical shape factor in the 


matrix element such suggested 


Cases, 
convenient 
form 


C= py (G@+Ap) +2.(1+0,W+6/W+ce,H 


For the so-called modified 8,; approximation,”’ 


'" Note added in pr The Sb'™ spectrum was remeasured 
with a much stronger source which yielded somewhat better sta 
tistical data. The new data are best fitted with a value of D=7+4 
This lower value for D reduces, but does not eliminate, an apparent 
discrepancy between our results and the conclusions of R. M 
Steffen, Phys. Rev. Letters 4, 200 (1960) and of G Hartwig and 
Letters 4, 293 (1960 


H. Schoppev, Phys. Rev 





the empirical value of D used to fit the spectrum shape 
12¥*. The 
angular correlation measurement yields two possible 
values for Y. By knowing J, it 
which of the two values of ¥ is more likely to be correct. 

An example occurs in the case of Eu'®. Wilkinson and 
Fischbeck,” measuring the 


is approximately equal to beta-gamma 


is possible to determine 


beta-gamma angular corre- 
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F1G. 16. Shape factor plot for the highest energy beta spectrum 


in the decay of Sb™ 


lation as a function of beta-ray energy, found the 
modified 8,; approximation is valid, and obtain 
Y = 0.69+0.06 or 0.23+0.06. The value of D obtained 


from the spectrum shape suggests that the higher value 
of Y is appropriat 
angular correlation by Sunier, Debrunner, and Scherrer’? 
report a value for Y=0.68+0.12. The. beta-gamma 


correlations for Eu'® reported by other 


Similar measurements on the §-y 


do not show 


such good agreement 
ACKNOWLEDGMENTS 


The authors are grateful to Dr. D. Alburger for his 
cooperation in obtaining the europium irradiations 
Mr. D. Camp, Mr. D. Howe, and Mr. M. Klein helped 
with some of the measurements. Professor M. Ross and 
Professor T. Kotani were very helpful with discussions 
of theoretical aspects of the problem 

*® H. J. Fischbeck and R. G 

J. W. Sunier, P. Debrunne 


to be published 


Wilkinson (to be published 
r, and P. Scherrer, Nuclear Phys 


2S. K. Bhattacherjee and S. K. Mitra, Nuov mento (to be 
published 

3H. Dulaney, L. D. Wyly, and C. H. Braden, B Am. Phys 
Soc. 4, 391 (1959 








PHYSICAL REVIEW VOLUME 1 


9 





NUMBER 4 AUGUST 15S, 1960 


Study of the Gamma-Ray and Inner Bremsstrahlung Transitions 
in the Decay of Tin-113* 


Witure E. Puriiurpst anv Joun I. Hopkins 
Vanderbilt University, Nashville, Tennessee 


(Received September 28, 1959; revised manuscript received April 26, 1960) 


\ fast-slow coincidence spectrometer was used to study the decay of Sn'” 


A 650-kev gamma ray found 


in the single-channel spectrum was shown to be in coincidence with the InK x ray both in the fast and 
in the slow coincidence spectra. This confirmed the existence of a 650-kev level in In" fed by a weak orbital 
capture branching. From the relative intensities of the 257-kev gamma rays and the 650-kev gamma rays 


(16.4+1.9:1 


, it was determined that the spin of the 650-kev level is § and the parity is odd. The absence 


of positrons and arguments from log (ft) classifications indicate a spin of } and even parity for the ground 
level of Sn‘ and a decay energy in the range of 0.8 to 1.6 Mev. The shape of the corrected inner brems 
strahlung spectrum indicated a decay energy of 1.3+0.3 Mev 


INTRODUCTION 


HE decay of Sn"* has been widely studied.” It is 
presently believed that Sn™*, of uncertain spin, 
parity, and energy, decays by orbital eleciron capture to 
two excited levels of In" at 650 and 393 kev, that the 650- 
kev level is short-lived and of uncertain spin and parity, 
that the 393-kev level is p, of half-life 1.7 hours, and 
that the ground level is g9;2. The experimental findings 
reported here, especially in the energy range above 400 
kev, provide evidence to reduce these uncertainties. 


EXPERIMENTAL PROCEDURE 
Equipment 


A fast-slow coincidence scintillation spectrometer was 
used. For the coincidence spectra, an x-ray channel 
was adjusted to accept photons in the energy range of 
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18 to 30 kev, and the gamma-ray channel was scanned 
over the range of energies up to about 2.5 Mev. 

The x-ray detector was a 2 mm by 1-inch diameter 
NalI(T1) x-ray crystal covered with a }-mil aluminum 
foil and optically coupled with Canada balsam to a 
magnetically shielded Dumont 6292 photomultiplier 
tube operated at a potential of 1100 volts. 

The gamma-ray detector was a 12R4, 3-inch diameter 
by 1-inch thick, Harshaw NalI(T1) crystal covered by a 
4)-mil aluminum housing and optically coupled with 
60) 000 viscosity silicone fluid to a magnetically shielded 
5-inch Dumont 6364 photomultiplier tube operated at 
850 volts potential. 

Each photomultiplier output was fed to an Atomic 
Instrument Company A1D amplifier system consisting 
of a 219A preamplifier and a model 218 linear amplifier. 
The amplified pulses were analyzed by Francis-Bell No. 
5 differential pulse-height analyzers whose outputs were 
fed to the slow inputs of an ORNL C-4 fast-slow coin- 
cidence analyzer. The discriminator outputs of the am- 
plifiers were fed to the fast inputs of the coincidence 
analyzer. 

The single-channel count rates were recorded on a 
binary scaler with a dead time of 1 microsecond and the 
coincidence count rates were recorded on a binary scaler 
with a dead time of 5 microseconds. 

The source and detectors were shielded with 1.5 tons 
of iron at a minimum distance of 18 inches on all sides 
and the top in addition to the shielding afforded by the 
concrete floors above and directly below. 

The source was placed at the center of the face of 
the gamma-ray crystal for 474% geometry and the 
x-ray crystal was placed with coinciding horizontal axis 
at a distance of ;g inch for a 16.3% geometry. A pg-inch 
lead anti-Compton shield with a {-inch hole separated 
the crystals. 


Sources 


About two milligrams of SnQO»., enriched to about 
72.5% of Sn, were irradiated for three weeks in the 
LITR at ORNL. The SnQOy- was aged for six weeks then 
treated with 4.V HCI which dissolved a portion of the 
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SnO, as alpha-stannic acid which was removed and used 
as a beta-ray spectrometer source by Achor.' The re- 
maining SnOz» was dissolved in NaOH. Dilute HC] was 
added drop by drop until the SnO, began to precipitate. 
The mixture was allowed to stand overnight and the 
top half of the supernatant liquid was then decanted. 
Distilled water was added ; the mixture was stirred and 
allowed to stand overnight again. After a series of such 
washings, the precipitated SnO, was spread upon a thin 
Saran film, dried under a heat lamp, and covered with 
a second film of Saran. The source was aged for about 
a year and a half. 

A second source was prepared from fresh Sn'* Cl; ob- 
tained from the Isotopes Division of ORNL. A drop of 
the liquid, of 0.77 mC/ml specific activity, was placed on 
a tin foil for about 15 minutes, then upon nickel foil for 
about 15 minutes, upon a second foil for about 10 
minutes, then upon Saran. This procedure was per- 
formed to free the source of contaminants of a greater 
chemical activity than tin. The removed activity was 
essentially a pure Sb'™® contamination. Part of the solu- 
tion was placed upon a thin Saran film, dried under a 
heat lamp, and covered with a Saran film. Its activity 
was very nearly that of the SnO» source. 

Similarly constructed calibration sources of Co®, 
Cs", Cr®, and Tl were already available. 


Spectra 


Coincidence spectra were obtained of those photons 
which were in time coincidence with the indium K x rays 
(window from 18 to 30 kev) at two resolving times. 
The fast coincidence resolving time was determined to 
be 8010-* sec by the use of two independent but 
equal Sn''8 sources. The slow coin idence e resolving time 
was similarly measured to be 1 microsecond. This was 
the value expected since the pulse-shaping stubs were 
designed to produce pulses of this duration. The re- 
solving times were also checked under the operating 
geometry conditions by delaying one channel. The slow 
resolving time was confirmed thereby, but the fast coin- 
cidence circuit was sensitive to the slight distortion of 
the delayed pulse so that its resolving time was changed. 

A single-channel spectrum of the SnO, source (47.4% 
geometry) was obtained simultaneously with the coin- 
cidence spectrum. In addition, the gamma-ray channel 
was operated in isolation to obtain the same spectrum 
and to obtain a spectrum at reduced (25%) geometry as 
a quick means of investigating accidental summing ef- 
fects. Summing peaks would be decreased relative to the 
remaining spectrum by a factor of two approximately. 

As a check on contaminants in the source, a single- 
channel spectrum of the SnCl, source was obtained at 
$7. AY spectra of the cali- 
bration sources and of a weak Co™ standard source were 


geometry. Single-channel 


obtained. Background spectra were obtained for the 


coincidence arrangement and for the single-channel 


arrangement. 
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DATA AND ANALYSIS 
Instrument Calibration and Linearity 


A calibration curve for the spectrometer was made 
by plotting the pulse-height setting corresponding to 
the median point of the gamma-ray 


photopeak of each of the calibration sources versus its 


monoenerget ir 


known energy. The relationship was linear throughout 
the range of energies investigated and at all amplifier 
gains used. Energies were reproducible to within 2 kev 
over a period of a few weeks. However, the over-all 
uncertainty of absolute energy may be high as 10 kev 
below 1 Mev and perhaps greater above 1 Mev. 


Single-Channel Spectra 


The single-channel spectrum and the slow coincidence 
spectrum of the SnO, source are shown in Fig. 1. The 
intensity scale of the single-channel spectrum was chosen 
(1:727) so that it would also indicate the chance coin- 
cidence rate which was subtracted from the gross coin- 
cidence spectrum (not shown). The shape and intensity 
trum was confirmed 


s0th spectra 


of this theoretical coincidence spe 
by the method of independent sources 
have been corrected for background and have been 
corrected for decay to the activity with time 

The lowest energy peak seen is the 24-kev,In-K-x-ray 
peak. The 4-kev In L x rays are obscured by the low- 
energy instrument noise whic! been subtracted as 
background. The shoulder on the high-energy side of 
the 24-kev peak is an 83-kev peak which was resolved 


distinctly in the spectrum (not shown) taken with the 
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amplifier gain doubled. Since the 83-kev peak was not 
present in the spectrum of the SnCl, source, it was at- 
tributed to contamination. 

The next peak was produced by the Compton dis- 
tribution and the backscattering of 393-kev gamma 
rays. The shoulder was due to the 257-kev gamma-ray 
transition. The intensity of this transition was deter- 
mined by plotting the double-gain spectrum, corrected 
for dead-time losses and background, on 50-cm by 
50-cm linear graph paper and subtracting Gaussian 
curves of various amplitudes and of proper standard 
deviation (discussed below) from the curve until the 
shoulder was removed. This process was guided by a 
knowledge of the usual shape of the Compton distri- 
bution in the spectra of Au'®* and Cr® which have about 
the same energy. The peak intensity was judged to be 
114+ 26 counts per second per window, or 67+ 16 counts 
per second after 1.7 window normalization factor was 
applied. 

The peak at 393 kev corresponded to the isomeric 
transition from the metastable level of In'*. This was 
the principal gamma ray of the Sn" decay and fitted 
well a Gaussian curve of area 1930+60 counts per 
second and of 56.3-kev width at half height. This cor- 
responded to a standard deviation of 23.9 kev for this 
Gaussian distribution. The Gaussian widths for all the 
peaks were computed from that of the 393-kev peak by 
use of dependence of this width upon the square root 
of energy. 

The next peak on the single-channel spectrum is at 
650+ 10 kev. This peak has not been reported previ- 
ously. Its intensity was measured to be 2.8+0.6 counts 
per second. Burson ef al.’ failed to find the 650-kev 
peak and estimated the upper limit at about a third of 
the relative intensity found here. Girgis and van Lie- 
shout" also failed to find a 650-kev peak and fixed an 
upper limit of a sixth of the value reported here. They 
found, however, a 605-kev peak which they were re- 
luctant to assign to the Sn"™* activity because of its 
variation of intensity by a factor of two in the two 
sources as well as because of its energy value. A 605-kev 
activity was observed in the second source used in the 
work reported here, but it was extracted as described 
above and identified by the shape and energies of the 
entire spectrum as belonging to Sb”. 

The peak at 786 kev was attributed to accidental 
summing of two 393-kev gamma rays. Its intensity was 
measured to be 1.7+0.6 counts per second. For a de- 
tector resolving time, /, the coincidence rate should be 
2iN*, where .V is the count rate in the 393-kev peak. 
This relationship gives a detector resolving time of 
0.23+0.08 microsecond, which is reasonable for the 
equipment used. 

The remaining two peaks of the single-channel spec- 
trum are at 1.16 and 1.33 Mev. The same peaks were 
present in the SnCl, source but with a relative intensity 
of 1.7 times that of the SnO, source. All the other peaks 
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of the SnCl, source, except the 83-kev peak which was 
absent, had the intensities reported above. Therefore, 
it was postulated that the 1.16 and 1.33-Mev peaks 
were due to some contaminant. The energy location of 
the peaks, their shape, and the age of the better source 
made Co® a leading suspect. The weak Co spectrum 
was normalized to the peaks and the fit was found to 
be good. The Compton distribution of the corrected 
Co™ spectrum is indicated down to the edge of the 
393-kev peak. 

The residual spectrum in the energy range above the 
393-kev peak, after the cobalt spectrum and the other 
peaks were subtracted, has been attributed to inner 
bremsstrahlung (1B) photons from the electron capture 
to the py level. 


Coincidence Spectra 


The slow coincidence (resolution time of 1 micro- 
second) spectrum shows peaks at 257 kev with intensity 
of 1.5 counts per second and at 650 kev with an in- 
tensity of 0.025 count per second. The coincidence spec- 
trum below 140 kev (the Compton distribution) is not 
shown since it was determined only approximately. 

The fast coincidence (resolving time of 80 nanosec- 
onds) spectrum (not shown, but of the same shape as 
the slow coincidence spectrum) had intensities of 0.210 
count per second for the 257-kev peak and 0.00324 
count per second for the 650-kev peak. 

Since all of the above mentioned peaks were produced 
by monoenergetic photons (the continuous IB spectrum 
will be treated subsequently), the procedure for corre- 
lating them with the intensities of the photons actually 
emitted from the source is rather straightforward. How- 
ever, a preliminary correction must be considered. 


Alternative Interpretations of the 650-kev Peak 


Despite the desirability, from the point of view of 
simplicity of nuclear theory, of the interpretation of the 
650-kev photon as the gamma-ray cross-over transition, 
two other possibilities exist. The peak could be due to 
contamination, or it could be a coincidence summing of 
the 393-kev and 257-kev gamma rays. The coincidence 
summing intensity would be the sum of the genuine 
coincidences and the accidental coincidences. The gen- 
uine coincidences would be those in which the meta- 
stable state decayed within the resolution time of one 
microsecond and could be ignored. Therefore, the sum- 
ming intensity was computed from the 2tN (257) N (393) 
accidental! relationship, and for ¢ of } microsecond, the 
predicted intensity was found to be 0.065+0.015 count 
per second. Since these counts were due to the sum- 
mation of light photons in the scintillator, the prob- 
abilities of the simultaneous photons being counted in 
the peak were those of the individual photons; hence, 
no energy-difference correction was necessary. Of the 
2.8 counts per second in the 650-kev peak, only 0.065 
+ 0.015 were due to coincidence summing. The correction 
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for the loss by “washout” of these counts from the 
257-kev peak and for augmentation of the 650-kev peak 
was insignificant. 

The possibility of contamination, however, could not 
be eliminated completely. The coincidence of the 650- 
kev counts with counts in the 18- to 30-kev window 
was a very helpful restriction. But coincidence per se 
would not eliminate the possibility of bremsstrahlung 
from beta rays or conversion electrons or degradation 
of other gamma rays. However, the agreement of the 
slow and fast coincidence ratios and the rough agree- 
ment of the less accurate single-channel ratio is good 
evidence that the coincidence is nearly 100% detected. 
The low probability for bremsstrahlung or Compton 
scattering into the energy range of the window would 
eliminate these possibilities. A list of isotopes containing 
transitions in the energy range of 650+100 kev was 
compiled. Most of the members of the list could be 
discarded because of their short half-lives. Many others 
could be marked off because of the presence of other 
prominent gamma rays which were not observed in the 
spectra. The energy resolution was adequate to cast 
serious doubt upon or to eliminate others. Practically 
all were rejected on more than one count. What re 
However, the initial list was not 
a closed set and for that reason, the possibility of con- 
tamination must be acknowledged. 


mained was a null set 


Peak Efficiencies 


To obtain the number of monoenergetic radiations 
emitted by the source per unit of time, the count rate 
of the Gaussian peak is divided by the absolute peak 
efficiency, which is the probability that an emanation 
will deliver all its energy into the scintillator. The ab- 
solute peak efficiency is the product of the geometry 
factor,G (fractional part of 49 steradians which is sub- 
tended by the crystal), and the intrinsic peak efficiency 
Che geometry factor for the 3-inch diameter crystal at 
a source distance of 2 mm is 0.474. The intrinsic peak 
efficiency is the product of the intrinsic total efficiency 
(probability that an incident photon will be counted) 
and the peak-to-total ratio, p. Since the intrinsic total 
efficiency is a function of both geometry and energy, it 
can be multiplied by G to obtain the absolute total 
efficiency, f, thereby consolidating the geometry de- 
pendence. The desired absolute peak efficiency is fp, 
which is known. 


Corrected Data 


By means of the fp relationships, the gamma-ray 
intensities of the single-channel spectra (in counts per 


second) were computed to be: 


V (257) =179+41 


V (393 9272+ 288 


650 6.6+ 2 1. 
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The indicated y is the statistical uncer- 
tainty only and does not include the large additional 
uncertainty due to the lack of knowledge of the exact 
shape of the subtracted spectrum due to the Compton 
distribution and backscattering of the intense 393-kev 
gamma rays 

If it is assumed that the half-lives of the coincidence 


uncertainty 


events are short enough to prevent appreciable loss of 
coincidence counts, and if the uncertainty in absorption 
coefficients of the crystal produces a 10% uncertainty 
in fp, the slow coincidence rates 


per K x ray) and their ratio can be computed to be: 


in counts per second 
4 0+0.4 
0.24+0.02 


16.74 2 + 


and from the fast coincidence spect 
0.56+0.056. 


0.031+0.003 


18+ 2.5 
The weighted value for the ratio 16.4+1.9. The 
lack of agreement of the value from the single-channel 


spectrum is attributed to its uncertainty 


inherent 


Implications 


The comparison of experimental values with theo- 
retical values of the ratio of the probability of a 257-kev 
transition between the second excited level of In'® and 
the assumed ;, first excited level 


Pink 


a i. WEISSK 


to the probability of 


1 


PF THEORY 


' 
' 
' 

4 


L_MOSZKOWSKI THEORY 


EXPERIMENTAL 


~ SINGLE CHANNEL 7 

— SLOW COINCIDENCE ‘ 

—FAST COINCIDENCE 
4 





LOG (RATIO OF 257'650) 





Theoretical a 
to 650-kev gamm: 





RAYS AND INNER 





the 650-kev transition between the second excited level 
and the assumed gy,2 ground level is made in Fig. 2 
The theoretical values are those of Weisskopf" and 
Moszkowski” and are plotted against the assignment of 
the 650-kev level for all the reasonably possible assign 
ments. The experimental ratios are plotted without 
respect to abscissa. It can be seen that these ratios 
are consistent with /; so that the second excited level 


has spin § and odd parity. This assignment is in agree- 


ment with theory and with the assignment of the similar — 


level in In"® made by Varma and Mandeville,” but 
not with previous In''® assignments™ nor with previous 
In' assignments. 

The K-conversion coefficient of the 257-kev transition 
can be computed to be 0.068+0.029 from the ratio of 
K-conversion electrons from the 257-kev transition to 
K-conversion electrons from the 393-kev transition of 
0.0028+0.001 obtained by Achor,' from the ratio of 
intensities of the 257-kev to the 393-kev gamma rays 
of 0.019+0.0044, and from the K-conversion coefficient 
of the 393-kev transition interpolated from Rose’s 
tables*® as 0.46. This probable range of values embraces 
only the coefficient for 2 transitions as can be seen 
from Table I. However, M1 is possible, and mixtures of 
M1 plus £2 and £1 plus M2 are consistent with the 
experimental range of values of 0.039 to 0.097. These 
further possible multipolarities correspond to assign- 
ments of py, py, and dy. Hence, while the conversion 
coefficient is consistent with the fy assignment of the 
650-kev level, the 
ambiguous. 


conversion coefficient data are 


Inner Bremsstrahlung (IB) Data 


End point energies of 1200, 900, and 600 kev were 
assumed for the IB spectrum. The theoretical distribu- 
tion®*? of «(1—-«)*, where x is the energy in end-point 
energy units, was plotted on semilogarithmic paper as 
a function of energy (plotted linearly). On the same 
graph, the product of absolute peak efficiency and the 


Taste I. A-conversion coefficients for 257-kev 
transitions in indium.* 


Multi 
polarity £1 Mi E2 M2 B3 EA M3 ES M4 MS 
arn O.011 0.034 0.048 0.16 0.18 0.67 0.69 2.5 2.9 12 


* From reference 25 


"J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, New York, 1952), Chap. XII 

2S. A. Moszkowski, in Bela- and Gamma-ray Spectroscopy 
edited by Kai Siegbahn 
1955), Chap. XIII. 

* J. Varma and C. E. Mandeville, Phys. Rev. 97, 977 (1955 

™*J. M. Hollander, I. Perlman, and G. T. Seaborg, Revs 
Modern Phys. 25, 613 (1953). 

25 M 
Publishers, New York, 1958). 

** P. C. Martin and R. J. Glauber, Phys. Rev. 109, 1307 (1958 
and previous papers. 


7 T. Lindquist and C. S. Wu, Phys. Rev. 101, 905 (1956 


Interscience Publishers, New York, 


E. Rose, Internal Conversion Coefficients (Interscience 
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Fic. 3. Inner bremsstrahlung spectra 
® were plotted. These three func- 
tions were multiplied together by graphical addition. 
Ihe resulting spectra were the spectra to be expected 


relativistic correction? 


if detectors were available which had perfect resolution 
and no photon degradation 

Further corrections were necessary to allow for the 
imperfections of NaI(T1) scintillators. For a fraction p 
counts in the peak, there were a fraction 1—p counts 
in the Compton distribution which could be approxi- 
mated with good accuracy to be a uniform distribution 
from zero energy up to the maximum energy (in kev) 
of FE’ = E/(14+2E/511). 

Each peak curve was replotted on a large linear graph 
and the energy abscissa was divided into a number of 
convenient elements. The area under the curve in each 
element was measured by a planimeter, multiplied by 
the factor (1— p)/p for the median energy of that ele- 
ment, and the resulting area was distributed uniformly 
over the energy range below /’. The summation of these 
areas from all the elements was drawn as a smooth 
curve representing the Compton distribution which 
should be detected, and it was added graphically to the 
peak curve. 

Corrections for iodine-x-ray escape effects** were 
made, but were found to be negligible above 300 kev. 
The resulting curve then represented the response ex- 
pected for a crystal of ideal resolution. 

The smearing effect of finite resolution was intro- 
duced by dividing each of the above spectra into units 
of 30.5 kev (the width of the spectrometer window), 
measuring the area in each window, representing this 

*F. K. McGowan, Phys. Rev 


93, 163 (1954) 
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area by a Gaussian peak of proper standard deviation, 
and adding the Gaussian peaks. 


The three 
spectra to be experimentally measured in the absence 


curves obtained in this way were the 
of background counts and after corrections had been 
made for the dead time losses, if the bremsstrahlung 
photons had the assumed end point energy. These curves 
as well as the experimentally determined spectral points 
attributed to IB are shown in Fig. 3. The end-point 
energy was indicated to be about 900+300 kev by the 
probable slope of the IB spectrum. Such an end-point 
energy corresponds to a Q of 1.34+0.3 Mev. Lack of 
knowledge of the A/Z capture ratios prevented quanti- 
tative use of the intensity of the IB spectrum. Quali- 
tatively, the intensity was that expected to accompany 
the orbital capture to the first excited level of In" and 
giving rise to the observed intensity of the 393-kev 
gamma-ray transition. The dependence of the expected 
IB intensity upon the end point energy is depicted in 
Fig. 3, but the scale of the experimental points is arbi- 
trary. The large uncertainties of the experimental points 
at the upper end are due to the Co® contamination. 

These large uncertainties negated results of a Kurie- 
type plot to find the end point energy. 


CONCLUSIONS 
Coincidence Study 


A 650-kev gamma ray was found in the decay of 
Sn'"8 in the single-channel spectrum and it was found 
to be in coincidence with the In K x ray in the fast and 
in the spectra. This confirmed the 
existence of a 650-kev level in In" fed by a weak elec- 


slow coincidence 
tron capture branching. 

From the relative intensities of the 257-kev gamma 
rays and of the 650-kev gamma rays (16.4+1.9:1) it 
was indicated that the spin of the 650-kev level is 3 
and the parity is odd 

This assignment was supported by the K-conversion 
coefficient of the 257-kev transition which was computed 
from experimental data as 0.068+0.029 
quadrupole transition, but not 


> 


which in 
dicates an electric 
unambiguously. 
The existence of the 650-kev In'® level and of cap- 
tures to it indicates that the ground level of Sn''* lies 
more than 257 kev above the first excited level at 393 
kev. The absence of re ports in the literature of detected 
positron emission indicates that the Sn'* ground level 
lies below or near the positron threshold of 1.02 Mev 
above the 393-kev level in In"®. By means of log (/?) 
and the Moszkowski calculation 
method,” the capture energy for allowed transitions 
was computed to be 50 to 120 kev; for first forbidden 
transitions, 400 to 1200 kev; for unique first forbidden 
transitions, 2 to 8 Mev; and for higher order transitions, 


classifications”® 


*™ M. G. Mayer, S. A. Moszkowski, and L 
Modern Phys. 23, 315 (1951 
*S. A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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greater than 8 Mev. A first forbidden transition was 
indicated. Therefore, the 
to be sy or d; (or D,). If it si, decay 


ground level of Sn‘ appears 
to the 7; level of 


: lie more 


the intensity observed would require that Sn 


than 1.3 Mev above this level. The absence of positrons 
of 1% of the 393-kev gamma-ray intensity refutes this; 
therefore, the Sn'"* ground level seems to have spin , 
and even parity. The possibility of the presence of both 
levels ( losely spac ed is mere ly ac know ledged. 

The discrepancy of 
kev gamma peak reported here as compared with the 
lower limits set by other The 
superiority of their data 1 However, the coin- 
method The work 
better equipment and with 


the relative intensity of the 650- 


investigators is serious. 
evident 
ré liable 


cidence should be 


should be repeated with 


more 
improved chemistry. 


Inner Bremsstrahlung Study 


An inner bremsstrahlung spectrum was taken in the 
energy range above the 393-kev gamma peak. The spec- 
trum was corrected only for counter dead time and for 
bac kground and was compared with the spe tra to be 
cor- 
for relativistic 


expected expt rimentally were determined by 
recting the theoretical x(1 
effec ts, photope ak efficiencies 


iodine-x-ray escape, crystal resolution, 


shape 
Compton distribution, 
and crystal hous 
ing absorption at energies. The ex- 
perimental shape indicated a probable end point energy 
of 9004 300 kev. The observed inte! ity was appropri 


ate for radiation accompanying orbital electron capture 


varolus end poimt 


from the ground level of Sn'" to the first excited level 
of In", of A/] capture ratios 
prevented a quantit itive u ol e inten ity. rhe in- 
dicated O of the Sn de ly was 1.3+0.3 Mev which is 
consistent with the O of 1.35+0.25 Mev computed from 
to 1.6-Mev 
transition to the first excited 


but lack of knowledg 


mass data and is consistent with the 0.8 
range for a first forbidder 


level. 


_— , In-ii3 
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The energy uncertainty could be reduced by better 
chemistry, such as cupferron-solvent methods, and by 
the use of a multichannel coincidence analyzer. 

A proposed decay scheme for Sn" is shown in Fig. 4. 
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Internal Conversion Electrons Following Coulomb Excitation of 
Highly Deformed Odd-A Nuclei* 


E. M. Bernsternt AND R. GRAETZER 
Physics Department, University of Wisconsin, Madison, Wisconsin 
(Received March 23, 1960) 


The internal conversion electrons emitted following Coulomb excitation of Eu'*, Dy'™, Dy'®, Ho’, 
Tm, Lu'’5, and Ta'*! have been measured. The relative intensities of the decay transitions from the first 
two rotational states of these isotopes have been compared with the predictions of the rotational model of 
Bohr and Mottelson. In general, there is good agreement between the experiment and theory ; however, the 
results for the Dy isotopes indicate some disagreement which is outside the experimental uncertainty. For 
Eu'®, Dy", and Lu!’§ transitions.involving intrinsic states were observed in addition to the rotational 
transitions. The reduced £2 transition probabilities for these intrinsic transitions are appreciably larger 
than single-particle estimates. The first rotational state in Lu'’* was observed with a natural Lu target. The 
data indicate that this transition is predominantly M1. 


I. INTRODUCTION 


T has been pointed out previously’ that Coulomb 

excitation of highly deformed odd-A nuclei is an 
excellent method for checking the predictions of the 
rotational model of Bohr and Mottelson. The most 
accurate experiments of this type up to the present 
time have been the measurements‘ of the inelastically 
scattered particles. The inelastic scattering experiments, 
however, only measure the £2 transition probabilities 
between the ground state and the excited states. In 
order to obtain information concerning the M1 transi- 
tion probabilities and the £2 transition probabilities 
between the excited states, one must measure the decay 
radiations—gamma rays or internal conversion electrons. 

The advantages and disadvantages associated with 


* Work supported by the U. S. Atomic Energy Commission, 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

+ Present address: Institute for Theoretical Physics, Copen- 
hagen, Denmark. 

'K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 

*E. M. Bernstein and H. W. Lewis, Phys. Rev 
(1957). 

*T. Huus, J. Bjerregaard, and B. Elbek, Kgl. Danske Viden 
skab. Selskab, Mat.-fys. Medd. 30, No. 17 (1956) 

*M. C. Olesen and B. Elbek, Nuclear Phys. 15, 134 (1960) 
See also B. Elbek, K. O. Nielsen, and M. C. Olesen, Phys. Rev 
108, 406 (1957); V. Ramsak, M. C. Olesen, and B. Elbek, Nuclear 
Phys. 6, 451 (1958); B. Elbek, M. C. Olesen, and O. Skilbreid, 
Nuclear Phys. 10, 294 (1959). 
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measuring the internal conversion electrons rather than 
the gamma rays have been discussed in detail else- 
where.’ In principle the same information can be 
obtained from the observation of the gamma rays or 
the internal conversion electrons; however, at the 
present time a more complete and more accurate check 
of the model can be obtained from the internal conver- 
sion measurements. 

In the present experiment the internal conversion 
electron spectra emitted following Coulomb excitation 
of Eu'*, Dy'®, Dy'®, Ho’, Tm'®, Lu'”§, and Ta'™ 
have been measured. With electric quadrupole excita- 
tion of these odd-A nuclei one excites the first two 
rotational states above the ground state. There are, 
therefore, three transitions from the decay of these 
states: the transition from the first rotational state to 
the ground state, the cascade transition from the second 
rotational state to the first, and the crossover transition 
from the second rotational state to the ground state. 

The basic techniques used in the present experiment 
are essentially the same as those used in previous 
experiments.?*.*.* However, these techniques have been 
greatly improved with the result that the experimental 
uncertainties have been significantly reduced. Also, in 
the earlier experiments the weak conversion lines of 

SE. M. 100, 1345 
(1955). 

*E. M. Bernstein, Phys. Rev. 112, 2026 (1958). 
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(A) 


the ition from the second rotational 


state to the ground state were not observed, in general. 


crossover tran 
Without any information concerning the intensity of 
the crossover transition it is nevertheless possible to 
make a self-consistent check of the 6 

In to make model independent 
test of the theory using the conversion electron method 
able of the 
lines associated with the decay of the two levels excited. 
In particular, it | sary to both the AK 
and L from the first rotational state 
transition and 
K or the L 


tion. Due to their low energy it 


rotational mode 


order a complete, 


one must be to observe most conversion 


nect measure 


conve rsion lines 


the cascade transition, and either the 


conversion line from the crossover transi- 
was not possible in the 
present experimental arrangement to observe all of the 
lines for Dy'™, Dy 
some of the predict 


, and Tm'®. For these nuclei only 
of the model could be ( hec ked. 
Detailed discussions of the predictions of the simple 


tons 


rotational model have been given by several authors.!:*:’ 
rhe theoretical predictions which are applicable to the 
isotopes investigated are given in the tables along with 


the experimental results 


Il. EXPERIMENTAL PROCEDURE 


Alpha particles and protons of 2 to 3.7 Mev from the 
Univer ity of Wisconsin electrostatic accelerator (long 
tank) were used as bombarding particles. The energy 
of the particles was determined by passing the beam 
through a 90° electrostatic analyzer which was cali- 
brated to about one part in two thousand with the 
Li’(p,m) threshold at 1.881 Mev. The slit system of the 
analyzer was set to limit the energy spread of the beam 
to about one part per thousand 

The conversion electron spectra emitted following 


Coulomb excitation were analyzed by means of a 
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resolved from those scattered from the thick carbon 
backings. From the elastic scattering rate measured in 
these counters and the Rutherford scattering relation 
the target thicknesses were determined to a few percent. 
Also, since the electron counting rates were measured 
with respect to the number of elastically scattered 
particles, the effects of any inhomogeneities in the 
target were greatly minimized. 

Part B of Fig. 1 is in a vertical plane containing the 
beam. The shape of the spectrometer pole tip is shown 
along with the position of the target and the image 
slit. In this view the spectrometer is rotated to the 
180° position. A set of baffles was placed in front of the 
wall of the vacuum chamber opposite the target and 
image slit to reduce the scattering of particles from 
this wall into the detector. 

The current passing through the magnet coils was 
used as a measure of the momentum of the electrons 
which were detected. The magnet current was obtained 
from an electronic supply and was stabilized to better 
than one part in two thousand. To reduce the effects 
of hysteresis, the current was always cycled by in- 
creasing it to the maximum value and then decreasing 
it to zero before each measurement. The reproducibility 
of the peak position of a given conversion line was, in 
general, better than one percent. This was considered 
adequate since the energies of most of the transitions 
investigated have been determined® to a -very high 
degree of precision with a bent crystal gamma-ray 
spectrometer. For the measurements described here 
the image slit width and input aperture were such that 
the momentum resolution was about one percent. The 
linearity of momentum with magnet current was 
checked and an absolute calibration was made using 
the well-known transitions in Cs"? and Au and the 
136-kev transition following Coulomb excitation of 
Ta™. 

The electrons were detected with an anthracene 
scintillation counter. The efficiency of the detector as 
a function of electron energy was checked by measuring 
the continuous 8 spectrum following the decay of 
Pm'’? whose Kurie plot is known to be linear” down to 
an energy of ~8 kev. The Kurie plot obtained from the 
measured spectrum was found to be a straight line 
within the statistics of a few percent down to an energy 
of 25 kev where source backing effects began to produce 
an excess of low-energy electrons. Phototube noise was 
not appreciable above about 15 kev. Since the lowest 
energy electrons measured in the present experiment 
were above 30 kev, it was considered safe to assume a 
constant detector efficiency over the range of interest. 
In general, an integral bias was used on the detector. 
This bias was set to accept the lowest energy which 
was to be measured in a given spectrum. A differential 


* E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and Hans Mark, Phys. Rev. 112, 518 (1958) 

” See, for example, R. O. Lane and D. J. Zaffarano, Phys. Rev 
94, 960 (1954). 
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window was used for some of the weak conversion lines 
at the higher electron energies, where the background 
is mainly due to external gamma rays and neutrons 
produced by the beam hitting slits and the carbon 
target backings. 

The effective solid angle of the spectrometer was 
determined in the following manner. A source of Cs"*? 
was prepared, and the number of K and L+M internal 
conversion electrons from the 661-kev transition trans- 
mitted by the spectrometer per unit time was measured. 
Then, one of the CsI counters was replaced with the 
anthracene electron detector, and the electron spectrum 
emitted by the source was measured directly with the 
anthracene counter. Although the conversion lines from 
the various shells were not resolved in the anthracene 
counter, the resolution was good enough to separate the 
conversion line peak fairly well from the low-energy 
continuous 8 spectrum emitted by Cs"’. Since the solid 
angle intercepted by the detector in this position could 
be measured readily, the total number of K+L+M 
conversion electrons emitted into 49 steradians by the 
source per unit time could be determined. The effective 
solid angle of the spectrometer is then given by the 
ratio of the number of K++ M conversion electrons 
transmitted per unit time by the spectrometer to the 
total number of K+L+M electrons emitted by the 
source per unit time. The value of the solid angle ob- 
tained from the measurements was 0.940.1% of 44 
steradian. The uncertainty corresponds to one standard 
deviation. The value for the effective solid angle is 
about 20% lower than the geometrical solid angle seen 
by the input aperture. This indicates some of the 
‘electrons are ‘‘lost’’ (in collision with the pole tips, for 
example) after entering the gap. 

The target holder could be moved in the vertical 
direction so that one of three targets was in the bom- 
barding position. It was found convenient and useful 
to keep a piece of quartz in one of the target positions 
to visually check the alignment of the beam. A vacuum 
interlock was provided so that the target holder could 
be removed and targets changed without “breaking”’ 
the vacuum in the entire chamber. 

The thicknesses of the targets used in this type of 
experiment are extremely important. If the targets are 
too thick, the low-energy conversion lines are smeared 
out and self-absorption corrections which are difficult 
to estimate become large. On the other hand, if the 
targets are too thin the signal-to-background ratio for 
the low intensity lines is very small. In some cases it 
was advantageous and almost necessary to use two 
targets differing in thickness. The thinner target was 
used for the low-energy lines, and the thicker one was 
used for the high-energy lines. Good data could be 
obtained for the intermediate energy lines from both 
targets. 

The targets were prepared by vacuum evaporation 
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onto thick carbon backings. The evaporator"! consisted 
of a }-inch diameter, }-inch long cylindrical carbon 
post which was heated by electron bombardment. For 
Ho'®, Tm'®, Lu'7>, and Ta!*' metals were used as the 
charge material for the evaporator. For Eu'*, Dy'®, 
and Dy'® oxides enriched in these isotopes at the Oak 
Ridge National Laboratory were used as the charge 
material. Because it was difficult to estimate the thick- 
the targets before they were bombarded, 
several targets of varying evaporation time were made 
for each isotope. The thicknesses of the targets to the 
emerging electrons ranged from about 40 yug/cm?* to 
400 yg/cm?. Since the targets were mounted at an 
angle of 20° with respect to the beam, the thickness 
seen by the beam was about three times the thickness 
seen by the emerging electrons. 
Due to the 


nesses ol 


variation of the signal-to-background 


ilar to the one described in 
reference 4 


I nal conversion elec 
tron observed 


Coulomb excitation of 


following 
Eu!*. The 
labelled ac 
shell and 
transition. Note 
the several changes of scale 


Ss} vectra 


conversion lines are 
cording to the atomic 


the energy of the 


ratio with bombarding partic 
it was found advantageous to measure different parts 
of the spectrum with 


e and bombarding energy 


different bombarding conditions. 
The best signal-to-background ratio for the low-energy 
transitions are obtained with alpha particles, while 
protons are best for the highest energy transitions. 
Detailed discussions of the background problems and 
the bombarding conditions which result in the best 
signal-to-background ratio for this type of experiment 
are given in references 1, 2, and 3. 


Ill. EXPERIMENTAL RESULTS 


Several of the measured conversion electron spectra 
are shown in Figs. 2 The background at low 
electron energies is due to “stopping electrons” from 
the target and decreases rapidly wit! 
tron energy while the 


and 3 


increasing elec- 
background at the 
higher electron energies is due mainly 
and neutrons. 


to gamma Trays 
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Fic. 3. Internal conversion electron 
spectra observed following Coulomb 
excitation of Dy'*. Some of the con 
version lines are due to the presence 
of other Dy isotopes in the target 
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transition. Note the several changes 
of scale. The assignment of the 162- 
kev transition is tentative (see the 
text) 
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All of the transitions observed following Coulomb 
excitation of the isotopes investigated are listed in 
Table I along with their assignments. Table II contains 
the relative intensities of the various conversion lines 
measured under particular bombarding conditions. The 
errors quoted correspond to standard deviations. In 
most cases the errors are on the order of 10% although 
they depend to a large extent on the intensity of the 
particular line compared with the background below 
the line. In general, the statistical uncertainty is small 
compared to the uncertainty in the background sub- 
traction. An additional uncertainty of a few percent 
has been added to the assigned error for the lowest 
energy lines (below about 40 kev) to take care of 
possible systematic errors due to target thickness effects. 

The data for the particular isotopes are discussed in 
more detail below. In all cases the present results are 
in reasonable agreement with the earlier conversion 
electron measurements considering the rather large 
uncertainties of the latter. Only those cases in which 
the discrepancies appear to be unusually large will be 
mentioned. 


Eu! 53 


The Eu'™ targets were enriched to this 
isotope ; the remaining 5% was Eu'*'. Measurements of 


95% in 


T , 


Dy*®3 


3.2 Mev PROTONS 


= 


COUNTS/2"10° MONITOR COUNTS 
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enriched Eu'®! targets were made also, and the results 
have been presented in a verbal report." Several of the 
transitions in the two isotopes have very nearly the 
same energy and are not resolved ; however, since Eu'™ 
is not highly deformed, the intensities of the transitions 
are much lower than the corresponding ones in Eu'®™. 
Thus, the subtractions of the contributions of Eu" to 
the intensities of the conversion lines measured with 
the Eu'® target are much smaller than 5% and do not 
contribute any uncertainty 

A number of previous measurements?*:” of the con- 
version electrons following Coulomb excitation of this 
isotope have been made. The main disagreement with 
the present results is the K to L ratio for the cascade 
Reference 2 


2.3, and the present value is 


transition. gives 5.3, reference 13 gives 


3.4+0.25. Part of the 


discrepancy with the value in reference 2 may be due 


to angular distribution effects since the measurements 
reported in reference 2 were made at 90° with respect to 
the beam. 

In addition to the the intrinsic 


rotational states, 


°E. M 
426 (1959) 
M. Class and Me 


Bernstein and R. Graetzer, Bull. Am 


Phys. Soc. 4, 


yer-Berkhout, Nuclear Phys. 3, 656 
1957 
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TABLE I. Transitions observed following Coulomb excitation 


Che assignments are as follows: 1 is the transition from the first 
rotational state to the ground state, 21 is the cascade from the 
second to the first is the crossover from the 
second rotational state to the ground state, and “‘int’’ denotes a 
transition involving an intrinsic 


rotational state, 2 


state 


Transi 

Target tion 
thickness energ 
o) pe /cm (kev 


Al sundance 


in target Assign 


Isotope ment 


Eu 95 1) g5 1 
200 109 21 
194 


750+ 100 


184 


state’ at 102 kev is also excited. The reduced E2 
transition probability for exciting this level is about 
140 times smaller than the probability for exciting the 
first rotational state at 85 kev. The measured K to L 
ratio of 3.4 for the 102-kev transition is somewhat 
than the value" of about 5 found in 8-decay 
measurements; however, the present determination is 


lower 
rather uncertain 


Dy'® 


The Dy’ target was enriched to 76% in this isotope. 
Since the energy of the first rotational state is lower 
than the K-shell there is no K 
version for this transition. 


binding energy, 


con- 


Due to the low energy of the cascade transition it 
K conversion line. A 
gamma-ray mixing ratio’ of 


was not possible to observe the 
value for the E2 to M1 
+% E2 was obtained for this transition by comparing 


the partial B( £2) value for LZ electrons with the total 


‘D. Strominger, J. M 
Modern Phys. 30 
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1 large uncertainty 


tion. Because of the 
ratio the intensity of this 

In addition to the rotational transitions, a transition 
of 162 kev is also seen. Evidenc: 


also seen in the previous « 


for this transition was 
onversion electron experi- 
ments.'®:!?7 Angular distribution measurements" of the 
170-kev gamma rays also indicate the presence of an 


hose 


additional unresolved angular dis- 
tribution differs from that expected for the rotational 


crossover transition 


gamma 
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The relative intensities of the various conversion 
lines agree rather well with the previous experiments. 
The lower E2 to M1 mixing ratio given in reference 16 
is due partly to the model dependent analysis used 
there, and partly to the fact that the 162-kev and 170- 
kev K lines were not well resolved in the older measure- 


TABLE II. Relative yields of conversion lines. The rotational 
transitions are labelled according to the assignments given in 
Table I. The intrinsic transitions are labelled with the energy 
and atomic shell. Where two values of the same ratio were mea 
sured the individual values are given in column 4 and the weighted 


average value in column 5 


Particle and 
Ratio energy (Mev) 


Average 
value 


Value 


Isotope 
Eu'* 3.00 a 
3.00 a« 
2.00 p 
2.80 p 
3.20 @ 
3.20 a@ 
2.80 p 
3.20 p 
2.80 p 0.27 

60 p 0.24 

SO) p 0.25 

OO t 
2 80 Pp 


K/L, +0.4 2.13 
+04 
+0.4 
+03 


+0.3 


+03 


3.40 +0.25 
~34 
+0.07 
+0.07 0.92 +005 
+0.02 
+0.03 
+0.03 
0.059 +0.006 


0.068 +0.007 


300 a 
3.00 a 
3.00 a 


0.14 +0.016 
0.0033+0.0004 
0.024 +0.003 


3.40 a 
3.20 p 
3.20 p 
3.40 a 1.06 +0.11 
3.20 p 1.02 +0.11 
3.20 p 
3.20 f 


1 +0.4 
24 +03 
1.5 +0.8 


1.04 
0.066 
0.065 


+-0.08 
+0.008 
+0.008 


300 a 6.0 

340 a 5.8 +0.6 

2.80 0.058 +0.007 
80 0.74 +0.05 
80 p 0.11 +0.013 
20 0.13 +0.013 
20 { 0.00754-0.0009 


+0.5 


Tm'* 300 a 
3.00 a 
3.00 a 


,00 a 


6.15 +0.7 
68 +08 64 +05 
0.034+0.004 
0.030+0.004 


0.032 +04 
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3.00 a 
340 a 4.40 +0.5 
430) +04 
SO p 2.9 +04 
0.28 +0.03 
0.32 +0.03 
0.24 +0.03 
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ments and some of the intensity of the 170-kev transi- 
tion was ascribed to the 162-kev transition. 


Ho'** 


Ho'® is isotopically pure. All of the conversion lines 
necessary for a complete check of the model were 
observed. 


Tm’ 


Tm'® is isotopically pure. The first rotational state 
in Tm'® is at 8 kev" which is much too low an energy 
to be seen in the present experiment. Therefore, only 
measurements of the cascade and crossover transitions 
from the second rotational state were made. 


Lu!?5 


Lu!” is 97.4% abundant in natural Lu; the remaining 
2.6% is the odd-odd isotope Lu'’®. The first rotational 
state transition in Lu'’® was observed with the natural 
Lu target and is discussed below. 

In addition to the rotational state transitions in 
Lu'”®, a relatively strong conversion line at 195 kev 
was also seen. Due to its high intensity it is extremely 
unlikely that this line is from Lu'’*. Since there was no 
evidence for a K conversion line at the expected energy 
if the 195-kev line was an ZL line it is rather certain that 
it is the K conversion line of a 258-kev transition. The 
fact that no evidence was found for an L line of the 
258-kev transition is to be expected if the multipolarity 
of the transition is M1 or £1. 

The relative increase of the yield of the 258-kev 
transition with 3.2- and 3.5-Mev protons indicates that 
it originates from exciting a level at 7504100 kev. 

Assuming that the 258-kev transition is M1 and that 
it occurs as a cascade in all of the de-excitations, one 
obtains a B(E£2) value for exciting a 750-kev level 
which is about 1/60 of the B(£2) value for exciting the 
first rotational state at 114 kev. An £1 assignment of 
this transition which is also compatible with its K to 
L ratio of > 5, would lead to a much larger B(E2) value 
which would be difficult to understand. 

There is, of course, the possibility that the 195-kev 
conversion line is due to an impurity in the target. 
However, its rather high intensity and the variation of 
the yield as a function of energy are not consistent with 
such an assignment. 

A slight indication was also found for the K conver- 
sion line of the well-known" 229-kev transition in 


Lu'’*. The existence of this extremely weak line was 
not definitely established in the present experiment. 


Lu'"* 


Although Lu'’® is only 2.6% abundant in natural 
Lu, the K and L conversion lines from the first rota- 
tional state at 184 kev were strong enough to be seen. 
There is no other published information concerning 
the E2 to M1 mixing ratio for this transition, but mea- 
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TABLE III. £2 to M1 gamma-ray mixing ratios expressed as 
the “£2. The subscript 1 refers to the first rotational state transi 
tion and the subscript 21 refers to the cascade from the second to 
the first rotational state. Except for the last column which gives 
the (%E2)s obtained from gamma-ray angular distribution mea 
surements*» the values are obtained from the K to L ratios given 
in Table II unless otherwise noted. 


Isotope 


Kul 
Dy'* 
Dy's 
Ho! 


I'm! 
Lu'’® 
Lu'’* 
Ta™ 


* See relerence / 
»b See reference 18 


»btaine fr gamma-ray angular 


ents ° 
4 Obtained from the absolute L conversion coefficient 
* Average value from the K/L ratio and + l 


y correlation fr 8 
' McGowan and Stelson a value of 20+3 which |} 
t alue 


obtained 
: in reterence 


averaged with the 12 +4 given 
surements of the inelastically scattered particles have 
been made using enriched targets. The uncertainty of 
the electron measurements could be greatly reduced 
with a target enriched in this isotope. 


Ta'*! 


Most of the measurements concerning Ta!" are taken 
from a previous experiment.* The additional informa- 
tion obtained in the present work are the absolute 
B(E2) values and the intensity of the crossover transi- 
tion which is necessary for the model independent 
method of analysis presented here. 

The values of the £2 to M1 mixing ratios given here 
differ slightly from those in reference 6 due to the use 
of different conversion coefficients in the analysis. 

The rather accurate value of 16.5+2.5% £2 in the 
first rotational state transition obtained from a gamma- 
gamma correlation” following 8 decay is in good agree- 
ment with the value of 15+5% E2 obtained here from 
the K to L ratio. These two values have been averaged 
to obtain the value of the percent £2 given in Table ITI. 


IV. ANALYSIS OF THE DATA 


In order to make a comparison of the experimental 
data with the predictions of the rotational model one 
must know the absolute M1 and £2 internal conversion 
coefficients. There exist two theoretical calculations of 
K and L shell internal conversion coefficients™ with 
finite nuclear size and screening effects included. These 
calculations are in good agreement for the #2 coeffi- 


” P| Debrunner, E. Heer 
Phys. Acta 29, 745 (1956 

~™M. E. Rose, /nternal ( 
Publishing Company, Amsterdam, 1958 

27. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Reports, 1956 [translation: Report 57ICC K1 and 
Report 58ICC L1, issued by Physics Department, University of 
Illinois, Urbana, Illinois (unpublished) ] 


W. Kiindig, and R. Riietschi, Helv 


nver North-Holland 


ton Coefficients 
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cients and the M1 K-shell 
values for the M1 L-shell 
lower than Sliv 
atomic number which is of interest 


coefficients. However, Rose’s 

coefficients are 10 to 15% 
Band’s values in the 
Some of the data 
sets of coefficients, and it was 


and region of 
were analyzed with both 
found that Sliv values somewhat 
better agreement bet M1 E2 mixing 
ratios obtained from the K to L ratios and those given 
in reference 7 obtained by gamma-ray 
angular distribution measurements. For this 
Sliv and Band’s values have been used in the analysis 
presented here. Since the 


Jand’s 


the 


and gave 


ween and 
which were 


reason 


conversion coefficients are 


large for most cases, many of the results are not very 
Also, for those transi- 

than 15% E2 the difference 
between the values obtained with the two sets of coeffi- 


sensitive to the exact value used 
tions where there is more 
cients is much less than the quoted experimental un- 
of the M1 to £2 mixing 
K to L ratios are affected the 
most by the different choice of conversion coefficients. 
However, the ratio of the percent £2 in the first rota- 
the percent E2 in the cascade 


certainty. The absolute values 
ratios obtained from the 


tional state transition to 
transition is essentially independent of which coeffi- 
cients are used. 

The M1 to E2 gamma-ray mixing ratios are obtained 
from the measured K to LZ ratios in the usual manner. 


The results are given in Table III and are expressed as 


raBie IV. Absolute B(E2) va 


sion lines are labelled 


The 


assignments in 


ies tor excitation conver 
the lable I 


the particular transition which go 


according t 
¢ is the fraction of all decays 
by the listed conversion line 


Transi rgy nergy e¢B(F2)/é B(E2)/é 
Isotope tion 10° ‘ 10°“ cm* 
Eu! 0.52 
0.046 
0.051 


2.04 +0.4 


0.73 
0.14 


0.14 


Oe 
+6 
0.59 


Dy'# i i§ 3 2.0 


+0.08 
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the percent £2. Table III also contains the percent £2 
in the cascade transition which has been determined 
by angular distribution measurements’"*” of the 
gamma rays. 

While the targets are thin enough so the energy loss 
for protons of the energy range used is relatively small, 
the energy loss for alpha particles in this energy range 
is rather appreciable. In addition, the Coulomb exci- 
tation cross section varies more steeply with bombard- 
ing energy for alpha particles than for protons. There- 
fore, in order to eliminate the uncertainties introduced 
with target thickness corrections, the alpha-particle 
data were only used to compare the relative intensities 
of conversion lines which result from excitation of the 
same level. These are, of course, independent of the 
effective bombarding energy. Also, except for Dy'® 


where these effects are not important, only the proton . 


data were used to calculate the reduced £2 transition 
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Fic. 4. Absolute B(E2) values for exciting the first rotational 
state of the isotopes investigated. The value for Tm'® is for the 
second rotational state. The results from this experiment are com 
pared with the much more accurate results from inelastic scatter 
ing measurements (reference 4). The length of the points for the 
inelastic scattering results are the size of the error quoted. For 
Ta™ there have been no inelastic scattering measurements; 
instead the electron data are compared with rather accurate 
gamma-ray measurements (reference 22). 


probabilities, B( £2). The B(E2) values (Table IV) 
were calculated from the measured cross sections using 
the theoretical Coulomb excitation calculations given 
in reference 1. The errors quoted are standard deviations 
which include the uncertainties in the measured intensity 
and the uncertainty in the absolute solid angle of the 
spectrometer. The B(£2) values for the first rotational 
state of each isotope (except Tm'™) are compared with 
the very accurate values obtained from the inelastic 
scattering measurements‘ in Fig. 4. 

The other quantities which are of interest are the 
E2 gamma ray branching ratios of the second rota- 
tional states T g2(¥2)/T 22(y2). The subscript 2 refers to 
the crossover transition and the subscript 21 refers to 
the cascade transition. The £2 branching ratio can be 


=F. K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955), 
and P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955 

* B(E2) is the reduced £2 transition probability for excitation 
and not decay 
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TaBLe V. Comparison of the experiment with the predictions 
of the simple rotational model. The values listed under E are the 
experimental values while those listed under T are the theoretical 
predictions. B,/B, is the ratio of the reduced transition proba 
bility, B( 22), for exciting the second state to the B(E£2) wiles for 
exciting the first. 7 ¢2(y2)/Te2(yo) is the H2 gamma-ray branch 
ing ratio of the second state “> F2),/(oE2)a is the ratio of the 
"£2 in the first to ground-state transition to the {£2 in the 
cascade from the second to the first state 


)/T es(yn) (%E2)1/(% El) a 
7 E 7 


0.36 +0.03 5.86 
0.25 +0.06 > 5.86 
0.40 +0.05 . 5.86 
0.23 +0.03 5 2 4.21 

7 4.95 
0.23 40.025 257 f 4.21 0.86 40.25 
0.25 40.025 257 5 4.21 10 +01 


1.26 +0,2 1.03 


O.5S7.00°*™ 1.0 


expressed in terms of the known conversion coefficients 
and two experimental measurements which are the 
percent £2 in the cascade transition and the relative 
intensity of one conversion line from the crossover 
transition and one from the cascade transition. For 
example: 


T g2(¥2) Ky 1 fl—ex 
R Bintara |, 


Teolyn) Laaxl en 


where ax: is the K-conversion coefficient of the pure 
E2 crossover transition, 872; is the M1 L-conversion 
coefficient of the cascade transition, az; is the £2 
L-conversion coefficient of the cascade transition, ¢é2; 
100 is the percent £2 in the cascade transition, and 
K2/L21 is the relative intensity of the K line of the 
transition and the ZL line of the cascade 
transition. With obvious modifications this relation can 
be written in terms of other experimentally measured 
intensities such as K2/K21, etc. The values of e2; used 
in the calculations were weighted average values of the 
last two columns in Table III. 


crossover 


V. DISCUSSION 


The experimental results and the theoretical predic- 
tions of the rotational model are compared in Table V 
and Figs. 5, 6, and 7. The errors quoted correspond to 
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Fic. 5. Relative B( £2) values for exciting the first and second 
rotational states of the isotopes investigated compared with the 
predictions of the rotational model and the inelastic scattering 
data (reference 4) 
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Fic 6. Comparison of the relative 
the first rotational state transition 
with the rotational model 


M1 to £2 mixing ratios for 
and the cascade transition 


standard deviations. The magnitudes of the errors vary 
considerably for different nuclei. The rather large un- 
certainties for the relative E2 to M1 mixing ratio and 
the £2 branching ratio of the second rotational state 
for Ho'® are a consequence of the low value of the 
percent £2 for this isotope. 

Within the experimental uncertainties there is gen- 
eral agreement between the theoretical predictions and 
the measured value B,(£:2) 
B,(£2) for the Dy isotopes are somewhat lower than 
the theory. This is in agreement with the inelastic 
scattering results. Averaging the electron data with 
the inelastic scattering data one obtains B,/B, values 
of 0.26+0.04 and 0.28+0.04 for Dy'™ and Dy'™, re- 
spectively. These average values are about two standard 
deviations below the theoretical predic tion of 0.35. 


However, the ratios of 


The basic assumption of the simple rotational model 
is that the collective rotational motion of highly de- 
formed nuclei is slow enough so that the rotations do 
not disturb the intrinsic configurations of the individual 
particles in the nucleus. Since in odd-A nuclei the 
spacing of the intrinsic states corresponding to single- 
particle excitations is often of the same magnitude as 
the rotational excitations, one would expect the above 
assumption to break down to a certain extent. The 
consequent coupling between the rotational and in- 
trinsic motions would modify the rotational state tran- 
sition probabilities somewhat from those predicted for 
pure rotational motion. Theoretical estimates of the 
magnitude of the perturbations of the rotational transi- 
tion probabilities caused by this coupling indicate a 
rather smal! (<10%) correction even for strong cou- 
pling. Thus, the deviation of the values for the Dy 
isotopes seem to be somewhat larger than expected 
from this type of perturbation. 

If the coupling between the intrinsic and rotational 
motion is reasonably strong, one should be able to 
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observe transitions resulting from Coulomb excitation 
of the intrinsic states which 
state rotational band.” 7 


are coupled to the ground- 
he rather large B(E2) values 
(compared with single-particle estimates) observed for 
the nonrotational transitions in Eu'®, Dy'®, and Lu'”5 
are probably due to this effect 
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interpretation of the data 


*% A. Kerman, Kgl. Dar 
30, No. 15 (1955 





PHYSICAL REVIEW VOLUME 


119, 


NUMBER 4 


Neutron Transfer and the Tunneling Mechanism in the 
Bombardment of Gold by Nitrogen* 


J. A. McIntyre, T. L. Watts, anv F. C. Jones 
Yale University, New Haven, Connecticut 
(Received March 17, 1960) 


Measurements have been made of the angular distributions of N“ nuclei produced in the neutron-transfer 
reaction Au*?(N™ N")Au™*, Fifteen different bombarding energies were studied. It is found that the results 
can be described in terms of the transfer of a neutron from an N™ nucleus moving along a classical trajectory. 
In particular, it is found that N™ trajectories with distances of closest approach of (12.740.5)X10™" cm 
give the largest contribution to the transfer process. Further, both the angular and energy dependence of 
the N™ production have been compared with the dependences predicted by the tunneling theory of Breit 
and Ebel; both experimental dependences have been found to be in agreement with this theory. 


I. INTRODUCTION AND SUMMARY 


NUMBER of years ago, Breit, Hull, and Gluck- 

stern' pointed out that conditions at the nuclear 
surface could be investigated by the study of the trans- 
fer of a nucleon from a bombarding nucleus to a target 
nucleus. The well-known deuteron stripping mechanism 
is an example, of course, of such a nucleon transfer. 
However, as was emphasized by Breit, Hull, and Gluck- 
stern, a great computational advantage is gained by 
studying the transfer from nuclei much heavier than 
the mass of the transferred nucleon. If this condition 
of a massive bombarding nucleus is obtained, the motion 
of the bombarding nucleus can be considered classically 
and only the nucleon transfer itself need be considered 
quantum mechanically. The quantum-mechanical trans- 
fer mechanism would be expected to be relatively simple, 
being describable in terms of the tunneling of a nucleon 
from the potential well of the bombarding nucleus to 
the potential well of the target nucleus. Experimenta! 
measurements of this process would then yield infor- 
mation about the wave function of the transferred 
nucleon in its bound state in both of the interacting 
nuclei. 

Since this initial discussion of the nucleon-transfer 
problem, there has been considerable activity, both ex- 
perimental and theoretical, concerned with the investi- 
gation of the mechanism of the transfer of nucleons. A 
critique of this work has been published by Breit* who 
has evaluated the status of the problem as of recent 
date. The facts relevant to the present paper are the 
following. 

The first experiments performed to study the transfer 
reaction in detail were those of Reynolds and Zucker,’ the 
reaction under investigation being the N“(N“,N™)N" 
reaction. Total cross sections for the reaction were 
measured as a function of energy while angular distri- 


butions of the N™ nuclei were determined at several 

*This work was supported by the U. S. Atomic 
Commission. 

1G. Breit, M. H. Hull, and R. L. Gluckstern, Phys. Rev. 87, 
74 (1952). 

?G. Breit, Handbuch der Physik, edited by S. Fliigge (Springer 
Verlag, Berlin, 1959), Vol. XLI, Part 1, pp. 367-407. 

*H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956) 
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energies. A careful analysis of the neutron transfer 
tunneling mechanism was then made by Breit and Ebel* 
who also compared the experimental data with the pre- 
dictions of the tunneling theory. It was found that 
neither the experimental dependence of the total cross 
section on energy, nor the angular distribution results 
agreed with the tunneling theory. However, by including 
the possibility of virtual-state formation due to the 
Coulomb interaction between the colliding nuclei Breit 
and Ebel,® in another paper, were able to obtain agree- 
ment between the experimental data and the nucleon 
transfer theory. Unfortunately, the transfer process was 
now much more complicated and it became doubtful 
whether information about nuclear wave functions could 
be obtained. However, further experimental informa- 
tion in the form of angular distributions from the 
Mg**(N“.N")Mg** transfer reaction was obtained by 
Halbert and Zucker.* It was shown by Breit? that these 
data were approximately represented by the tunneling 
theory and were at least partially consistent with it. 
Other angular distribution data by Volkov, Pasiuk, and 
Flerov,’ and by Hubbard and Merkel*® as well as a 
number of excitation functions measured at Oak Ridge® 
have not yet been compared with theory. Present knowl- 
edge concerning the neutron transfer mechanism is 
therefore incomplete. The following experimental work 
on the neutron transfer reaction, Au"®7(N“,N"™)Au™®, is 
presented so that additional information may be avail- 
able for the study of this problem. 

The experimental results to be presented consist of 
25 angular distributions taken at 15 different energies. 
The energy resolution of the experiment (2.3 Mev) was 
not sufficiently good to separate interactions exciting 
the various levels of the residual Au™* nucleus; never- 


‘G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956). 

5G. Breit and M. E. Ebel, Phys. Rev. 104, 1030 (1956). 

*M. L. Halbert and A. Zucker, Phys. Rev. 108, 336 (1957). 

7V. V. Volkov, A. S. Pasiuk, and G. N. Flerov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 595-601 (1957) (translation : Soviet 
Phys.—JETP 6, 459 (1958) ]. 

* E. L. Hubbard and G. Merkel, Proceedings of the Conference 
on Reactions between Complex Nuclei [Oak Ridge National Lab- 
oratory Report ORNL-2606, 1958 (unpublished) J. 

*D. E. Fisher, A. Zucker, and A. Gropp, Phys. Rev. 113, 542 
(1959). 
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theless it was good enough to show that in the transfer 
process the Au'®* nucleus can become highly excited 
and, in fact, the neutron may even be captured in a 
continuum state. The evidence for this is shown in Fig.2 
where a range measurement has been made of the N™ 
nuclei leaving the Au'®’ target. The N" nuclei are indi- 
cated by the e symbol and are seen to have a long 
range with a spread in range corresponding to an energy 
spread of ~7 Mev. The 2.3-Mev resolution is seen to 
be much narrower than this spread in N™ energy. The 
width of the N™ peak must therefore be due to excitation 
of the Au'* nuclei. In the measurements of the angular 
distributions to be reported here, all of the N™ nuclei 
in the peak in Fig. 2 were detected. 

The angular distributions obtained for the N™ nuclei 
are shown in Fig. 6. All differential cross sections, angles, 
and energies are for the center-of-mass system. The 
letters indicate experimentally-measured cross section 
values, a different letter being assigned to each N"™ 
bombarding energy. A smooth curve has been drawn 
through each set of letters; thus, all data shown in Fig. 
6 are experimental. It is seen that the cross sections 
peak at some angle for each bombarding energy and 
that the peaks move to larger angles with decreasing 
energy. Such a behavior would be expected for particles 
following classical Rutherford scattering trajectories if 
R,, such that (1) 
outside R,, the transfer probability drops off with in- 
creasing radius, and (2) inside R,, the N™ nuclei are 
absorbed. It is therefore convenient to describe the 
scattering in terms of a radius instead of in terms of a 
scattering angle. 


there were some interaction radius, 


The radius associated with a particle 
trajectory is Riin, the distance of closest approach to 
the scattering center; it is related to the scattering 


angle 6 for Rutherford scattering by the equation 


Rwin= (ZZ'2/2E)L 1+ csc(6/2) ], 


where Ze and Z’e are the charge of the N“ and Au” 
nuclei, and # is the energy of the system. The differen- 
tial cross sections, de/dRwin, have been computed from 
the experimental values for do/dQ plotted in Fig. 6 
[see Eq. (4) in Sec. IV for this transformation ]. The 
do/dRmin Values have then been plotted against Rmin in 
Fig. 7 on a logarithmic scale. In this figure, the data 
for each energy nave been normalized to unity at the 
peak of the curve. Again, the letters represent experi- 
mentally-measured cross sections. 

Inspection of Fig. 7 reveals clearly that the neutron 
transfer process takes place chiefly from a set of tra- 
jectories having distances of closest approach near a 
fixed value. (The nitrogen trajectories are assumed to 
be undisturbed by the transfer of the neutron.) This 
critical distance of closest approach is the same for all 
of the energies studied and hence for trajectories with 
large or small deflections and for N™ nuclei with high 
or low velocities as they pass the Au'’ nuclei. The value 


for Rmin at the peak of the experimental points in Fig. 


WATTS, AND 
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7 is a measure of R,, the radius at which absorption 
of the N“ nuclei begins. The value of Ruin (peak) ~ Ra 
(12.7+0.5)K10-" cm. This 
1.55+0.06)K 10-" cm, 
where ro is defined by the equation R r)(A,'+-A,}), 
A, and A; being the atomic weights of the N“ and Au'®” 
nuclei. The fact that the many curves in Fig. 6 can be 
merged by a classical transformation into the normalized 
peak in Fig. 7 is impressive evidence for the validity 
of the argument of Breit, Hull, and Gluckstern' that 
heavy particle interactions can be studied partially by 
classical means. 


is found from Fig. 7 to be 
value corresponds to an fro of 


From the form of the curve defined by the experi- 
mental points in Fig. 7, a qualitative description of the 
transfer mechanism can be given. For large Rmin (N™ 
trajectories which do not approach closely to the Au'®? 
nucleus) there is little neutron transfer. The transfer 
builds up rapidly, however, as Rmin decreases. This effect 
shows the strong radial dependence of the transfer 
mechanism. On the other hand, for small values of 
Rmin, the transfer process is again unlikely. This can 
be explained in terms of the strong absorption by the 
Au’ nucleus of N“ nuclei on trajectories passing inside 
an absorption radius, Ra. 
of C on Au"? it has been shown" that the absorption 
radius between Au’? and C” has an ro of 1.47 10~" cm, 
which is approximately the same as the ro value re- 


From the elastic scattering 


vealed by the neutron transfer data just presented. 
Thus, as Rin is decreased from large values, the trans- 
fer process increases until the absorption radius is 
reached; as Ri, Continues to decrease, the attenuation 
of the N'*-N" nuclei by absorption in the Au"? nucleus 
reduces the transfer cross section again. 

The data in Fig. 7 can also be compared with the 
tunneling theory of Breit and Ebel.‘ This theory would 
be expected to apply only for large values of Rmin where 
there is no absorption by the Au’ nucleus. The depend- 
ence of neutron transfer on R,in according to the tun- 
neling theory has been indicated in Fig. 7 by the solid 
curve which has been normalized to the experimental 
data. It is seen that the tunneling theory gives a reason- 
ably good description of the transfer reaction, at least 
at the lower bombarding energies (the later letters in 
the alphabet in Fig. 7 

A further test of the tunneling theory can be made 
by studying the total cross se¢ 
From the data in Fig. 6, as well as similar data not 


tions for the reaction. 


shown there, total cross sections are obtained for the 
The 
total cross sections, a, so obtained are plotted in Fig. 8 
against energy. The steep rise for o at 
corresponds to the increase in the transfer mechanism 
as the N"™ trajectories to the Au’? 
nucleus ; trajectories pene- 


various energies by integrating over all angles. 
low energies 


approach closer 


the levelling off occurs wher 


trate inside the absorption radius, R.,. 


The prediction 
of the tunneling theory‘ is shown by the solid line and 


” E, Goldberg and H. L. Reynolds, Phys. Rev. 112, 1981 (1958 
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Fic. 1. Isometric view of the 
spherical reaction chamber shown 
in its dismantled condition 


is normalized to the data. It is seen to fit the experi- 
mental points over the region where absorption does 
not occur. 

The two tests of the tunneling theory just made are 
independent as may be seen by referring to the primary 
data which have been shown in Fig. 6. The areas under 
the peaks in Fig. 6 are closely related to the total cross 
sections plotted in Fig. 8. On the other hand the shapes 
of the curves in Fig. 6 have been displayed in a common 
plot by means of Fig. 7. Since the tunneling theory 
has been seen to be consistent with the data in both 
Figs. 7 and 8, it is consistent with both the areas under 
the peaks in Fig. 6 and the shapes of the peaks in Fig. 
6. Thus, by two independent comparisons, the tunneling 
theory is seen to be consistent with the experimental 
data. 

In conclusion then, these experiments (1) show the 
validity of studying the neutron transfer process by semi- 
classical means, (2) yield an absorption radius for the 
interaction of N“ and Au”? nuclei of (12.7+-0.3) k 10-8 
cm, and (3) within the limitations of the present some- 
what preliminary considerations are consistent with the 
tunneling theory of Breit and Ebel* as shown by two 
independent comparisons between experiment 
theory. 


and 


Il. EXPERIMENTAL APPARATUS 
A. General Description 


Experimentally, the study of the Au"*7(N,N"™)Au' 
reaction is similar to a scattering experiment. The de- 
tector for the N™ nuclei is placed at various angles, @, 
with respect to the beam direction. The nurnber of N" 
nuclei produced are then counted as a function of angle, 
6, and bombarding energy E. 

The basic experimental problem is to distinguish the 
desired N"™ nuclei from N™ nuclei which have been 
elastically scattered from the Au"? target nuclei. The 
elastic scattering differential cross section is approxi- 
mately the Rutherford scattering cross section for the 


trajectories grazing the nucleus, while the neutron trans- 
fer reaction differential cross section for these same tra- 
jectories is several orders-of-magnitude less.*.* Thus, 
the identification problem for the detection of the N¥ 
nuclei is severe. In particular, detection by the usual 
techniques of scintillation counters, gas counters, or 
photographic plates is most difficult. Consequently, the 
detection has been accomplished by exploiting the radio- 
active property of the N"™ nuclei, since these nuclei emit 
1.2-Mev positrons with a convenient 10-minute half-life. 
Indeed, this technique has been the common one used 
heretofore in the study of the N" transfer reactions.*:** 

A drawing of the apparatus used is shown in Fig. 1. 
The reaction chamber consists of two 12-in. diameter 
hemispheres which may be quickly separated at the 
equator by means of swinging captive bolts. The N™ 
beam enters at the north pole (the left hemisphere) 
through a }-in. diameter collimator (not shown). A 
1}-in. diameter tube extends 3 in. into the hemisphere 


‘ to shield the walls of the sphere from radiation coming 


from the collimator. The beam is collected in an external 
Faraday cup beyond the south pole of the right hemis- 
phere. The 2.2 mg/cm? thick gold target is placed at 
the center of the assembled sphere being mounted on 
two }-in, diameter rods based near the north pole. The 
target is placed with its normal pointing forward, 45° 
above the beam axis. Longitude lines every 15° and 
latitude lines every 5° are engraved on the inner face 
of the hemispheres. The latitude lines denote the angle 
with respect to the polar beam axis, 6. Detection of the 
N™ nuclei leaving the target is accomplished by col- 
lecting the nuclei on 3-in. wide “Scotch” tapes" which 
are positioned along the latitude lines. The 4-in. wide 
tapes subtend latitude angles of a little less than 5°. 
The tapes are indicated in Fig. 1 (they cover the longi- 
tude lines) ; they are seen to extend only part way around 
the sphere. The length of each tape is determined by 


“ Tape No. 472 manufactured by Minnesota Mining and Manu 
facturing Company, Minneapolis, Minnesota 
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the requirement that no detected nucleus should pass 
through the target at an angle greater than 60° from 
the normal of the target. From the taped area in Fig. 1 
it is seen that something like one half of all the nuclei 
ejected at a particular angle, 0, are collected by the 
tapes. Angles between 20° and 160° are available for 
N™ detection. After a 15-20 minute bombardment of 
the target, the tapes are removed and their radioactivity 
measured by 10 scintillation counters. A total of 10 
tapes can, in this manner, be exposed at one time. 


B. Particle Detection Equipment 


The 1.2-Mev positron radioactivity of the N™ nuclei 
collected on the tapes is detected by scintillation de- 
tectors via the annihilation radiation from the positrons. 
Each tape is wrapped on an aluminum spool which is 
then placed inside a 4-in. wall aluminum cylinder. All 
of the positrons therefore are stopped either in the tape 
or in the aluminum container. This material then acts 
as a source of annihilation radiation which is detected 
by a 14-in. diameter by 1-in. thick NaI(T) scintillator 
placed on an RCA 6342 photomultiplier. The pulse- 
height spectrum obtained from the photomulitplier is 
amplified and the “photopeak” isolated for counting by 
a Technical Measurements Corporation PA3B Pulse- 
Height Selector. This selector has independent upper 
and lower discriminators so that any spread in pulse 
height may be selected." The background counting 
rate in the scintillation counter is greatly reduced by 
this technique of counting only pulses in the relatively 
narrow “photopeak”’ region. With 6 in. of lead shielding 
around each counter a background counting rate of 4 
counts per minute is obtained. 

Several advantages are inherent in this method for 
detecting positrons. In addition to the low background 
mentioned, an important advantage is the small ab- 
sorption (~ 10%) of the radioactivity by the tape itself. 
Since the tapes have varying lengths and are relatively 
thick (~ 20 mg/cm’), it would be difficult to detect the 
positrons directly and still maintain reproducibility 
among the tapes of varying lengths. Also the tapes are 
distorted when mounted on the sphere so that their 
thicknesses are not uniform. A final advantage obtained 
by detecting the annihilation radiation is the gain of a 
factor of two in detection efficiency since two gamma 
rays accompany every positron decay. 

The efficiency of the detection equipment was deter- 
mined by (1) With a calibrated Na® 
positron source’ and (2) By calculating the efficiency 
using Monte Carlo data for NaI(T]) efficiency.“ Care 
was taken in the calculation to allow for the finite size 


two methods: 


We are indebted to the Technical Measurements Corporation, 
North Haven, Connecticut, for developing for us this type of 
discriminator. 

“Obtained from the National Bureau of Standards and cali 
brated to an accuracy of +2% 

4 Beta- and Gamma-Ray edited by 
(Interscience Publishers, New York, 1953), p. 154 
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of the spool and container which hold the radioactive 
tapes. The efficiency value 


ods disagreed with ea 


obtained by the two meth- 
h other by 8%. The efficiency 
value was found to be (3.9+-0.2)%. 


C. Beam Monitors 


The beam monitor used for taking all of 
Au?(N",N™)Au"*® reaction data is a 
mounted at the port of the 
chamber. A clearing magnet i 
front of the cup to sweep any electrons out of the N™ 
beam being monitored. A second magnet introduces a 
magnetic field inside the Faraday cup to trap any elec- 
trons produced in the cup by the beam. The charge 
collected by the Faraday cup is 
the voltage across the capacitor then being a measure of 
the N™ beam collected in the cup. This voltage is 
measured with an electrometer.'® When the Faraday 
cup is used for monitoring the Au'’’(N"“,N™)Au"® re- 
action a resistance is connected across the charge- 


the 
Faraday cup 
sphe rical reaction 
pl iced several inches in 


exit 


stored on a capacitor, 


storing capacitor so that the charge on the capacitor 
leaks off with the same 10-minute half-life as that of 
the N® nuclei which are decaying on the tapes in the 
sphere. Use of this technique compensates exactly for 
variations in the N™ beam intensity during the 20- 
minute bombardment of the target. Finally, it is as- 
sumed that, over the range of energies used in studying 
the Au’?(N“ N")Au"® reaction, the charge of each N™ 


ion is seven units. Northcliffe'® has shown from range- 
energy measurements that this 
an accuracy of a few percent 

A secondary, transmission-type, beam monitor con- 


assumption is valid to 


sisting of three parallel 1 mg/cm’ thick nickel foils is 
also available and was used for testing purposes. It is 
placed at the entrance of the sphere. The outer two 
foils of the monitor are raised to + 1000 volts potential 
so as to collect electrons emitted by the center foil due 
to the passage of the N™ beam through the foils. The 
dc current of the center foil is 
a quantity proportional to the 

The secondary monitor was used in two tests in con- 


then measured to give 
beam intensity. 
junction with the Faraday cup to check the apparatus. 
One test checked the effici 
the Faraday cup. In thi 
and at the Faraday cup were increased until the ratio 
between the Faraday cup reading and the secondary 
monitor reading wer« Permanent 

giving higher fields were then used on the Faraday cup 
for subsequent experiments. 


ncy of the magnets used with 


test, the magnetic fields before 


constant 


magnets 


The second use for the secondary monitor was to 
make range-energy measurements on the N™ beam. 
Aluminum foils were placed inside the sphere between 
the secondary monitor and the Faraday cup. The ratio 
of the Faraday cup charge to secondary monitor charge 


16 Cary Electrometer, Model 31, Applied Ph 
Pasadena, California 
*L. C. Northcliffe, 


sics ( orporation, 
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Fic. 2. Range measurement of ra- 
dioactive products leaving the target at 
E(c.m.)=119 Mev and @(c.m.)=40°. 
The @ points indicate nuclei with a 
10-minute half-life (N%). The X 
points indicate other activities. The 
broad vertical arrows indicate the N¥ 
range expected (1) for neutron trans- 
fers to the ground state of Au™* and 
(2) for neutron transfers to the zero 
energy continuum state of Au. The 
width of the arrows reflects the un- 
certainty in the absolute value of the 
beam energy. The 2.3-Mev dotted 
peak indicated under the N™ peak rep- 
resents the maximum energy spread 
in the N“ beam and hence the resolu- 
tion of the N™ range measurement. 
For normal] data-taking conditions, an 
aluminum absorber stops nuclei leav- 
ing the target with ranges less than 
20 mg/cm? of aluminum (see left 
horizontal arrow), while a collecting 
tape of sufficient thickness captures 
the N® nuclei (see right horizontal 
arrow). 


was measured as a function of aluminum foil thickness. 
The range of the N™ ions was determined to be the foil 
thickness at which this ratio dropped to zero. 


Ill. EXPERIMENTAL PROCEDURE 
A. Measurement of Beam Energy 

A well-collimated N“ beam with small energy spread 
is necessary for the experiment. Thus, the N“ beam 
from the accelerator is deflected, energy analyzed, and 
deflected again into the reaction chamber after passing 
through the secondary monitor where a small energy 
loss occurs. A small energy loss (~1 Mev) also occurs 
in the gold target. 

The energy of the beam was determined by making 
range-energy measurements (see Sec. II.C). Both a Het 
and a N“ beam were passed through the beam deflection 
system and their ranges measured. The energies of the 
beams were obtained from the ranges by using the 
range-energy data of Northcliffe.'"* The magnetic field 
of the deflection magnet was also determined for each 
beam by means of a proton moment magnetic field 
measuring instrument.'? It was found that the energies 
obtained from the range measurements were consistent 
with the magnetic field measurements to within ~ 1%. 
The N“ beam energy was in this manner determined to 
be 145.641 Mev. 

Lower energy N™“ beams were obtained by using 
aluminum absorbers to degrade the beam energy to the 
desired values, the aluminum absorbers being placed at 
the entrance to the reaction sphere. The energy values 
were obtained by weighing the absorbers and using 
Northcliffe’s range-energy data.'® 


17 NMR Precision Gaussmeter, Model G-501, Harvey-Wells 
Inc., Southbridge, Massachusetts. 
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B. N" Particle Identification 


Four tests were made to insure that the radioactive 
nuclei being detected were indeed N“ which had been 
produced in the target. 


(1) Half-Life Measurement of N“ Decay 


When counting the gamma rays from the radioactive 
tapes, the number of counts detected were recorded each 
minute. A plot of the counting rate verses time was 
then made and only the 10-minute decay component 
was assigned to the N™ activity. This measurement was 
made for all N“ data taken and was the primary means 
of identification. 


(2) Pulse-Height Analysis of N“ Decay Products 


Spot checks were made to determine that the pulse- 
height distribution obtained from the scintillation coun- 
ters gave a typical annihilation radiation distribution. 


(3) Range Measurement of N“ Nuclei 


By placing a stack of thin (1.12 mg/cm*) aluminum 
strips at one angle the ranges of the various nuclei at 
that angle were determined. The results obtained for a 
center-of-mass beam energy of 119 Mev are displayed 
in Fig. 2, where the relative number of counts per foil is 
plotted against the depth of the foil in the stack. The 
points denoted with the e indicate that a 10-minute half- 
life was obtained at that point. The 10-minute half-life 
points are all clustered in the region of 40 mg/cm’. 
The broad vertical arrows above the points indicate the 
range of N™ expected for (a) the transfer of a neutron 
from N™ to the ground state of Au’, and (b) the strip- 
ping of a neutron from N™ such that the neutron is 
unbound and has zero energy. The ranges of the N* 
nuclei fall into the region between the arrows. In ad- 
dition to the desired long-range N™ nuclei, Fig. 2 shows 
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that there are also a great many short-range nuclei. 
The shortest range nuclei are presumably spallation 
products from the target; the nuclei of range 3 mg/cm? 
are most likely fission fragments. These nuclei were all 
eliminated when studying the N"™ angular distributions 
by using a 20.5 mg/cm? thick aluminum shell inside the 
reaction chamber between the target and the tapes on 
the wall. This shell absorbed the short-range nuclei as 
indicated by the horizontal arrows in Fig. 2. The thick- 
ness of the collecting tape is also indicated by an arrow 
in Fig. 2. All runs were taken with sufficient aluminum 
absorber to insure that the N™ nuclei were stopped in 
the tape. From Fig. 2 it is clear that almost all of the 
nuclei collected on the tape are the desired N™ nuclei. 


(4) Test for Spurious N™ Activity 


It is possible for N™ nuclei that have not originated in 
(a) N* nuclei 
scattered out of the beam by the target may convert 
triking the tapes, or (b) N® nuclei 
in the accelerator beam may be elastically scattered 
by the target and be collected in the tapes. The angular 
distribution for each case 


the target to be collected in the tapes: 


to N® nuclei upon 


hould decrease with angle 
approximately according to the Rutherford scattering 
law. Since the desired (N"“,N') reaction in the target 
produces N"™ nuclei only in the neighborhood of one 
angle, the smoothly falling spurious angular distribution 
should be easy to subtract. Nevertheless, a test was 
made to determine the contribution to the N™ activity 
in the tapes due to these mechanisms. 

The accelerator beam was used to bombard directly 
tapes of the type used for collecting the N® nuclei. 
These tapes were placed in the Faraday cup during 
bombardment. The resulting N"™ activity measured in 
these known to be produced by the 
two mechanisms considered above (but without the 
N to N® conver- 
collection of N® already 
measured activity and the ad- 
ditional consideration of the Rutherford s« attering cTOSS 
section, the N 


po ition 


tapes was ther 


intervening scattering proces ; 2 


and (b 


in the beam. From this 


sion in the tape 


activity in the tapes in their usual 


, due to these two mechanisms, was calculated. 
The activity was found to be negligible in comparison 
to the activity produced by the desired (N“,N") re- 


action in the target 


C. Determination of the Energy Resolution 


The energy resolution of the N'* beam was measured 
by doing an elastic scattering measurement and noting 
the ene rgy re solution of the scattered N™ nuclei. These 
detected with a CsI(TIl) scintillator. The 
energy spectrum of the N“ nuclei was found by this 


nuclei were 


method to have a width of 2.3 Mev at a bombarding 
energy of 119 Mev (same conditions as in Fig. 2). This 
energy spread value is an upper limit since the contri- 
bution to the spread from the CsI(Tl) de 
cluded in the value 


tector is in- 
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The 2.3-Mev value for the energy 
under the N™® peak in Fig. 2. (The 
energy spread due to stra 


pread 1S plotted 
contribution to the 
sling in the aluminum ab- 
2 that 
N"™ nuclei in the 
the energy spread of the 
irget 


9 
It is clear from Fig. 


sorber foils is negligible 


pre ad of the 


smaller than 


N"® nuclei leaving the Au’ t Therefore, the energy 
spread of the N nuclei must be a result of the inter- 
action of the N™“ nuclei with the Au’ nuclei. Either 
the resulting Au'* nuclei are left in discrete excited 
states or, if more than 6.5 Mev of energy is lost by the 
N® nuclei, the neutron | been transferred to Au'®* 
continuum state 

Two of these 
means of the 


the instrumental energy 


beam is much 


possibilities are exhibited in Fig. 2 by 


two broad vertical arrows which indicate 
the range expected for N™ nuclei when either the Au’ 
nuclei are left in the the ground state or the transferred 
neutron remains free. ’ widths of the arrows are in- 
troduced because of ncertainty in the energy of 
the beam of N" nuclei. These iffect the 
energy resolution; they merely reflect the uncertainty 


widths do not 


in the relation between the abscissa in Fig. 2 (the range) 


and the absolute energy. From inspection of Fig. 2 it 
may be concluded, therefore, that the neutron from the 
N*™ nucleus is be ing transferred to nuclear states other 
than the ground state of Au'®* 
in the Au 

There is also an ene rgy effect introduced by the thick- 
ness of the target: N'*— N® transfers taking place as 


] ] ] 
and quite likely to states 


** continuum. 


the beam enters the target occur at higher energies than 


those transfers taking place as the beam leaves the 


target. This effect does nol affect the ene rgy spre ad of 


the N® nuclei leaving the target but it does introduce a 
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spread in the energy at which the transfer process takes 
place. This effect introduces a spread of at most +2 
Mev in the for 
process. 


center-of-mass energy the transfer 

As a check on all of the range measurements a second 
absorption curve was taken for the N™ nuclei when the 
N“ beam energy was considerably lower than in Fig. 
2, namely, E(c.m.)=81 Mev. The results obtained are 
shown in Fig. 3 and are seen to be similar to those 


shown in Fig. 2. 


D. Angular Distribution Measurement 


The basic measurement made in the experiments re 
ported here is that of the angular distribution of the 
N* nuclei. This measurement was performed at 15 dif- 
ferent energies. A number of measurements were re- 
peated so that, in all, 25 different angular distributions 
were taken. 

The procedure was to expose ten tapes at ten dif- 
ferent angles. In this manner the entire angular dis- 
tribution was obtained at once. Thus, the relative values 
of the cross sections obtained at different angles are 
limited in their accuracy only by the statistics of the 
counting. An estimate of the accuracy of the data 
may be obtained by inspection of Figs. 4 and 5. 
Figure 4 the angular distribution obtained 
at the highest energy studied [E(lab)= 142 Mev ], Fig. 
5, the distribution for the energy studied 
[E(lab)= 74 Mev ]. Angular distributions were actually 
taken at two lower energies so that total cross sections 
could be obtained, but the statistics at these energies 
restricted the use of data to the total cross-section work. 
Inspection of Figs. 4 and 5 shows that at the highest 


shows 


lowest 
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as Fig. 4 except for E(lab)=74 Mev 
kground is negligible while even at the 
N"™ curve is definitely defined. 

in the values for the points shown in 
Figs. 4 and 5 are somewhat subjective. The raw data 
consist of experimenta) decay curves which are fitted 
by eye to a master curve composed of 10-minute (N") 
and 20-minute (C") half-lives. The deviations indicate 
something like 80% certainty of the experimental value 
lying inside the error bars. 

The angular resolution of the experiment is deter- 
mined by the spread in angle covered by the collecting 
tapes and by the geometrical size of the N“ beam 
striking the target since the multiple scattering by the 
target and the energy degrading foils is negligible com- 
pared to these factors. 


energy the C"™ ba 
lowest energy the 
The deviations 


Either one 4-in. tape (~5° 
angular spread) or two 4-in. tapes (~10° angular 
spread) were used at each scattering angle investigated, 
depending on the counting rate obtained. The }-in. 
beam spot on the target thus added little to the spread 
in scattering angles detected. 

Total cross sections are obtained by summing over 
the measured differential cross sections. 


IV. RESULTS AND DISCUSSION 
A. Differential Cross Sections 


The experimental! differential cross sections da/dQ for 
the production of N™ in the (Au"’+N") reaction in the 
center-of-mass system are presented in Fig. 6. Letters 
indicate experimental values, a letter being assigned to 
each energy. The lower portion of Fig. 6 plots ten times 
da/dQ to reveal more details. A qualitative discussion 
of the behavior of the experimental peaks has been 
given already in the Introduction and Summary (Sec. 
I). In this section, the more quantitative aspects will 
be presented. 

As discussed in Sec. I, 
differential 


it is convenient to plot the 
functions of Rmin, the 


cross sections a 
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ems IN Degrees 


Summary of angular distribution measurements (do /dQ2 


Che letters are plotted to indicate meas 
ured differential cross-section values. A different letter is assigned 
for each bombarding energy. The curves are smooth lines drawn 
through the experimental data. The lower portion of the figure 
shows the cross sections plotted with a magnification of 10 to 
reveal more details 


ic. 6 
plotted against 6(c.n 


distance of closest approach to the gold nucleus of 
the classical trajectories of the nitrogen nuclei. Using 
Rutherford scattering trajectories, Rmin is related to the 
center-of-mass deflection angle @ and the center-of-mass 
energy E by 
R 
whe re 
a’ =ZZ'e/2E. 
Here, Ze and Z’e are the charges of the N“ and Au’? 
nuclei. The desired differential cross section, da/dRmin. 
may be determined from the do/dQ value by means of 
Eq. (1) since 
da dQ dé 


dRmin dQ dO dRinin 


10./d@== 2x sind. 


2) cos(0/2) esc?(8/2), (3) 


(Sr q’ sin? 6 2)doa dQ }) 


The da/dR 


sections plotted in Fig. 6 have been calculated by means 


values corresponding to the do/dQ cross 
of Eq. (4) and have been plotted on a logarithmic scale 
in Fig. 7. All data for each energy in Fig. 7 have been 
arbitrarily normalized to unity at their maximum values. 
The letters still indicate experimental quantities. Al- 
though the peaks coincide nicely for all of the data, 
there is a noticeable widening of the peaks on the large 
Rmin side of the peak when the energy is increased (for 
the earlier letters in the alphabet.) Part of this effect 
can be accounted for as follows. Experimentally, d@ is 


a constant and so, at the smaller angles, dR,.;, becomes 


ATTS, 


AND JOBES 


quite large because of the csc*(@/2 dependenc e of 
GRmin/ dé in Eq. (3). Thus, at 20° and at the highest 
energy (A points), the d@ value of 5° transforms to a 
GRmin Magnitude of Such spreads in 
@Rmin have been indicated in Fig. 7 by horizontal bars. 
Even when this effect 
energy peaks in Fig. 7 

the low-energy peaks. 

The distorting effect of th 
can also be used to explain interaction radius 
reported by Hubbard and Merkel.* Their peak in do/dQ 
was obtained at = 18°. Use of Eq. (1) by them yielded 
a value of ro= 1.96 10-" cm is defined by 
Rmin= 10(A14+A;4), A, a1 being the atomic weights 
of the two nuclei in the interaction. If, however, 
da/dRmin is calculated from de/dQ by means of Eq. (4), 
the peak value of doe/dR,.in is found to correspond to 
the 6= 25° datum. This occurs because of the sin*(@/2) 
term in Eq. (4) which 
If @= 25° is used as the 
then ro is found to be 1 
with the present data. 

Comparison will now be 
mental data and the tunneling theory of Breit and Ebel.‘ 
They give, in Eq. (23.1) of reference 4, the following 
angular-dependent terms for the tunneling differential 


cross section, da/dQ: 


35«10-"% cm 


is included, however, the higher 


somewhat wider than 


dR 


the | ‘ 
e large 


dé transformation 


where r 


depresses the small-angle data. 
angle for the grazing trajectory, 
54X10 


: ; 
> cm is good agreement 


made between the experi- 


(5) 


TUNNELING THEORY 
(NORMALIZED TO 
EXPERIMENTAL DATA) 


d07/4Rmin (PEAKS NORMALIZED TO UNITY) 











1G. 7. The differential cross sections, do /dh plotted against 
Rein On a logarithr cal he letters indicate experimental 
values which are obtained fr tl xperimental values plotted 
in Fig. 6 by given in Eq. (4). The 
data for each energy are alized to unity at the maximum 
value for do/dRmin at that energ he curve is calculated fror 
the tunneling theory of Breit ar el‘ as given in Eq. (6) and is 
normalized to fit the experimental nt 


means ol! 
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Here, a is the decay constant for the wave function of 
the neutron bound in the N® nucleus; its value'® is 
0.71510" cm. If, now, do/dQ is transformed to 
da/dRmin by means of Eq. (4) and the energy dependent 
terms dropped, using Eq. (1), the angular dependence 
of da/dRmia is found to be proportional to 


exp( —2aR min). (6 


Equation (6) shows that, aside from a normalizing 
coefficient which contains energy factors, do/dRymin is a 
function only of Ria. Thus, if consideration is limited 
to the dependence of da/dR mi, on the exponential factor 
in Eq. (6), and other energy dependent factors are 
neglected, a comparison between the experimental data 
and the tunneling theory may be made by normalizing 
the experimental data obtained at different energies to 
give the same peak value for do/dRmin. A universal 
curve has been drawn in Fig. 7, using Eq. (6), for com- 
parison with such normalized experimental data. The 


only parameter in Eq. (6) is a, which is determined by | 


the binding energy of the transferred neutron. 

The curve derived from the tunneling theory as given 
in Eq. (6) is plotted in Fig. 7; it is normalized to fit 
the lower energy data. The tunneling curve would be 
expected, of course, to fit only the data at the large 
values of Rmin, i.e., for trajectories which do not pene- 
trate the absorption radius Rg. It is seen that the data 
(for example, the F points) are represented quite well 
by the tunneling curve. It may be concluded therefore 
that, for some bombarding energies at least, the angular 
dependence of the differential cross sections is in agree- 
ment with the tunneling mechanism. 


B. Total Cross Sections 


The total cross section, o, for the neutron transfer 
process is obtained for each energy by summing over 
the differential cross sections for that energy. The re- 
sulting experimental values are plotted against the 
center-of-mass energy, E(c.m.), in Fig. 8. It is seen that 
the cross section points rise rapidly with energy until 
a value of about 10~** cm? is reached at which point 
there is a leveling off of the data. The sharp rise occurs 
as the bombarding energy is increased because the N™ 
trajectories penetrate more closely to the Au'”’ nucleus 
at the higher energies; the strong dependence of the 
transfer cross section on nuclear radius (see Fig. 7) 
therefore enhances the high-energy cross sections. How- 
ever, as the bombarding energy is further increased the 
N™ trajectories begin to pass inside the absorption 

8 This value assigned to a is strictly correct only for a reaction 
with a Q of zero. The value used corresponds to a binding energy 


of 10.55 Mev for the neutron in the N® nucleus. Breit, reference 
2, Eq. (48.79’), has given an approximate expression for a when 
the Q value is not zero. For the Au”’(N“.N“)Au™ reaction, the 
Q value is —4.06 Mev if the neutron is captured in the ground 
state of the Au™ nucleus. For capture in the other states (which 
captures are also measured experimentally), the Q would be even 
more negative. Thus, it is not clear just what value of a should 
be used. The value used is therefore to be considered only as a 
first approximate representation of the situation. 
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Fic. 8. Total cross sections plotted against beam energy. The 
@ and X points indicate results obtained on two different days 
The curve is obtained from the tunneling theory of Breit and 
Ebel‘ as given in Eq. (7) 


radius, R,. Nuclei on these trajectories are absorbed 
and so do not contribute to the transfer cross section 
and the cross-section values level off. 

It is clear, therefore, that only the steeply rising part 
of the total cross-section data is associated solely with 
the transfer mechanism while the level portion includes 
also the effect of nuclear absorption. A comparison can 
be made then between the tunneling theory of Breit 
and Ebel‘ and the steep portion of the data in Fig. 8. 
Using the expression for the total cross section as given 
in Eq. (25.2) of reference 4, a ratio for the total tun- 
neling cross section, o(F), at two different energies, 
E,; and E», was obtained: 


a(E;)/a(E2) 

= (F2/E;) exp[ —2aZZ'e(Ex?—Es)]. (7) 
Normalizing o(£:) to the data in Fig. 8, o(£;) was 
calculated for a number of energies and is shown plotted 
as a curve in that figure. It is seen that the tunneling 
curve fits the experimental data well. 
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detector and a charged particle selector. This respons« 
was obtained by cutting the crystal just thick enough to 
stop 15-Mev deuterons; protons of the same energy 
could not be stopped completely and therefore gave less 
light output. For a 35-mil NaI(T1) crystal the proton 
edge was 10.5 Mev and the 15-Mev (or less, due to 
energy loss by nuclear recoil) elastic deuteron peak 
could easily be discerned. The system did not possess 
high enough resolution to unambiguously discriminate 
against inelastically scattered deuterons. Although in 
many cases the cross section for this process was much 
smaller than for the elastic process, there were some 
cases (Cu and Fe) where the inelastic deuterons set the 
limit, in angle, to the experimental data. 

The pulses obtained from the photomultiplier were 
inverted, amplified, and fed into an Atomic Instrument 
Company 20-channel analyzer; the elastic peak was 
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Fic. 1. A typical peak: 15-Mev deuterons scattered by Au at 35 
usually displayed in 5-10 channels. The monitoring was 
performed by means of a second counter situated above 
the target at a fixed angle of 22°35’. This system of 
monitoring,® although not allowing one to obtain abso- 
lute cross sections, has been found to be of some con- 
venience since it eliminates target nonuniformity correc- 
tions, geometrical corrections (caused by the fact that 
the beam spot was not exactly in the rotation axis of the 
target and the counter), the center-of-mass correction, 
and partly the Z* correction in making the comparison 
measurement to Au. 

The absolute cross-section measurements or normali- 
zation to Rutherford scattering was obtained in the 
following way; first a very precise measurement of 
elastic scattering of deuterons from Au and a measure- 
ment of the zero of the angular range showed that this 
angular distribution was Rutherford within 4% up to 
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180 
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Fic. 2. Ratio to Coulomb cross section, o/ec, for the elastic scat 
tering of 13.5-Mev deuterons by Au, Sn (natural), and Ni 


6= 16°. For other elements the aim was to go as far in 


forward angles as possible in order to find a region where 
the ratio to Au was fairly “flat” and identify this region 
with Rutherford scattering. Most of the angular dis- 
tributions were “flat” up to about 10°. The main limita- 
tion for small angle measurements was the scattering 


from the slit system. For this and other reasons it was 
never possible to go beyond 5°. Mechanical arrangement 
limited the back angle measurements to 165°. 

For two elements, Al and Ti, it was not possible to 
find a ‘‘Rutherford region” of the angular distribution. 
Even at as small angles as 5°, due to the experimental 
error, it was not possible to ascertain by this method 
whether the cross section was Rutherford or not. A new 
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Fic. 3. Ratio to Coulomb cross section, a/oc, for the elastic 
scattering of 15-Mev deuterons by Au, Ta, Pb. 
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Fic. 4. Retio to Coulomb cross section, o/c, for the elastic 
scattering of 15-Mev deuterons by Sn™, Pd, and Rh. 


measurement of the absolute cross section was therefore 
performed. A simple comparison method, using two 
targets in telescopic arrangement was employed. The 
second target was used as a monitor, and for the first 
target Al (or Ti) and then Au was used. Subsequently 
the number of particles scattered by Al (or Ti) targets 
was compared to the number scattered by Au against 
the same number of particles scattered from the second 
(monitor) Au target. Knowing the thickness of the two 
targets and the absolute cross section for elastic scatter- 
ing by Au, a simple comparison gave the Al and Ti 
absolute cross section. The Au measurement was made 
by successive multiplying the experimentally observed 
differential cross section converted to the c.m. system 
by sin‘(@/2) and assuming that the small angle constant 
product was indicative of Rutherford scattering. 
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Fic. 5. The ratio of d tions for 
scattering of 15-Mev deuterons by Sn™ and Sn 
oan/o,u. The figure shows a slight 
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The resolution of the scintillation spectrometer was 
in the range of 2.5 to 3.5% (Fig. 1). The peak was 
usually clean and the amount of background was negli- 
gible. However, for back angles in lighter elements the 
number of inelastically scattered deuterons was some- 
times comparable to the elastic peak. In such cases a 
graphical analysis allowing errors of the order of 10% 
was used. The area under the elastic peak was deter- 
mined by the requirement of shape symmetry of both 
sides of the peak. 


III. RESULTS 


The elements used as targets represented a cross 
section through the periodic table. The lightest investi- 
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Fic. 6. Ratio to ¢ 
scattering of 15-Mev deuterons by Cu, Fe, 


for the elastic 
and Ti 


‘oulomb cross section o/¢ 


gated was aluminum and the heaviest one lead. The 
bombarding energies were 13.5 and 15 Mev. The 13.5- 
Mev deuterons were obtained by degrading the 15-Mev 
beam with an Al absorber. The results are shown in 
Figs. 2 through 7. 


A. 13.5 Mev 


rents Ni, Sn (natural), 

Fig. 2). The angular 
sence Rutherford up to about 
1. of the Rutherford cross 
section at 165°. The distribution does not show any 
pronounced diffraction pattern. The pattern is, however, 
clearly visible in Sn and especially in Ni. 


At this energy only three elen 
and Au were investigated (see 
distribution for Au is in es 
35°, and then drops to about 
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B. 15 Mev 


(1) Heavy Elements: Pb, Au, and Ta 

There is a similarity between all the three angular 
distributions: All of them show a Rutherford angular 
distribution up to about 20°, a small but certain peak at 
about 30°, preceded by a less certain valley in between 
of 20° and 30°. The strong break-down from the Ruther- 
ford scattering cannot be ascertained better than within 
+3.6°, but it seems that it drops from about 35+3.6° 
for Pb to about 30+3.6° for Ta. In all the cases the 
cross sections drop to approximately ys of the Ruther- 
ford at about 165°, and there are no pronounced diffrac- 
tion peaks (Fig. 3). 


(2) Medium Heavy Elements: Sn, Pd, Rh 


The diffraction pattern, barely visible in the preceding 
group, starts being prominent in the angular distribu- 
tion of deuterons elastically scattered by these elements 
(Fig. 4). It is of interest to compare the ratio of differen- 
tial cross sections of both natural Sn and monoisotopic 
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Fic. 7. Ratio to Coulomb cross section o/ac for the elastic 


scattering of 15-Mev deuterons by Al 


Sn'™ to Au. Figure 5 shows a slight displacement of the 
peaks for natural Sn as compared with those for Sn. 
Also the ratio of peaks to valleys is larger for Sn'*, 
whose peaks are somewhat sharper, especially in the 
back region. This could be qualitatively explained in 
terms of the simple diffraction theory. As the position 
of the peaks, according to this theory, is given by the 
expression 2kR sin(@/2), where @ is the center-of-mass 
angle of scattering, it is feasible that the angular position 
of the peaks will differ for the different isotopes which 
constitute Sn-natural, thus smearing out the peaks, the 
shifts being the greatest for the largest angles. No 
quantitative conclusions were deduced from this 
comparison. 


(3) Group Cu, Fe, Ni 


In this group the diffraction pattern is quite promi- 
nent. lt is of interest again to compare the position of 
the corresponding peaks (Fig. 6). Table I gives the 
position of the peaks: (The position is uncertain to 
+3.6°.) The displacement of the maxima with respect 


15-MEV DEUTERONS 


Taste I. Position of the peaks. 


Angular location of maxima (in degrees).* 


4th Sth 


Element 2nd 3rd 


Fe 43 84 118 
Ni 40(42) 81(81) 110(115) 
Cu 38(41) 66(78) 105(111) 144 


* The numbers in parentheses are the positions of the peaks given by 
the diffraction theory, assuming Fe as standard to define the radius and 
neglecting the relative center-of-mass correction 


to A, and thereby the interaction radius R, is quite 
visible. The numbers in parentheses are the positions of 
the peaks given by the diffraction theory, assuming Fe 
as standard to define the radius and neglecting the rela- 
tive center-of-mass correction. There is no quantitative 
agreement, and except in the case of Ni at 81° all the 
shifts are considerably larger than those given by the 
simple diffraction theory. The measurement of the 
absolute cross section for Ni (normalization to Ruther- 
ford) was unsatisfactory. For that reason only the 
positions of the peaks, which depend only on the relative 
cross sections, are given. 


(4) Al and Ti 


There were considerable difficulties in normalizing the 
angular distributions for these two elements. It was not 
possible to find a “Rutherford region”; even at such 
angles as 10° for Ti and 5-10° for Al the ratio to Cou- 
lomb scattering was not quite “flat.” For that reason 
an absolute measutment of the differential cross sections 
was necessary. The method was described in Sec. II. 
Although the error in the relative position of the points 
for Al and Ti distributions (Figs. 6 and 7) was not large, 
the normalization of the results was rather inaccurate 
due to errors in weighing the targets and other errors. 
As a consequence in both distributions there may be an 
error of about +10% in the absolute cross section. 

The distribution for Ti is of the kind we have already 
met for heavier elements, although the diffraction pat- 
tern is more pronounced. Al presents a completely 
different situation. First, even at such small angles as 
5° the cross section is only about 0.8 of the Coulomb 
one. Second, the peaks are very pronounced and the 
ratio to Coulomb cross section lies in the vicinity of 1, 
even exceeding 1 for the peak at 20° c.m. Third, the 
backward region shows an increasing peak (of the ratio 
to Coulomb scattering). Care was taken to make sure 
that the relatively increasing number of particles at 
back angles did not come from the inelastic contribu- 
tions. Protons were eliminated by cutting a somewhat 
thinner crystal for back angles, where the energy loss 
due to recoil was considerable, and the distribution was 
measured up to only 145° where the contribution of the 
inelastically scattered deuterons was quite discernible 
from the elastic peak. Even with such precautions the 
last points allow an error of 8-15%. 
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C. Errors 


Several of error contributed to make the total 


error in measuring the cross 


ources 
section. Some of the con- 
II. The contribution 
under 3%. The main 
source of error was the angular uncertainty error, due 


tributions were discussed in Sec. 
of the statistical error was alway 


to the particular method of normalization. After ascer- 
taining the “flat”? Rutherford region, the normalized 
(by monitor setting) and center of mass corrected num- 
ber of multiplied by sin*(@.._./2). This 
factor was very sensitive to the angular error (the rela- 
tive error being proportional to cot@, ../2). The zero of 
the angular distribution was usually determined by 
observing the angular distribution of elastic scattering 
by Au on both sides of the scattering chamber. Assuming 
total symmetry, the zero angle was determined to 0.36°. 
This gave a severe error at forward angles, which rapidly 
decreased at backward ones. The experimental points at 


counts wa 


the most forward angles (up to 15°) are therefore rather 
scattered, and should be taken with an average error 
of 8%. For medium and back angles the main contribu- 
tion to the overall error came from the statistical error. 
The total error varied from element to element, with 
an average value of about 5% for heavy and medium 
heavy elements. For lighter elements beginning with Cu 
a new source of error appeared: the contribution from 
the inelastic deuterons from the first excited state. In 
many cases the uncertainty of resolving these two con- 
tributions was the limitation (in angle) of the experi- 
ment. Since the differentiation generally became more 
difficult with increasing angle, the overall error for such 
elements at back angles (usually larger than 100°) 


increased. For Fe, where this contribution was very 
marked, the last point in the distribution (at 135° c.m.) 
has an error 14%. 


In general an error of about 10% 
was allowed in this region. 
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IV. DISCUSSION 


An extensive analy is of the above experimental 
results in terms of the optical model using the Saxon 
potential is to be published in a paper by N. Cindro 
and M. A. Melkanoff 

Preliminary results of this analysis ar 
Melkanoff." 

It is however of interest to compare the results of these 
experiments with a recent attempt by Nishida” to 
explain the deviation of deuteron elastic scattering by 
heavy elements as a result of electric break-up. One of 
the results of Nishida’s theory is that for heavy elements 


given by 


and intermediate energies, where the Coulomb param- 
eter Ze?/hv>>1 the problem can be treated in terms of 
classical orbits; and the angle of break-down from the 
Rutherford distribution does not depend on Z. For 15 
Mev deuterons this angle should be 27.4°. The results 
for Pb, Au, Ta, and Sn, which all fulfill this condition 
contradict these conclusions. The “‘break-down” angles, 
corresponding to impact parameters where the Coulomb 
field is strong enough to overcome the binding energy 
of the deuteron, are markedly different for Sn and Pb, 
the former being about 17 . The 
experimental uncertainty of +3.6° in the position could 
hardly explain such a large difference 


the latter about 35 
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The systematic behavior of nuclear energy levels has been studied with Lu (Z7=71), Ta (Z=73), and 
Re (Z=75) activities produced in the ORNL proton cyclotron. Conversion-electron data are presented for 
electron-capture decay of Lu'!7™, Ta!"1"8 and Re'”®!*!_ Level schemes are proposed based on these and 
on previously published transition data for Lu'®?", The properties of odd-A nuclei in the strongly deformed 
region of odd-N numbers 95-107 are discussed in connection with predictions of Mottelson and Nilsson. 


Two activities, Lu'“* and Re'® (~20 min), are previously unreported 


I. INTRODUCTION 
0 x observes in strongly-deformed, odd-mass nuclei 


both particle excited states and associated 
rotational excitations.' The number of excited levels and 
transitions between them is such that high resolution 
spectroscopy is necessary to classify the radiations. 

Spectra of neutron-deficient activities of Lu, Ta, 
and Re have been studied with internal-conversion, 
photographic-recording, permanent-magnet  spectro- 
graphs. The radioactivities, produced by proton 
irradiation (at 22 Mev) in the ORNL 86-inch Cyclotron, 
were separated chemically? from enriched targets.’ By 
use of high-intensity, mass-free activities electroplated 
onto fine wires, it has been possible to record radiations 
up to 3 Mev which are 10~* times as intense as the 
strongest line. We have measured precisely the relative 
transition energies within 
0.1 kev in many cases). The isotopic assignment is 
based on relative activation with enriched isotopes. 

We have indicated multipole assignments (other than 
M1) for the more intense transitions in the range of 20 
to 350 kev based on K/L ratios and L and M subshell 
ratios. The errors which should be assigned to our energy 


(internally consistent to 


and intensity measurements were discussed previously.‘ 
The intensity of the Auger-electron spectrum has been 
utilized, in some to estimate the fraction of 
electron-capture decay directly to the ground state. 
These intensities must be used with some discretion 


Cases, 


since only peak heights (corrected for radius of orbit 
and film response) are measured, and the primary KLL 


* Operated for the U. S 
Carbide Corporation 

t Oak Ridge Nationa! Laboratory temporary employee, summer 
1957, 1958, and 1959 

t Work supported by the U. S. Atomic Energy Commission 

'K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956) 

*F. F. Felber, Jr., thesis, University of California Radiation 
Laboratory Report UCRL-3618, January, 1957 (unpublished) 

Enriched isotopes were made available by the 

Division of the Oak Ridge National Laboratory 

‘J. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev 
108, 989 (1957) 


Atomic Energy Commission by Union 


Isotopes 


Auger effect is relatively small (4%). Although little 
photon or coincidence data are available in most cases, 
the conversion data, correlated with theoretical pre- 
dictions, serve in many instances to establish a partial 
level scheme which is consistent and reasonable. 

Mottelson and Nilsson® have performed analyses of 
the intrinsic states of odd-A nuclei having an ellipsoidal 
equilibrium shape. They have described the relevant 
levels in terms of the asymptotic quantum number 
notation and have classified experimentally observed 
levels. We have reported® on the striking regularities in 
level structure of neutron-deficient, odd-A isotopes of 
Tb (Z=65), Ho (Z=67), and Tm (Z=69), which agree 
with their predictions. We shall present, in this paper, 
evidence for the level ordering of odd-A nuclei having 
odd-neutron numbers in the range 95 to 107. 

A set of asymptotic quantum numbers [Nn,A ] and 
K are used by Mottelson and Nilsson to characterize 
the different single-particle states in the limit where 
the nuclear potential becomes an anisotropic harmonic 
oscillator. In this limit, the quantum numbers are N, 
the total number of nodes in the wave function; m,, the 
number of nodal planes perpendicular to the symmetry 
axis; A, the projection of orbital angular momentum 
on the symmetry axis; and K, the projection of in- 
trinsic spin on the symmetry axis. 

We shall discuss special properties which depend on 
the odd-nucleon orbital such as (1) inertial constant, 
3h’/9, and the decoupling parameter, “a”, (2) reduced 
transition probabilities, both interband and intraband, 
and (3) electron-capture branching and log(/ft) esti- 
mates. Data on the strength of transitions between 
different intrinsi: may allow a test of the utility 
of selection rules based on the asymptotic quantum 
numbers 


slates 


As a corollary to the odd-A analysis, we will discuss 
electron-capture decay to some even-even nuclides in 


*B. R. Mottelson and S. G. Nilsson, Kgl 
Selskab, Mat fys Medd 1, No. & (1959) 

* B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev 
114, 1082 (1959 
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lransition 


energy (kev) 


180.6 


* Multipole assignment 

Intensity data are arbit 
* Not assigned in deca 
' Composite of two or 


Li and Lit lines partia 


this region. We report very complex internal conversion 
electron data following electron-capture decay of Lu'” 
and Ta'’®, The data were examined for evidence of 
quadrupole vibrational states (K =2+-) as recently ob- 
served in Er'® and Er'® at approximately 800 kev.’ A 
study of the low-energy spectrum of Lu’ activity 
showed a 76-kev (£2) transition converting in the Yb 
daughter and several transitions of lower energy con- 
verting in Lu. A similar case was observed for Ho'™ (67 
min) which will be discussed in a subsequent publica- 
tion. In this instance, transitions of 38.3 and 57.8-kev 
energy were found to convert in Ho instead of Dy, as 
was previously reported.‘ 


II. RESULTS 


A. Ta'”(2.5 hr)—Hf'” 


Proton irradiation of targets enriched in Hf'™ (8%) 
gave rise to an activity attributed to Ta'® which 
initiates a with stable Yb’. 
Transitions observed in Ta'™ are compiled in Table I. 
Two transitions of 90 and 170 kev have been reported 


decay chain ending 


by Faler.* Our half-life of 2.5 hr for this nuclide was 


obtained by comparison of relative decay rates of the 
prominent lines in Ta'™® with lines 


(2.1 hr). 


The most inten 


belonging to Ta!’’ 


e transitions in the spectrum belong 
“anomalous” 
(1/2—[521 


equence of spin 1/2 through 9/2 de-excites via M1+ E2 


to an rotational band based on the ground 


state ‘as shown on Fig. 1. The rotational 


transitions between adjacent levels and by £2 transi- 


tions between every other level. The calculated energy 


values of the high spin states in the K 
241.9 kev (J9+-3) and 262.5 kev (J»+4 
the measured 241.9 


parameters 


1/2 band of 
tend to confirm 
262.0 kev. The 


presented in 


values of and 


associated rotational are 


'K Jacob, J. W. Mihelich, B. Harmatz, and T. H 
Phys v. 117, 1102 (1960 

*K. T. Faler, thesis, University of Califor 
tory Report UCRL-8664, April 


’ The notati St Kr! Naa 


Har 


1959 


HANDLEY, 


AND MIHELICH 


Conversion electron data for Ta'™(2.5 hr) — Hf” 


available results for 


Table II for comparison 
adjacent nuclei. 

The activation yield of Ta'” was quite low due to the 
limited quantity and low enrichment of the target 
material, as well as to the short half-life. We report 


therefore only the low-energy, well-converted portion 


with 


although the mass tables 
of Cameron” predict an energy of 2.8 Mev available for 


electron capture of Ta’, 


of the de-excitation spectrum, 


The presence of a low-lying (5/2—[512]) level is 
predicted by Mottelson and Nilsson. One may construct 
with these incompl te data a rotational 
this level which de-excites to the 2 


transition of 37 kev 


band based on 
band by a 


This very ter ignment Is 


# 


Fic. 1. Levels in Hi 
Ta’. The convertion em; 
states is 7, Kw{| Nn. |, as 
sequences are aligned vert 
uncertain are shown as dashe 
in kev. The values of V 


reference 10 


eA. G W. Came 
Report AECL-433, 195 
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rasve II. Empirical constants for rotational energy formula, 
E,= 9+ (/249){TI+1 


where F; is the energy of state of spin /, 9 is the moment of 
nonzero only for K = 4, Jo=4 cases 


Assigned orbital 
Nucleus Kr Nn] 
ype 
Yb" 
Hrs 
HE" 
ws 


wie 
Wisd 


hw he ty he hv 
DAMN 
we Ne he he bh 


— 
mh 
as 
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Dy 


Yb'* 


mon 
nn 


AMM 
Nm hw hm hm 
Y y Y ry 
ww 
LHazA 


UUM 


Nm he he te hy 
7 
Nh hm NW ly be hy 


Pann 
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ann 
~~ > 


r 
LAAN LAA AAA 


~~~ 
mMNmhN 


~ 
w Ww 
ww 
— S| 


sans 
Nw 


tm 


633) 


Hfi#e 
wis 2 


Nm 


624] 
[624] 


® Srigia = IMA Ro?(1 +0.338) is given in reference 1, and 49 is obtained from co 


5 and O. Prior, Arkiv Fysik 14, 451 (1958) 
b Reference to possible 2 + state in Yb'** is given by R. G. Wilson and M. I 
¢ Energy of 2+ state of Hf'” is not known 
4J. J. Murray, F. Boehm, P. Marmier, and J. W. M 


¢ See reference 5 and D. Strominger, J. H. Hollander, and G. T 


suggested as an analog to the level scheme of Yb'”, 
a similar configuration of 101 neutrons, which will be 
discussed later. 


B. Ta'’*(11 hr)—Hf'’® 


Our experiments with Ta!” produced by the 
Hf'7*(p,2m)Ta'”® reaction indicates the existence of a 
complex de-excitation spectrum, as listed in Table IIL. 
Faler* has recently reported on the decay of Ta'’® and 
has listed a number of the more prominent transitions 
and a partial decay scheme. Comparison of the level 
structure in Yb'™ and Hf'’®, both 103-neutron nuclides, 
show striking similarities and good agreement with the 
predictions ot Mottelson and Nilsson.® 

Table IV summarizes the character and intensity 
of transitions incorporated in the decay scheme pre- 
sented in Fig. 2. The procedure in the construction of 
this scheme was (1) the development of the (5/2 
—[512]) ground-state band ; (2) the development of the 
anomalous band based on the level (1/2—[521]) at 
126 kev above ground; (3) the population of the 
available orbital (7/2—(514]) at 348 kev and its 
associated rotational structure; (4) the postulation of 
spins of higher lying levels from the observed transitions 


OF 


+a(—1)*4(74+4)}4+ BU (14+1)+a( 


inertiz 


DuMond, Phys. Rev 
Seaborg, Revs. Modern Phy 


fa, AND Re ISOTOPES 


1) *t(74+-§))?, 


i, E° is a constant, and “a’’ is the decoupling parameter which is 


K 9 ents (48/ Grigia)%* 
kev) (ke Exper. Theor. 


0.008 , 6 
0.004 f 6 
0.009 
0.010 


0.011 


0.010 
0.005 
0.003 
0.007 
0.004 


0.034 
0.004 


29 
29 
29 


21 
21 


14 
20 


lumnis 6 and 7. Theoretical value SG / 9 rigs) % are Quoted from reference 


Pool in Bull. Am. Phys. Soc. 5, 21 (1960) 


97, 1907 (1955) 


s. 30, 585 


1958) 


to the lowest “band” (consistent with angular mo- 
mentum selection rules); and (5) designation of parity 


for the higher states from intensity considerations. 


The decay scheme that is drawn is consistent with 
transition intensity and multipole order determinations. 
Up to 350 kev, the K/Z ratio and L subshell configura- 
tion generally indicate the multipolarity of the more 
prominent transitions. The multipole character of other 
transitions is often predictable either from assignment 
to a rotational band or from angular momentum 
selection rules. The total transition intensities are 
subsequently deduced by applying the proper theo- 
retical internal conversion coefficient." For transitions 
close to K-electron binding energies, a more accurate 
estimate of transition intensity may be obtained from 
use of L-subshell values. Figure 3 is a plot of theoretical 
K-shell internal conversion coefficients of Rose" for 
dipole and quadrupole radiation as a function of 
transition energy and for atomic number 72. In our 
tabulation of conversion data, it is presumed that £1 
transitions are more likely to be unobserved as a result 
of their small conversion coefficients. 


"M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958) 
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Transition 
energy (kev) 


35.8 
50 
70 
77 
81 
87 
100 
104 
125 
125 
126.6 
132.0 
140.9 
162.0 
162.5 
179.1 
185.8 
192.7 
196.4 
207.4 
213.4 
230.8 
266.9 


nergy 
kev 


280.5' 
288.9 
294.0 
308.9 
348.5 
361.4 
365.7 
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393.2 
404.1! 
$32.8! 
436.4 
443.3 
450.5' 
461.9» 


Conversion line inte 
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Not completely re 


‘ nposite t tw 


n de 


of Yb'™, an isotone of 
he existence of intrinsic states at 
and at 637 kev (7 2—[514 ]) 


5/2—| 512 


Recent work™ on the levels 
Hf'*®, has established 
351 kev (7/24 
above the ground state 
are present in Hf"? 
| nique to Hf"? 
including levels up to 9 


633 
. It appears that 
the same orbitals at energies of 207 
and 348 kev, respectively 
rotational band (A= 1/2 
at 406 kev. observed and 
predicted energy tor the is 0.9 kev. Five 
transitions which proceed from the anomalous band to 
the ground state band help position the 1/2 ~[521 ) 
state at 126 kev 

At 348 kev 
(7/2—[514] 


rotational sequence 


is an intense 
ae 
The deviation between the 


latter level 


above ground 
ibove ground, there appears a probable 
could be the base for a 


extending to / 11/2 at 622 kev. 


state which 
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1376.4 
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IV. Intensity and multipolarity assigned to transitiot 


Proposed De-exciting 
excited states transitions 


1,.Ar . Key 


R15 
104.3 
185.8 
126.6 


230.8 
207.4 
125.9 


125.9 

70.5 
196.4 

R75 
132.0 
213.4 
179.1 
294.0 
162.0 
192.7 


162.5 
35.8 
140.9 
266.9 
348.5 
126.6" 
162.5° 
266.9 
288.9 
393.2 
475.0 
308.9 


ther from conversion e¢! 
8 are in parentheses and are « 
x-ray intensity due to internal « 
rmalized relative to the 348-kev g 
ties are deduced from L-electron dé 
reviously listed 
ated at 1.66 times the KLL-Auger 


ita, as in all succeeding table 


| 


and electron data fit reasonably well an assignment 
of F1 for the 207-kev transition and M1 for the other 
two. Furthermore, a very similar L-subshell structure 
was observed for the well-known 208-kev F1 in Hf!” 
and the 207-kev radiation in Hf'*, when one super- 
imposed the two spectrograms. The 207-kev radiation 


is expected to depopulate the orbital (7/2+-[633 }) to 


the ground state. Among the many unassigned transi- 
tions is an intense 50.5-kev radiation of mixed M1+ £2 
character. 

We have tabulated transition energies as high as 1.6 
Mev in Table III, and Cameron” predicts 1.8 Mev 
available for the decay of Ta'”* to Hf'”*. A number of 


higher energy states in Hf are postulated at 1045 


ISOTOPI 


scheme of Hf'*® (Fig. 2 


Data of 
baler 
N, 


320 
2455 


2040 


y with angular momenturn 


-f 503 and 1227 kev (9/2 


must be 


kev (7/2 


classifications of these 


. [ 505 }). The 
state considered 
tentative. 

The expected orbitals® for Ta'’® are (7/24 [404 ]) or 
9/2—[514]). The former is preferred on the basis of 
proposed by Alaga.” 
The electron capture decay proceeds strongly to the 
1227, 1045, 622, 475, 348, and 207 kev. The 
mode of population of the K=1/2 band is not known. 
These 


dashed arrows 


agreement with the selection rules 


levels at 


electron-capture branches are indicated by 


on Fig. 2, along with the appropriate 
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Rev. 100 
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Fic. 2. Levels in Hf 
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] 


log( ft) estimates,“ as well as the classifications derived 


from selection rules associated with asymptotic quantum 
extrapolation KLL Auger- 
electron intensity data to A x-ray intensity (using a 
K-fluorescence yield 

able amount of electron capture proceeds directly to the 
ground state of Hf'’®. Asymptotic 


numbers. An from the 


of 0.94) indicates that no appreci- 


selection rules are 


probably impeding the first forbidden ground-state 


transition 


4S. A. Moszkowski, Phys 


ilated by electron-capture decay of Ta 
sities in percent and log( ft) values underlined i 

follow the notation of Mottelson and Nilsson (reference 5 owed first-forbidden 
See caption to Fig. 1 


Electron-capture brat to various levels are shown by dashed 


The classificatic ranches according to selection 


1), unique first 


A further exploration he nature of the upper 


levels may be made by investigating the ratios of 


transition intensities between a single intrinsic state 
and members of a rotational band based on a different 
intrinsic state. The experimental and theoretical reduced 
transition probabilities for a number of nuclei in this 
Table V. The experimental 
branching ratios for transitions ‘citing the 348 and 
1045 kev to the ground-state band are consistent with 
a number of other determinations f 


(K;=7/2, K;=5/2), all 


region are compared i 


iilar transitions 


of which differ greatly from the 
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Report ORNL-1718, 1954 


gamma-ray int dividing the K-electr 


lebsct 


en by the square of the ratio of ( 
unpublished). 


predicted ratio. Lack of agreement with theoretical 
expectation is likewise found for branching from the 
high spin states at 475, 622, and 1227 kev. The ratios 
were obtained assuming pure dipole radiation. Besides 
the possibility of quadrupole admixture, one should 
consider the effects of retardation of the dipole radiation 
and the purity of K quantum numbers as well as the 
physical basis for asymptotic quantum numbers. 


C. Ta'’’(2.5 day) —Hf'”’ 


The levels in Hf'”’ up to 321-kev excitation have been 
studied extensively'® in the past employing 8--active 
sources of Lu'’’. The electron-capture decay of Ta'” 
was studied by Mann, Nagle, and West,'* who proposed 
a decay scheme with levels as high as 1060 kev. Mottel- 
son and Nilsson® have made intrinsic state assignments 
consistent with the data of Mann et al. 

We have studied both modes of decay but will discuss 
only the electron-capture spectrum produced by the 
Hf'"*(p,2n)Ta'” activation. Table VI presents our 
complete transition data for this activity. Table VII 
summarizes data relevant to the decay scheme, in- 
cluding the relative photon intensities of Mann, Nagle, 
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and West. These data corroborate the decay scheme 
of Fig. 4 proposed by Mann, et al., as well as the 
orbital assignments of Mottelson and Nilsson. The 
more precise energy measurements make the placing 
of certain transitions unique, and the K/L and L- 
subshell ratios confirm the multipolarities of the low- 
energy transitions. ; 

We have normalized the photon data of Mann et al. 
to our electron data, utilizing the 1060-kev M1 transi- 


ras_e VI. Conversion electron data for decay 
of Ta'” (55 hr) to Hf” 
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Fic. 4. Levels in Hf 
Ta) was observed. This transition was also measured by 
Rock and is presumed to follow the 40-min electron- 
capture decay of W'”. The transition exhibits Ly 
(composite), Ly, Lin (very weak), and M lines. The 
multipolarity is probably dipole plus quadrupole, and 
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Fic. 5. Decay of Re’™® to W*”* to Ta'”. Our data confirms the 
energy measurements of Rock (reference 19) and clearly estab 
lishes the isotopic assignment 


See captions to Figs. 1 and 2 for meaning of notation 

the intensity is equal (within large experimental errors) 
to that of the 222-kev transition in W'”. Figure 5 
displays the decay chain which has also been suggested 
by Mottelson and Nilsson. 

Ta'™ probably is in the (7/2+[404]) state, and one 
‘should expect a low-lying (9/2--[.514 ]) orbital, accord- 
ing to Mottelson and Nilsson. This 30-kev level may be 
fed by an allowed, unhindered electron-capture decay 
of the ground state of W'” (7/2—[514]). Mottelson 
and Nilsson describe W'™™" as a (1/2—[510]) orbital. 
It is likely that a large amount of energy is available for 
the decay of Re'”, so that there must be a number of as 
yet unobserved transitions. 


E. Re'*'(20 hr)—W'* 


The preparation of 20-hr Re’ by the reaction 
W'"(p,2n) resulted in a source which was a mixture of 
Re'™ and Re'®™.'® Since beth activities have similar 
electron energies and half-lives, the spectrum of 13-hr 
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TaBLe VII. Intensity and multipolarity assigned to transitions depopulating levels show: 


Proposed 
excited states 


(,Kr) 


De-exciting 
transitions 
(kev) 


113.0 
137.0 
250.0 


321.4 208.4 
321.4 


508.9 395 
509 
96 
492 
605 


anes 


1060.1 


947.6 
1060.6 


* Multipolarities are assigned either from conversion electron data 
selection rules; latter assignments are in parentheses and are 
» Estimates of the pl nand K x-ray intensities 
¢ Photon data of Mann et al alized to the 1060-kev transition 


Deviation of ax fr that for pure £1 is interpreted as an indi 


* are nort 


Re'*™ had to be subtracted. In Table VIII are listed 75 
internally-converted transitions of energy up to 1.5 Mev 
following electron-capture decay of Re'*. A possible 
partial decay scheme for W'* which is most consistent 
with these experimental results is shown in Fig. 6. 

The 365-kev transition accounts for about one-half 
of the total intensity of the electron-capture decay. This 
intense gamma ray has been studied in a number of 
laboratories” and is interpreted as M2+(F1)? from 
half-life (4 and K-conversion coefficient 
(a,=0.30) Our L;/Lyy ratio is not 
incompatible with M2 multipole order. It has been 
suggested® that the 365-kev gamma-ray de-excites a 
(5/2—[(512]) state to ground (9/2+[624]). A 252-kev 
(#3) transition is Fig. 6 de-exciting the 
isomeric The 
assignment of £3 multipolarity for this radiation is 
based on experimental and theoretical K/L and L ratios. 
A comparison with the 229-kev £2 transition in W'® 
shows the relatively small AK and L; conversion coeffi- 
cients, which are characteristic of £3, for the 252-kev 
transition. With regard to the 19.7-kev transition which 
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state; the observed branching is 2%. 
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as a member of a rotational band 
shown unmixed, unless otherwise noted 
due to internal conversion) are based on electron data and the 


ation of M2 admixture 


proceeds to the 365-kev state, 
ment are consistent with the 


either £2 or £3 assign- 
observed L ratio. How- 
ever, the relative magnitudes of M-subshell lines (i.e. 
the absence of appreciable My) makes an £2 assign- 
ment preferable. 

For the levels postulated in W', nine intrinsic 
orbitals are indicated, four of which exhibit rotational 
excitation. A sequence of three levels may well be the 
expected low spin states: 385 kev (1/2—[510]), 560 
kev (3/2—[512]), and 746 kev (1/2—[521]). A con- 
siderable number of transitions proceed between these 
states, and the 385-kev level is depopulated by the 
19.7-kev E2 to the 365-kev (5/2—[512]) state. The 
mode of population of the 746-kev state is not apparent. 
Two anomalous (K=1/2) rotational bands are postu- 
lated for which the factors “a” and 3h*/9 are sum- 
marized in Table II. Two additional rotational exci- 
tations are indicated which are based on the 365-kev 


and ground states. One may conjecture that the transi- 
tion of 109.9 kev, rather than of 1 


the rotational excitation of the state 


ine one 3-kev, is 
365-kev 
A number of intrinsic states of high spin are 
in W!* at 1469 kev (9/2 , 953 kev (7/24 [633 }), 
807 kev (7/2—[ }), and 409 kev (7/2—[ 514 |). The 


experimental branching ratio of 0.36/1 for transitions 
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rasB_e VIII. Conversion electron data for decay of Re (20 hr) to W'™ 
rransition 
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883. 1° 0.44 w KLL Auger 
907.5* 0.24 
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ntensity data are normalized to 2750 units for the most prominent line 
» Multipole assignments are based on K/L and L ratios 
Film sensitivity and source effects are very uncertain at these low energies 
* Conversion line is a composite of two different lines 
* Not assigned in decay scheme 
‘ Conversion lines not completely resolved 
® See references 20 and 21 


de-exciting the 807-kev (K,;=7/2) level to the at least one other high-energy transition follows the 
5/2—[512]) rotational band is in rough agreement  lectron capture of Lu’. 
with some of the other cases shown in Table V. We have measured a number of conversion lines in a 


> ee source of Lu’ produced by irradiating enriched Yb'™ 
F. Radioactivities of Mass 174 i n¢ sah: B 
with protons. In addition to the previously reported 


The ele sennientin imines 174 i iow .- aan me ; “ye 

} rhe electron~ apture dec ay of Lu (165 days) tothe 765-key (£2) transition in ¥Y b'™*, three low-energy 

first excited (2+) state in Yb'™ has been known for 

some time.‘ Recent experiments™™ have shown that 
2R. G. Wilson and M. L. Pool, Phys. Rev. 117, 517 (1960 


*L. T. Dillman, R. W. Henry, N. B. Gove, and R. A. Becker, pri . : - a 
Phys. Rev. 113, 635 (1959) [he conversion data for the 59-kev transition are 


transitions for which the differences in energy of the L 
and M conversion lines are uniquely those of Lu are 
observed. Table [X displays this data 
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6. Partia) decay scheme of Re''. See captions to Figs. 1 and 


consistent with an M3 multipole order assignment. The — the theoretical value. However, the experimental L/M 
theoretical L-subshell ratio for M3 according to Rose'' ratio is larger than the theoretical ratio by a factor 
is Ly: Lig: Lizr= 740: 46: 1600, whereas the experimental of two. 

. ; > 7 ? Th . r + +; } | Af ises 
determination is 780: <180:1610. The experimental We have made a qualitative check on the half-lives 
Ly intensity is somewhat high because it is coincident of the three transitions in Lu. In a number of spectro- 
with a KL;M Auger electron line. The observed M- grams taken at various elapsed times, the ratio of the 
subshell ratio (M1: Mi1= 190: 480) is in agreement with intensity of these transitions in Lu compared to the 
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Transition 
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u'™™" (165 day) — Lu!’ — Yb" 
59.05(Lu) 
67.05(Lu) 
$4.65(Lu) 
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a ( 
vw’ indicates weak line 

» Multipole assignments are made on the basis of K/L and J 
¢ Estimates of transition intensity are obtained from 
! Electron line is a composite of two different lines 
«Ll: and Li lines are not completely resolved 


and M rat 


electron data and 


intensity of the 76.5-kev transition in Yb (following 
electron capture) is constant. One may say that the 
half-lives of the transitions in Lu are very similar, or 
identical to that of the electron-capture activity. 

One may propose the following decay scheme as 
in Fig. 7. The 59.1-kev transition may 
responsible for the 165-day half-life. In this case, the 
half-life of Lu'* would be relatively short (< few days). 
However, 165 days is roughly 10° times the single- 
particle estimate for the half-life of an M3 transition of 
59 kev. If one considers the sum and difference of 
probable spins of the two odd nucleons, one obtains the 
values of 6— and 1— for this “doublet.” A spin se- 
quence, as shown, of 6—, 3—, 2—, 1— is very reason- 
and consistent with estimates of transition 
intensity. The 44.6- and 67.1-kev transitions in cascade 
obey exactly the /(/+1) interval rule for spin sequence 
1, 2, 3. The ratio, however, may be coincidental. The 
111.7-kev (£2) crossover is not observed. 

The electron capture of Lu’? proceeds to levels of 
76.5 and 1320 kev in Yb'*. We have confirmed the 
existence of a 1245-kev transition™ which is in prompt 


shown be 
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Fic. 7. Electron-capture decay of Lu’ and Lu'” 


No evidence of 8 decay was observed 


* Mr. J. W. Bichard of Notre Dame contributed to this phase 
f the work. 


Li 


onversion intensity data are internally consistent for lines in the Lu 
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Rel 
transition 
intensity 


3480 
3050 
2270 
3350 


nade between data for Lu and Ta 


76.5-kev transition. The absence 
of any transition to the 0+ ground state or expected 
4+ level indicates that the spin of the level at 1320 
kev is probably 0. This is of course consistent with the 
conjectured spin of Lu’, 

No evidence of 8--decay of 


coincidence with the 


Lu'™ to the 90.9-kev 
(2+-) level in Hf'”* was observed. The electron-capture 
decay of Ta'™ (1.2 hr) to Hf' has been reported by 
Faler,* who observed transitions of 90, 160, and 205 
kev with a scintillation spectrometer. We have studied 
the internal conversion electron spectrum with a source 
of Ta'™, and for intensity reasons see only a 90.9-kev 
transition for which the L and M subshell ratios are 
those expected for an £2 transition. 

An illuminating presentation of the systematics of 
first excited (2+-) states in even-even nuclides is shown 
in Fig. 8 where the transition energies in kev are 
charted on a two dimensional display of proton number 
neutron number. The empirical evidence was 
by Coulomb excitation experiments by 
Chupp et al.,* and by internal conversion studies. 
Reference lines are drawn 66 protons and 104 
neutrons which are halfway between the closed shells. 
The lowest observed 2+ level (73 kev) occurs at 66 
protons, and for the two cases available, minima for a 
given proton number occur at 104 neutrons. One may 
that for Z=66, the energy the 
neutron number approaches 104, and that for neutron 


Vs 
obtained 


at 


note decreases as 


aumber of 104, the energy decreases as the proton 
number approaches 66 


G. Ta'’*(8 hr)—Hf'”' 


Early experiments’ with the Ta'’® activity indicated 
two £2 transitions in Hf'’* of 88 and 202 kev. These 
transitions have also been studied with the #--decay 
activity of Lu'’*** and by Coulomb excitation.** We 
observe an E2 transition of 88-kev energy for the 
3.7-hr Lu! activity which was produced by the 
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nversion electron data for decay 
of Ta 8 hr) to Hf'”* 


Transition 
energy 
(kev) Remarks*:' 

RR.45 F2(2+-+0+) 
91.3 > 5 r 2+ (M1)? 

201 7 F244 


energy Energ 
kev) kev) 


99.6 1359 
103.4 2 5 5 1489.5 
125.6 1 1504.3 
131.1 1556.9 
146.7 ; 1 77 5 1586.4 
156.8 1618.2 
158.2 ‘ 1632.6 
175.6 d 1 1672.3 
190.4 . 1681.0 
240.0 5 ? 1698.9 
366.5 7 , 1707.2 
414.8 4 1723.5 
466.5 j 1778.2 
473.6 2 1825.4 
508.4 1863.7 
513.1 1907.7 
$22.0 2 5 »§ 1958.1 
533.1 ! 4 2045.1 
546.9 1 2081.0 
$71.1 Auger (KLL) 
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ure based on K/L and L ratios 
pletely resolved 


a two different line 


* Intensity data are r 
line w'’ indicates 
>» Multipole assignme 
Liand Lu 


lines not « 
Conversion line is a composite 


Yb'"*(p,n)Lu'*® reaction. Our investigation of the 
decay of Ta'”* to Hf'”* with internal conversion spectro- 
graphs has revealed more than 60 transitions of energy 
up to 2 Mev, as shown in Table X. Gamma-ray studies 
of Rasmussen and Shirley®” show a number of broad 
peaks up to 3-Mev energy. The predicted energy 
available for decay of Ta!” is 3.45 Mev.” 

It is likely that the two £2 transitions of 88- and 
202-kev energy are in cascade based on the ground 
state. For this rotational sequence, one obtains values 
of 88.9 and —0.015 for 3#?/9 and “B”’ 
The predicted energy for the 6+— 4+ transition is 
303.5 kev, but transition is not 
Transition intensities for the 88- and 202-kev radiations 
are 3700 and 470, respectively, based on conversion- 
electron data and 


respec tively. 


such a observed. 


theoretical conversion coefficients. 
The intensity of the Auger electron spectrum does not 


rasLe XI. Conversion electron and photon for decay of Ta’ 
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Partially resolved from a neighboring line 
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Fic. 8. First excited states in ever n nuclei are charted 
as a function of proton and neutron numb with reference to 
Z=66 and N = 104, the halfway marks closed shells 
allow any appreciable electron-capture branch directly 
to the ground state. The above observations agree with 
those of Felber.* 

Not much may be said about higher ene rgy states 
of Hf'’* on the basis of the internal conversion study. 
Energy sums of transition dat: very tentative 
levels at 611.2, 704.6, 799.3, 1343.5, 1675.5, and 1795.2 
kev. These possible excited states are indicated solely 
as a guide for future experiments 

H. Ta 


2.1 hr) Hf 


2.1-hr activity in Ta'’* has been 


The decay of the 
reported by Felber.2 Our more complete conversion 
electron data, as compiled in Table XI, shows good 
agreement with his results except for the multipolarity 
of the 331.7-kev tran he designated as £2. 
The conversion lines transition, also 
standard for E2 
ubshell structure 
kev are very different 
onversion coefficients 
for pure £2 and M1, respectively. The 
L-subshell ratio 
transition of £1 multipole ler is 
1:0.32:0.42. The 
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89-kev E1 is Ly: Ly: Lig =1:0.33:0.39. Our additional 
evidence supports the decay scheme proposed by 
Felber. 

No data was obtained on the decay of the presumably 
low spin Ta!’* (9.5 min).?:* 


I. Lu'"°(1.9 day) —Yb'”” 


The electron-capture decay of Lu'” has been studied 
with intense sources in the electron spectrographs. The 
Lu activity was produced by the (p,2m) reaction on 
enriched Yb'” targets. Our previous data‘ consisted of 
two £2 transitions of 84.2 and 193.5 kev. The tabulation 
of the ninety internally converted transitions which 
have been observed in the Lu'” spectrum is presented 
in Table XII. Transitions of energy up to 3 Mev were 
recorded, this energy being the limiting range of the 
spectrographs. Cameron’s mass tables” indicate 3.5- 
Mev energy for this decay. 

Only a tentative and fragmentary level scheme for 
Yb!” is feasible at this stage. However, it is likely that 
the 2+ and 4+ levels of the ground-state rotational 
band are at 84.2 and 277.7 kev, with no evidence for 
the possible 6+ level. The energy constants 3h’/9 and 
“B” are 84.7 and —0.0114 kev, respectively. 

There is some evidence of weakly populated levels 
at 1231.6 and 1308.6 kev on the basis of energy sums. 


XII. Conversion electron data for decay 
of Lu'” (1.9 day) to Yb'” 


PABLI 


Transition 

energy 
kev) 
84.3 1000¢ 
ix 


nergy 
kev) 


689.1 

840.9 

856.8 

940.2 

955.2 

986.8 

988.9 

1001.5 

1005.0 

1030.2 

1056.3 

1063.0 

1103.0 
2039.0 
2123.6 
2359.1 
2488.2 
2512.1 
2655.3 
: p 2684.5 
419 , 2700.0 
443 2740.4 
455 2775.2 
479.0 2836.1 
492 y 2872.3 
497.1 2930.4 
$40.4 2955.2 
544.6 3022.8 
§72.2 
579.6 


0.17 


0.15 0.25 


* Intensity data are normalized to 1000 units for the most prominent 
line; “‘w"’ indicates weak line. 

>» Multipole assignments are based on K/L and L ratios 

¢ 1: and Lr lines not completely resolved. 

4 Conversion line is a composite of two different lines 


=) H. Carver and W. Turchinetz, Proc. Phys. Soc. (London 
71, 618 (1958) 
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laste XIII. Conversion electron transitions which appear 
in decay scheme of Yb'® (Fig. 9). 


Remarks®.° 
>630 > > =. 

510 7 M1/E2 2 
210 : Mi/Blet4 
~ 3204 F2 

90 M1/E2 #15 
Mi ‘E217 


165.2 
191 
198 


Energy 
(kev) 


Energy 

kev) kev) K 
158.7 489.7 
291.6 549.1 
369.6 $77.1 
379.2 s 647.5 
404.6 881.1 
456.8 891.2 
470.8 962.4 
444.0 1062.5 


~ 1075.9 
1173.5 
1186.6 
~ 1207.4 
1272.8 
1380.2 
1394.1 


KLL Auger <1400t 


* Conversion data for this nucleus not appearing in the decay scheme are 
reported in reference 6 

» Multipole assignments are made on the basis of K/L or L ratios 
Population of M subshells for low-energy radiation is observed in experi- 
ment and is of use in multipole classification 

© Intensity data are internally consistent. ‘‘w"’ indicates a weak line. 

4 Conversion line is a composite of two different lines 

* Conversion line is partially resolved 

‘A portion of the Auger intensity is attributed to the presence of Lu'” 
n the source. 


There is also a possibility these states form a vibra- 
tional band of spins 2 and 3 (K=2). This could corre- 
spond to a y-vibrational band as observed in Er'®,’ 
based at 822 kev. It might be expected from systematics 
that the y-vibrational level in Yb'” would be at some- 
what higher energies. The inertial parameter for the 
postulated band in Yb'” is 77 kev which corresponds 
well with 75 kev for the isotone, Er'®*. Other evidence 
for a quadrupole vibrational assignment are the ratios 
of reduced transition probabilities for depopulation of 
the 1231- and 1308-kev levels to the ground-state band. 
The experimental ratios, assuming pure quadrupole 
radiation, are: 


(2,2 — 0,0)/(2,2 — 2,0) =0.49 
and 
(3,2 — 2,0)/(3,2 


> 4.0) = 1.26. 


In this connection, one may note the observed ratios 
for similar transitions in Er'® are 0.55 and 1.25. The 
theoretical branching ratios are somewhat higher, 0.7 
and 2.5, respectively. 

A number of other levels may be designated solely 
on the basis of energy fits at 1537.4, 1515.1, 1482.4, 
1381.4, 1141.0, and 940.7 kev. 


J. Lu'(1.5 day)—-Yb'” 


We have presented the extensive conversion electron 
data for this activity previously* and have remarked 
on the existence of an anomalous rotational band 
(K = 1/2) based on a postulated isomeric state (J = 1/2) 
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bic 


24.3 kev 
similar 


above the 


ground state (7/2+([633]). A 
nuclear 


structure was also observed in the 
isotone, Er'®’. A more elaborate decay scheme for Yb'™ 
is now suggested in Fig. 9. For the sake of completeness, 
we list in Table XIII the transition data relevant to 
the decay scheme. A detailed analysis of the data is 
presented in Table XIV where the transitions are 
grouped according to the postulated initial level. The 


level scheme is consistent with the premise of seven 


9. Levels in Yb'™ populated by electron-capture decay of Lu'®. The K =} rotational bar 
was previously proposed in reference 6. See captions to Figs. 1 


kev isomeric state 


expected orbitals, four of which exhibit rotational 
excitation. As before, the criteria employed in the 
construction of the scheme w 
multipolarities ; 


r 
ere 


transition-energy fits; 
intensities (measured or deduced); 
internal consistency of rotational parameters ; interband 
branching ratios; and log 


Of interest are 


estimate 


the anomalous K=1/2 band based 
at 24.3 kev, a well-developed band based on a (5/2 


—[512] state at 191.4 kev, and an intrinsic state 





NUCLE 


(5/2—[523]) at 570 kev with a 7/2— rotational 
excitation at 648 kev. The values of the rotational 
parameter, 3h?/9, for these bands are 70, 75, and 67 
kev, respectively. Using the rotational 
values listed in Table IT, one obtains a predic ted value 
of 265.4 kev for the proposed 9/2(1/2—[521 }) ® state 
at 264.5 kev and a predicted value of 523.1 kev for the 
11/2(5/2—[512]) state at 523.2 kev. The intrinsic 
structure implied above appears to be well founded as 
the “cross-feeding’’ between bands is extensive. It is, 
however, noteworthy that there is no feeding from the 
(5/2—[512]) band to the (7/2+[633]) ground state, 
except for the 191.4-kev (£1) transition to the ground 
state. This may be due to violation of the asymptotic 
selection rule (An,=0) for £1 transitions where AK = 1 
is involved. The transition probabilities of gamma-rays 
(assuming pure M1) which originate from the 648- and 
570-kev levels of the (5/2—[523]) band and terminat 
at the several states of the (5/2—[512]) band show 
little variation from theoretical calculations. Quanti- 


parameter 


PaBLe XIV. Intensity and multipolarity assigned to transitions 
depopulating levels shown in decay scheme of Yb'® (Fig. 9 


Deduced relative 
Multipole* intensities 
assignment N,+ N, 


Proposed De-exciting 
ed states transitions 
Kr 


excit 


Mi+2 64280 680 
E3 > 1700 0 
Mi1+F2 3630 240 
1080 110 


£2 
Mi+2 310 140 
22 610 300 
800 420 


510 90 
470 112 
5820 5470 
5200" 850 
2060" 600 
230 182 
155 62 


195 165 
R35 770) 
205 195 
105 
165 
350 
70 
265 
130 
1745 
435 


1743 
7010 


48 45 
241 40 
530 §27 
293 292 
132 132 
1250 1249 


$7 255 
1186.6 { 759 750 
1272.8 180 179 
1394.1 1270 1269 

<36 500s 


ltipolarities are assigned either from conversion electron data, as a 

of a rotational bar from consistency with angular m entur 

1 rules ments are in parentheses and are shown un 

Wf estimating mixing ratios 

K x-ray intensity are based on electron data 
t 


latter assi 
» we have no v 

s of photon 
retical conversio efficients 
m and K-electror tensities are deduced from L-electron data 
ipper limit only is available due to isotopic impurity 


* The symbolism used here is / (Kx Nn, )) 
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XV. Log(/t) estimates and asymptotic classifications for 


electron capture to levels in Yb'™ (Fig. 9). 


Rel 

n Yb branch 

ke ing Classification 
ist forb.-unhindered* 
allowed- hindered» 
ist forb.-unhindered* 
allowed-hindered® 
ist forb.-unhindered* 
allowed-unhindered® 
ist forb.-hindered-K forb.* 
allowed-hindered-K forb.' 
ist forb.-hindered* 
2nd forb.-hindered» 
lst forb.-hindered* 
allowed-hindered-K forb.' 
ist forb.-hindered-AK forb.* 
allowed-hindered-K forb 
allowed-hindered* 
ist forb.-hindered-K forb." 


1465.0 


1452.0 


Associated with the yuund state in Lu'®; Ogc = 1970 kev 
Associated with the (9/2 —[5 ground state in Lu'® 


tively, the comparison is: experimental 2.1/1; theo- 
retical 2.5/1 for the 570-kev state; and experimental 
0.35/0.8/1; theoretical 0.5/1.0/1 for the 648-kev state. 

The postulation of a 70.8-kev rotational state 
(1=9/2) is consistent with the high moment of inertia 
expected for the ground-state orbital (7 2+-[ 633 }). 
Experimental branching ratios de-exciting the 648- and 
962-kev states to the ground-state band also imply 
rotational character for the 70.8-kev state. This 
evidence is listed in Table V. From the experimental 
L ratio for the 70.8-kev (Li/Liu/ Lin 

~ 640 250/210), the multipole character cannot 
be determined since Ly is a composite line. If one 
assumes M1+ 2 multipolarity, then the ratio M1/F2 

14, derived from the 1;/Ly1 ratio, is consistent with 
the rotational interpretation. There is the less likely 
possibility that the 70.8-kev state is associated with the 
(11/2—[505] 
is M2. 

Two close-lying levels are tentatively placed at 1465 
kev (7 2—[ 503 }) and at 1452 kev (9 2—[505}), both 
intrinsic states being expected. The choice for the 
K=7/2 assignment is based on a determination of 
transition probabilities de-exciting to various levels of 
the intrinsic band (5/2—(512]}). For the 1465-kev 
state, the branching-ratio is comparable to similar 
determinations (see Table V), all of which show large 
deviation from theoretical expectations. 

A very intense transition of 962.4-kev energy may 
de-excite a proposed 962-kev (7/2—[514]) state to 
ground. This radiation is interpreted as of £1 character 
based on a comparison of photon and conversion- 
electron The ratio of y-ray transitions 
proceeding to the (7/2+-[633]) band (see Table V) 


radiation 


orbital and that the de-exciting radiation 


intensities. 


supports the orbital assignment. 

On Fig. 9 we have indicated relative percentages of 
electron-capture decay from Lu'® to the various levels 
in Yb'®. These are of value in helping to classify the 
ground state of Lu'® which would be expected to be 
either the (7/24+-[404]) or the (9/2—[514]) orbital. 
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lransition* 
energy (kev 
19.3 
27.0 
46.45 
55.65 
66.67 
72.3 
75.9 
85.5 


91.3 


627.4 
668.2 


690.0 


t appearing in the decay « 
i the ba a K/L or L rat 
ndicates a weak line 
two different lines 


tent 
f r 


The 


remote 


ol 
pins 


possibility (402 ]) seems somewhat 
the of the upper of Yb'® 
appear to be relatively high. Relying on a disintegration 


sINCe States 


energy of 2 Mev, as calculated from a semiempirical 
log(/t) values from the 


one may deduce 
ble X\ 


last column lists the classification 


mass formula, 
various branche la 
The 
capture 
Alaga 
Lu'®. This suggests that 
(7/2+-[ 404 
to the ground state which should proceed as an allowed- 
hindered The effect 


increase partial half-lives 
} 


pre ents this analysis. 
of the electron- 
transition 


according to the interpretation of 


for these two choices of spin and parity for 
the more likely assignment is 
We have neglected any electron capture 
of this neglect is to 
and log(ft)’s of the 
branches to the upper state This make the 
of (7/24 404 ” even more pre ferable. 
The intensity of the AL] Auge r lines is not suffi iently 


transition 
the 
would 
choice for Lu 
large to indicate an intense electron-capture branch to 
Hence . 


are apparently greatly impeding the expected allowed 


the ground state the asymptotic selection rules 


ground-state transition. 


K. Lu'’'(8.1 day)—-Yb'! 


The Yb 


see 


de-excitation spectrum has been analyzed 
to the pre- 
rotational band 


are proposing a possible 


to level in addition 
viousl} ground-state 
(K=1/2 We 
dex ay s« heme on the basis of the preceeding information 
and a of weak 


Table some scintillation-counter measure- 


any tructure 
reported' 
was apparent 
transitions 


number additional] 


XVI) 


(see 


and 


HANDLEY, 


AND MIHELICH 


of Yb! 


Lin 


> 200 


eported in reference 


subsh 


ell ratios are obser 


ments.” Table XVII present 
of these data in connectior 
number of Mottelson-Nils 
nucleus may be incorporate 
in Fig. 10 

A well-developed anon 
the ground state (1/2 
highest level at 246.5 kev 
is 246.8 kev, as calculated 
formula. The par I 
the isotone, the | Lope y 
Table II. 

Another rotational band 
(5/2 [512] level at 122 Wl 
of 85.5 and 109.2 kev in cascad 
of 195 kev 
transitions 
order which proceed to the 5/2 


ot 

Tl 
from the 
rotational 


Hf 


imeter 


| 
and 


and 
This band i depopulat 


(46.5 and 55.7 kev) of 


ground-state band. The rotatior 

122 kev may be fed by transit 
state at 836 kev (7/2 514 The re 
ratio is given in Table V. These trar 
M1 


the intensity balance. One might 


preted as being predominantly 


ool 


iY 1s 


orbital (7/2—[.514]) since anal 


at 962 and 637 kev in Yb'™ 


possible rotational excitation of the 8 


ind 


*A_ I. Lebedev, 
Akad. Nauk S.S. S. R. Ser 
No. 19561« 


A. N. Silant’ev 


Fiz. 22 


nterpretation 
y St he me. A 
r xpected for this 


as shown 


yn band based on 
served, with its 
e predicted value 
rotational energy 


igree well with 


b'® as shown in 


2 crossover 
low ene rey 
> m iltipole 
of the 

at 

1 intrinsic 
sulting branching 
inter- 


tions 


are 
order to preserve 


expect to populate the 


states may occur 


Yb!%. respective y \ 


36-kev state 
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TABLE XVII. Intensity and multipolarity assigned to transitions depopulating 


levels shown in decay scheme of Yb" 


Proposed 
excited states 


(1,Kqr) 


De-exciting 
transitions 


(kev) 


66.7 
75.9 
154.6 
163.8 
170.6 


NNN hy 


Nm 
S&S 
san 


_ 
worm Ue ht 


—nNmuUnNmuUa~ 
NmwnNuits 


— 
od 
~ 


518.2 
627.4 
713.6 
668.2 
740.9 


949.6 740.9 


782.0 
827.3 
854.4 
841.6 
768.5 
690.0 


* Multipolarities are assigned either from conversion electron data, as 


¢ Photon data of Lebedev et al 
M2 admixture to the El 

1 Photon and K-electron intensities are deduced from L-electron data 

* Recurring transition energy is previously listed 


950 kev. The value of 3h?/9 would be 76.0 kev, which 
is comparable with the observed values of 72.4 and 
73.5 kev for the low-lying K=1/2 and K=5/2 bands, 
respec tively. 

A pair of interesting levels are postulated at 95.2 and 
167.5 kev. These levels are rather firmly placed with 
eight transitions proceeding to and from them. A 
very intense transition is the one of 19.3 kev proceeding 
to the 75.9 kev (5/2—) level of the ground-state band. 
The ZL conversion line spectrum is attenuated by the 
sharp cutoff in film sensitivity at ~10 kev. The M- 
subshell ratio is more reliable, and it resembles those for 
well-known F1 transitions of comparable energy in 
other rare earths nuclei. Additional evidence for the £1 
assignment is the strong photon peak at 20 kev reported 
by Lebedev et al.” Photon data for four transitions 
attributed to mass 171 are included in Table X, 
normalized to the 740-kev radiation. The relatively 
intense photon peak for the 740-kev transition indicates 


it is of F1+(M2)? multipolarity. Hence, it is probable 


Multipole ° 
assignment 


F1i+M2 


/ 


M1) 
M1 


I 


a member of a rotational band o 
selection rules; latter assignments are in parentheses and are shown unmixed since we have no way of est 

» Estimates of photon intensity are based on electron data and theoretical conversion coefficients 
(reference 30) are normalized to the 740-kev transition, assuming pure £1 mi 


(Fig. 10) 


Photon data 
of Lebedev 
et al. 
N,* 


Deduced relative 
intensities 


6220 


24 


l 294 


350 
76 


1 271 


347 
75 


270 


msistency 


ng ratios 


with angular momentum 


There probably is a considerable 


that the transition of 19 kev de-excites the expected 
(7/24-[633]) state. The rotational interpretation of the 
level at 167.5 kev appears less firm. The multipole-order 
data on the low-energy transition of 72.3 kev de- 
exciting this state are not conclusive, although the 
assignment as M1+ £2 is preferable. Similar rotational 
energies are observed for the (7/24-[633]) orbital in 
Er'® and Yb'®. A number of F1 transitions proceeding 
to the 167-kev state are expected to have considerable 
M2 admixture in order to preserve an intensity balance. 

In conjunction with the predictions of intrinsic level 
ordering, we provisionally associate the 936-kev state 
with the configuration (9/2+-[624]). This level is not 
included in Fig. 10. Branching from the 936-kev 
(K,=9/2) state to the (7/24+[633]) band is experi- 
mentally 3.5/1 as compared to the theoretical ratio 
4.4/1. The relevant interband transitions of 841.6 and 
768.5 kev are presumed to be M1. 

The complex low-energy excitation of this nucleus 
make photon-photon coincidence measurements im- 
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hu 10. Leve n Yb pulated by 
sequence to / =9/2 was indicated. A ver 
to Figs. 1 and 2 


electron-capture decay 
tentative level at 936 kev 


practical We have established that the transitions of 
668 and 740 kev do not coincide to any appre iable 
extent with any photon of more than 100-kev energy. 
Cameron’s mass tables'® predict an available energy 
of 884 kev for Lu The actual 


higher. Lu!’ 


value is somewhat 
would — be 


(7/24+[404]) or (9/2—[514 


expected to be in the 


State 


III. DISCUSSION 


In this investigation of « el In a region 

hould like 
First, one should 
like to learn something about the position and properties 


of high nuclear eccentri 
to obtain data of two g 


of intrinsic levels and 


ing about the 


transl- 
tion* probabilities, both beta and electron 


ignetic, be- 
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Fic. 11. Energies of postulated intrinsic states of odd-neutron nuclei 
left are shown the approximate positions of the Mottelson-Nilsson 


reliability of the level assignments by the letters A, B, or ¢ 


Second, the nature of the collective 
excitation which gives rise to the rotational bands is of 


tween such levels. 


interest. Relevant data are the moments of inertia, any 
deviation from the /(7+1) energy ratio which may 
indicate a “rotation-vibration” type of interaction or 
centrifugal force effects, 


as well as the value of “a’’ 
the decoupling parameter appropriate for K=1/2 
bands. The behavior of “‘a” for various nuclei is quite 
interesting because this parameter does depend on the 
function of the intrinsic motion. In addition to 
energy data are needed on the 
electromagnetic parameters. Such data are those on the 
relative gamma-ray transition probabilities within a 
rotational band. These data may lead to estimates of 


wave 


these parameters, 


the relative, or perhaps absolute, values of the intrinsic 
quadrupole moment Qo, the gyromagnetic ratios gx and 
gr, and the parameter 5, which influences the magnetic 
moment and hence the M1 transition probability in 
K=1/2 bands. 


Figure 11 is a plot of possible intrinsic levels for odd 
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new ’ 


as a function ol neutron 
reference 5 


number (95 to 107, inclusive). To the 


orbitals for 0.2<4<0.29. We have designated the 


in order of decreasing certainty 


A-odd N nuclei with neutron numbers of 95 to 107 
(isotones are grouped together). An energy scale is 
preserved in the vertical direction, although the energy 
differences between different groups of isotones is 
unknown. At the far left are shown the approximate 
ordering of the Nilsson orbitals for nuclear eccentricities 
of 0.29 and 0.2. We follow the approach of Mottelson 
and Nilsson as to the characterization of the reliability 
of the level designation; e.g., A for the most certain, 
and B and C for those of decreasing reliability. 

It must be kept in mind that the actual level desig- 
nation is not yet certain; at best, the firm data consists 
of spins and parities. As to the validity of the asymptotic 
quantum number designations, more sensitive experi- 
ments must be performed. Such experiments are in- 
vestigations of Coulomb excitation, dipole-quadrupole 
mixtures of transitions between intrinsic levels, reduced 
transition probabilities of intraband transitions, and 
logft values for electron capture or beta decay. One 
may remark that we have tacitly ignored the possibility 
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of vibrational excitation of the ground or higher lying 
intrinsic states. For example, for 8 vibrations, there 
should be a rotational band with K=Ko and for y 
vibrations a pair of bands with K (Ko t 2) where Ko 
is the K number for the ground state. 

in order for some of the levels not 


data on the levels 


\ few remarks are 
The in Dy’ popu- 
lated by electron capture de ay have been discussed 
of the N=97 


lying intrinsic state, possibly (5/2+- [642 | 


disc uss¢ d above 


previously.®:® In the case isotones, a low- 
is suggested. 
Che data on these nuclei have been re ported in an earlier 
publication ® The level assignme nt is proposed on the 

El 29.7 and 47.1 kev 
Er’ respectively, proceeding to the 
ground state. The £1 assignments were 
basis of the L ratios. For the 


29.7-kev transition, the experimental ZL ratio is 0.85 


basis of transitions of 


in Yb - 


[52 


intense 


and 
2 


(5/2 
made on the observed 
0.76/1 which is to be compared with the theoretical 
value of 0.77/0.6/1; for the 47.1-kev transition, 
the exp rimental ratio is 1.5 1/1 compared to the 
theoretical ratio of 1.6/0.7/1. (The 47.1— Ly, conversion 
line is coincident with the AL,;L; Auger electron line.) 
The 243-kev transition in Er'® is of M1-+£2(<10%) 
character and possibly depopulates a (3/2—[521 }) level 
to ground. The transition of 239 kev in Yb! may occur 
between similar levels. 

With regard to the three isotones of \V 
discussed the of Yb'® 
postulated an intrinsic level (5/2 


while 


99, we have 
We have 
-(512]}) in Er'® at 
532 kev. The experimental A-conversion coefficient for 
this transition® is compatible with an £1+ M2 assign- 
ment. The 532-kev transition does not populate the 
0/94 


level scheme above. 


level of the ground-state rotational band. If this 
transition proceeded to the level at 208 kev (1/2—) or 
265 kev (3/2—), another transition, different in energy 
by 57 kev, should have been seen. Such a transition has 
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ranching ratio 


Transition 
energy 


kev) 


32:0.95:1 
0.27:0.19 


0.18 
0.18 


0.25 


0.28 


sarhart 

0.18:0.16 
0.15:0.11 
0.18:0.11 
0.19:0.10 


ORS 
4$7:1:0.96 
55:1:0.95 
36:0.87:1 
33:1:0.95 


()_ 8S 


not been observed Therefore, the most reasonable 


interpretation is the one indicated 


The levels of nucl 
105 are discussed in the text of thi 
the isotones of A 107, Hf'” has 
Mottelson and Nilsson,® and W!* i 

In Table II are shown 
values of B, the correct 
energy relationship, and 3% 


i of neutron number 101, 103, and 
f paper. Regarding 
been dis¢ ussed by 
reviewed above. 

tne empirical data on the 


. , 
10n term tor the 


imple rotational 
§ the inertial parameter, 
as well as “a’’, the decoupling parameter. One may 
note that the B is quite small, and that for 
the odd-neutron nuclei (Z=70 and 72) the 
B is somewhat ler (1/2 or 1/3) than for the case 
of the odd-proton Tb (Z and Tm (Z=69) 
topes.° Experimental decoupling parameters for orbital 
(1/2—[521 }) exhibit a 
of mass number, indicating a max 
mass of 171. 
In order 
nucleon to the moment 
values of 3#?/9 for the 
able), and in the last columns 
mental and calculated values of AJ/Grigia (in percent). 
This follows the symbolism of Prior, where Ag repre- 
sents the increase in 9 for the 


value of 
value of 
smal 
65 


1S80- 


smoot! as a function 


variation 
mum of +0.85 for a 
of 
have 


to estimate the contribution the odd 


of inertia, tabulated 


even-even nuclei (where avail 


are listed the experi- 


odd nucleon case over the 
value for the even-even nucleus with one less neutron, 
and (9)-igia is the 
rigid rotation about an axis normal to 


associated with 

the symmetry 
axis. There is a good correlation between experimental 
results and the predictions of Prior for the related 
orbitals. 

The M1/E2 mixing ratios 
are listed in Table XVIII 
transitions listed for Dy 
ratio. The remainder of the 


moment of inertia 


for rotational transitions 
One may observe that both 
very low M1/E2 
odd neutron (K#1/2 


& 


ive a 
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Prior 
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transitions have M1/E2 ratios of ~20. The K=1/2 
transitions have low ratios (~1 or 2) except for the case 
of Er'®’, This may be due to the effect of the magnetic 
decoupling parameter 69 which is in a multiplicative 
factor to the M1 transition probability. This factor is 
[1+ (—1)/*"*boP, where J is the spin of the initial 
(upper) state. It is perhaps too early to conjecture on 
the magnitude of 6o since little is known of the quad- 
rupole moments or gyromagnetic ratios. 

The last column in Table XVIII displays, for a 
number of K=5/2 rotationai bands, the experimental 
ratio of the B(E2) for the cascade transition to the 
B(E2) for the crossover transition. Satisfactory agree- 
ment is obtained with the theoretical value of 3.0. 
No conversion data are available on 5/2 — 3/2 branch- 
ing in K=1/2 bands. This is attributed to the low 
energy of the transition (~ 12 kev) and to the predicted 
low intensity relative to the 5/2 — 1/2 branch. 

In Table V was shown a number of branching ratios 
for reduced transition probabilities for transitions 
between a given intrinsic state and members of a lower 
rotational band. In all cases, no information is available 
as to the possible admixture of quadrupole radiation 
to the dipole radiation; we have assumed pure dipole 
radiation. The spins and parities of the levels under 
fairly established ; 
intrinsic level assignment is only a postulate. The first 
group, K=7/2 


discussion are well again, the 


all involving initial states and 
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(5/2—[512]}) rotational levels as final states, show a 
rough agreement among themselves, but a striking 
disagreement with the theoretical ratio. Most of the 
other tabulated ratios are in fair to good agreement 
with the predicted ratios, with the possible exception 
of the transitions in Hf'”®. 

It is gratifying that there is some systematic behavior 
of the very complex low-energy excitation spectra of 
the odd-A rare earths. Although very few of the level 
schemes presented have been studied rigorously, we 
feel that the direction for future experiments has been 
indicated. We have indicated in the tables of data the 
multipolarities assigned from internal 
conversion data (L or K/L ratios, or internal conversion 
coefficients) 


which are 


; some of the other multipolarities (hence 
the photon intensities as obtained from the postulated 
internal conversion coefficients) are deduced. 
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Interaction of High-Energy Protons and Alpha Particles with Iodine-127* 
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Iodine was bombarded with protons ranging in energy from 0.25 to 6.2 Bev ar 


0.72-Bev alpha particles. Reactions of the type 
to produce iodine, tellurium, antimony, 


p,pxn), (p,2pxn), (p,px 


and cesium isotopes were invesligated 


) bie 


0.01 to 0.1 mb were found for cross sections of reactions to produce Sb’ and Cs” 


in the range of 1 to 2 mb were found. This and other studies of reactions in which the 


mass number as that of the target are discussed in terms of the initial interactior 


studied, the cross section for the formation of I via the (p,pn) or (a,an) reas 
than that of the other (p,pxn) or (a,axn) reactions, with the possible exception of 


probably the 


Is Significant 


r4n). The (f 


(aan) reactions appear to be due primarily to knock-on collisions with surfa 


excitation functions for the production of iodine isotopes by proton bombardment 


and 0.72 Bev but remain relatively constant for higher energies. The (p,2 


eflect 


but with the excitation functions becoming constant at about 2 Bev 


)bxn 


These r 


Monte Carlo calculations of the proton-initiated nucleon cascade and of the su 


light part le 


HE interaction of high-energy particles with nuclei 

is only poorly understood, despite a large amount 

of work.' The study of the reactions that least damage 
the target nucleus affords a hopeful means for progress 
towards a better understanding of this problem. We 
report here an investigation of this type on iodine under 
proton and alpha-particle bombardment. Iodine was 
chosen because of the favorable decay characteristics of 
the products from a variety of relatively simple reac- 
tions, e.g., (pnw), (pn), (p,prt), and (p,p2x*) which 
(p,pxn), 
and (p,2pxn), which result in a small change in mass 
number, and similar reactions with alpha particles. The 
comparison of the cro 


result in no change in mass number, (p,xn), 


sections of proton- and alpha- 
induced reactions at the same incident energy is ex- 
pected to provide further clues as to the mechanism of 
these reactions. 

The energy of the incident protons was in the range 
of 0.25 to 6.2 Bev from the 184-inch cyclotron and the 
Bevatron. The energies of the alpha particles were 0.25-, 
0,50-, and 0.72-Bev (184-inch cyclotron). A lack of time 
prevented the investigation of the (p,xn) reac tions and 
the (a,pxn) reactions to produce xenon nuclides. 

The results of this work are first discussed in terms 
of the initial interaction. The subsequent processes that 
cause the escape of a few more particles are then con- 
sidered. Some proton-induced reactions with indium are 
analyzed in the following paper.’ 


EXPERIMENTAL PROCEDURES’ 


The targets were prepared from sheets of cellulose 
acetate containing known amounts of iodine in the form 


* This investigation was supported by the U. S. Atomic Energy 
Commission, The Fund for Peaceful Atomic Development, and 
the Fulbright Commissior 

+t Present address: Yale University, New Haven, Connecticut 

1 J. M. Miller and J. Hudis, Anmmual Review of Nuclear Science 

Annual Reviews, Inc., Palo Alto, California, 1959), Vol. 9, Pp 159 

*D. R. Nethaway and L. Winsberg, following paper [Phys 
Rev. 119, 1375 (1960 

‘See I. M. Lader Radiation 


bauer, University of California 


of iodoform. These sheets wert pre pared by dissolving 
solvent and 
Duco cement The 


was poured on a glass disk, wl 


the iodoform in a small amount of organi 
mixing this solution with mixture 
ich had been lubricated 
with a small amount of sill 
to the desired thickness with a 
disk by its own weight. This film material, after being 
dried at room temperature, was ré 
and thi 


were used a , was roughly 


one grease, and was pressed 


econd lubricated glass 

atively homogeneous 
both as to iodine content Che iodine con- 
tent of the films, whic! 


‘ 


stack of foi 


one-third by weight (15 to 35 mg 
’ 


: . 
ota in the following 


The target consiste« 


order: 1-mil aluminum, the iodine 1-mil 


containing film, 
aluminum, 3-mil aluminum monitor of known weight, 
The am passed through the foils 


stack 


eived the same 


and 1-mil aluminum 
in this sequence. The le: nf dge of the 
machined down to insure that all foils re 
beam exposure. For the cy 
stack was tightly covered with an 


Was 


otron bombardments, the 
additional 1-mil 
aluminum sheet in order to prevent loss of iodoform by 
heating of the target. 

After the bombardment, the target was cut 
target holder. The 3-mil alur eparated and 
mounted for counting Na™ monit the The 


we igt d and care- 


from the 


beam 
cellulose-acetate iodoform fi N 
fully dissolved in a few ml of fuming nitric acid. Approx- 
imately 20 mg of telluriu 


20 mg of antimony carrier 


irrier (as tellurate ion 

ls), and traceramounts 
of Cs'*? were added. Stan 
were performed to obta 
isotopes in pure form sui ( 


iochemical separations 
element and its radio- 
The 


made by 


ounting.? 


cross-section determination was 


" 


separating any Te'’ that had grown into 
antimony fraction after 


the purified 
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An end-window gas-flow proportional counter was 
used to count electrons and positrons. A sodium-iodide 
(thallium-activated) crystal, 1.5 in. in diam by 1in. high, 
connected to a multichannel differential pulse-height 
analyzer was used for gamma-ray counting. The number 
of a given type of particle emitted per disintegration 
shown in Table J was calculated from the decay scheme 
if known.’ The value of this number listed for 6.2-hr Cs!’ 
is for the proportional counter and was determined by 
bombarding barium iodide with ~40-Mev alpha par- 
ticles and counting the purified cesium fraction on both 
types of detectors. The disintegration rate was deter- 
mined from the x-ray and gamma-ray activities. When 
the decay scheme was not known this factor was cal- 
culated theoretically. Thus, the positron branching 
ratios of I, I’, Te!®, and Te'’ and their daughters 
were estimated by the method of Wiles on the assump- 
tion that only allowed beta transitions contribute 
significantly to the counting rate.* Also the ratio of 
electron capture by the L shell to that by the K shell 
for the isotopes of iodine other than 60-day I'** was 
calculated to be approximately 0.1, according to Brysk 


TaB_e I. Number of particles of a given type 
emitted per disintegration 


Particles or 
photons per 
disintegration 


Energy 
(Mev) 


Type of 
Nuclide radiation 
0.39-1.25 
0.382 
ra 0.028 
: 0.0355 
ray 0.028 
’ 0.7-2.2 
annih 0.51 
x ray 0.028 
+ 0.160 
‘ ray 0.028 
’ 1.2.4.0 
0.210 
0.028 
4.0 0.90 
0.51 1.80 
0.7 1.0 


0.453 
0.34 
0.40 


1.39 


~0.30 

~0).60 
0.54 
0.84" 
0.89 
0.15 
0.92 
0.71 


13.3-day I 


OO-day I 


13-hr I'? 


1.6-hr. I?! 


1.6-hr I'™ 


0.7 1.0 


3 0.8 
8-min Sb" 
5-hr Te"? 
3-hr Te 


15-min Sb"* 
93-hr Sh"? 
1.0 
9 4 hr Te™ 
6.2-hr Cs 


0.7.1.1, ete 0.28 


pletely 
w i 


* This nuclide is assumed t 


> Tellur 


letermine the cross section 


» populate the 0.160-Mev level co 
was separated from the parent activity ir 


ler 


4 93-hr Sb’? 


D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs 
Modern Phys. 30, 585 (1958) 
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Pasir IT. Cross sections in millibarns for the formation of iodine 
isotopes by high-energy protons and alpha particles as determined 
by Counting various types olf radiation.* 


[= 


P.pin) 


p. pan) 


p.pan) 


46.0 41.2 
61.4 
44.7 
60.5 
51.3 
17.7 20.48 
$2.4 


26.6 
14.2 
19.2 


4 44 
47.0 4.3 
46.0 49 


an (a,a7n) 

105.6 

18 
11.5 
20.3 
18.9 


41.5 
27.1 
19.9 
41.5 23.0 
32.2 
16.0 
11.4 


$2.2 13.7 


he symbols inside the parer indicate one of the possible reactions 
oduce the given pro 
of radiation. a 


n Table I, 8*—by cour 


with proportional inter, av 


by counting y-rays given 
liation, 6-—by counting posi 
value of cross section. 


x-ray counting 
ting annihilation ra 
nter average 


and Rose.’ The value, 0.23, for I'** has been determined 
directly.” 

The cross section of I was calculated from the posi- 
tron activity, as determined by beta-particle and 
gamma-ray counting, by subtracting the contribution 
of I", The latter was estimated from the activity of the 
0.21-Mev gamma ray. Because of the difficulty of 
resolving the decay of the x-ray activity, it was not 
possible to obtain an additional value for the cross 
section of I. 

The experimental cross sections are based on pre- 
viously determined values for the formation of Na™ 
from aluminum, which is used as a beam monitor.” The 
value at a proton energy of 250 Mev is 10.0 mb. Within 
experimental error, the cross section for higher energies 


»H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-1830, January 25, 1955 (unpublished) 
P. A. Benioff, Phys. Rev. 119, 316 (1960 
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III. Cross sections in millibarns for the formation of antimony 


and tellurium isotopes by high-energy protons." 


Tei 
b 2p9n 
4 p,2p10n 


Te'* 
p,2p8n 


40.2+7.8 


40.6+2.8 


64.5+6.6 
7+1.8 
23.6+4.0 1 
20.24+3.0 5+1.0 
7.0+1.5 | 
8.0+0.7 


7442.4 


2.7+08 <04 
5.44+3.7 < 
* The ilues following the 


These values are 


np) reac ns 


is constant up to 6.2 Bev and is taken to be 10.5 mb. 
The corre sponding cross sections for alpha-partic le 
bombardment have been measured only to 380 Mev. 
The value at 250 Mev is 27 mb." At 500 Mev it is taken 
to be 22 mb and at 720 Mev, 16 mb, as obtained by 


extrapolation. 


RESULTS 


In Table LI are listed the cross sections for formation 
of the iodine isotopes, as determined by measuring 


various types of radiation. In Table III are given the 
cross sections for the formation of isotopes of tellurium, 
antimony, and cesium by proton bombardments. One 
to three independent experiments were made at each 
energy. The cross sections for the iodine isotopes are 





50 


20 


50 


(mb) 


Fic. 1. Cross sections for the 
formation of iodine isotopes by 
bombardment of I? with pro- 
tons of different energies as a 
function of the mass number 


Cross section 


0.50 Bev 
+ 


3° 
SOF $ § # 450 
; 0.25 Bev 
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120 122 2a ie -~ 
Mass number of iodine isotope 


\'M. Lindner and R. N. Osbort 


Telttb 
(p,pr*) 
5+0.5 
7+0.3 
+1.1 
<1.2+0.7 <0.1 
<2.6+1.1 


1,340.2 


igns are the mean deviation from the mean in the cases where re thar » deter natior t the ction ha 
made. | he mbols inside the parentheses indicate one of the possible reactions to produce 
probably upper limits because of the difficulty of resolving the decay curv 


le 


, pr 


<0.5+0.4 0.010 <0.004 


<0.06+0.01 <0.10 <0.008 


<0.6+0.2 <0.014 0.003 
<0.009 

0.019 

0.4 
<04 0.009 


been 
he given 


lary 
lary 


plotted in Figs. 1 and 2 as a function of the mass number 
of the product. The excitation functions for the iodine 
and tellurium isotopes from proton bombardment are 
3 and 4. 


The over-all experimental accuracy of the measure- 


shown in Figs. 


ments, including the mean deviations given in Table 
III, and Figs. 1 to 4, is approximately +25% for those 
nuclides with known decay schemes and for the incident 
energies at which the monitor cross section has been 
measured. Where only one measurement was made, no 
value for the mean deviation is indicated. The accuracy 
of the other cross sections is not known. There is an 
additional uncertainty in the alpha-particle bombard- 
ments because only one experiment was made at each 
energy. Furthermore, there is uncertainty about the 
half-lives, and hence the cross sections, of Te''® and 
Te'!?. No mass assignments are given for the short-lived 
neutron-deficient tellurium isotopes in reference 7. The 
half-life assignments used here, hr for 
mass 116 and 2.5 hr for mass 117, are so close in value 


that no attempt was made 


namely, 3 


to resolve the decay curves 


into these two components separately. The sum of the 


two cross sections is, therefore, given in Table III 
consistent lack of agreement in 
for I'™ from the 


gamma-ray measurements in Table 


The reason for the 


the cross-section values x-ray and 


II is not known. 


DISCUSSION 


The following general features of these results merit 
consideration : 
nduced reactions to 


Table 


8 


(a) The cross sections of proton 
form Sb'”’ and Cs"? are too small to be measured 
III). As a result of the presence of Tt 
with relatively large cross sections and possible contam- 


7 and Te 
ination by secondary is not possible 
to determine the cross section for the formation of Te"? 


n,p) reactions, It 
by our simple procedurs 
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(b) The cross section for the formation of I'** is 
significantly higher than that of the other iodine isotopes 
at all of the incident proton and alpha-particle energies 
studied (Figs. 1 and 2) with the possible exception of 
I'% from the alpha-particle bombardments. Part of the 
cross sections of the latter may be due to feed-in from 
the xenon parents. In the proton bombardments this 
effect was minimized by rapid purification of the iodine 
isotopes. 

(c) The excitation functions for the formation of 
iodine isotopes, with the exception of I" and I" from 
alpha-particle bombardments, decrease between 0.25 
and 0.72 Bev (Fig. 3 and Table IT). This result for the 
alpha-induced reactions is tentative in view of the 
uncertainty of the monitor cross section at 0.5 and 0.72 
Bev. In the case of the proton-induced reactions, the 
decrease in cross section is least pronounced, if present 
at all, for I'**. The excitation functions from the proton 
bombardments become relatively constant between 0.5 





; $3 
> § 4 


F: 0.72 Bev 





Fic. 2. Cross sections 
for the formation of 
iodine isotopes by bom- 
bardment of I with 
alpha particles of dif 
ferent energies as a 
function of the mass 
number. 
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Mass number of todine isotope 


and 0.72 Bev and remain so up to 6.2 Bev. A similar 
effect can be seen in the excitation functions for the 
production of Te''*t'’ and Te’'* by proton bombard- 
ment (Fig. 4), but with the excitation function becoming 
constant at about 2 Bev. 

In the following sections we will consider the signifi- 
cance of these results. 


Reactions with No Change in Mass Number 


The formation of products with the same mass 
number as that of the target nucleus®-”*-'* can be 
discussed in relatively simple terms. For example, the 
proton-induced reactions to form Sb’, Te!?’, and Cs'?? 
require the escape of one or more charged mesons from 
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Fic. 3. Excitation functions 
of iodine isotopes from protor 
bombardment of I’. The 
symbol (p,p2) represents one 
of several el reactions 
that result in the given product 
The points for I are shown as 
open circles for clarity 





Cross section (mb) 


TTTTT 


P?7(p,prnyr'ze 





he 


Sy 











OPrTrrrrrryt 


wtb 
ub 


3 
) 


m 
@ 
2 


the target nucleus during the interaction. For I'*’ to be 
transmuted to Te’, one unit of positive charge must 
be lost. This can occur most simply by the loss of a 
positive pion, namely through the reaction, I'*"(p,pr*) 
Te’. Two units of positive charge must be lost for Sb'?’ 
to be formed. The simplest way for this to occur is by 
the loss of two positive pions, namely via the reaction 
['*7(p,p2e*)Sb’. In the case of Cs"’, on the other hand, 
two units of positive charge must be gained, e.g., 
through the reaction, I'’(p,22~)Cs”’. The formation 
of Xe"? and I?’ can proceed most simply by the (p,) 
and (p,p’) reactions, respectively. The (p,p’) reaction 
cannot be studied by the radiochemical method with 
iodine as a target since the product is stable. However, 
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Fic. 4. Excitation 
functions of tellu 
rium isotopes from 
proton bombard 
ment of I’. The 
symbol (p,2pxn) re 
presents one of 
several possible re 
actions that result in 
the given product 
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<0.003 
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value for th W-Spir ymerik 


f the possible r 


ite one 


state 


this reaction can be detected with target nuc lei having 
an isomeric state of sufficiently long half-life, e.g., In" 
(Table IV). 

Other reactions can be assigned for each of the above 
isobars. In every case, the production of one or more 
additional pions or of other fundamental particles 
would be required. Thus, the emission of one or more 
neutral pions, or of negative and positive pions in pairs, 
may accompany every reaction without changing the 
identity of the final product. The same result may be 
obtained if a neutron and a positive pion is emitted in 
place of a proton, or, conversely, a proton and a negative 
pion instead of a neutron. However, the creation of 
additional particles requires energy, which must come 
from the incident projectile. These considerations are 
valid for nuclear reactions in general. In the discussions 
that follow, symbols written in the form (p,px*), 
(p,pxn), etc., refer to all possible reactions that result 
in the same final nucleus unless indicated otherwise. 

The attempt to measure the cross section for Te”? 
was unsuccessful (Table IIT). The cross section of the 
(p,px*) reaction, however, has been measured for other 
targets, and in the Bev region is found to be 0.10.1 mb 
for Al?’ and 0.2 mb for Cu® and In'"'® (Table IV). The 
value for In''® may include a 25% contribution from 
secondary (n,p) reactions.? This effect is probably small 
for the Cu® result.“ The large error indicated for the 
Al’? result is due to the difficulty of resolving the 
9 5-min-Mg?? [ the 
and Cs! 


component trom 
curve."” In the case of Sb"? 
to the value of the cross section could be determined 
(Table III). In Table IV are listed the cross sections 


reportcd here and elsewhere for reactions induced by 


( omplex dec ay 
7 only upper limits 


protons with energies well above the threshold for pion 
production, which result in no change in mass number. 

rhe nature of the initial step in the reaction of a high- 
energy proton with a nucleus can be considered in the 
light of the cross-section values given in Table IV. The 
act epted vie wpoint is that this ste p involves a collision 
of the incoming proton with an individual nucleon in 
the target nucleus. Thus, the (p,»), (p,p’), and (p,px*) 
reactions thought 


are to proceed by the following 


knock-on collisions'*® 


(p.n) pr [n 
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INS] 


The cross sections of reactions which result in no change in A for + 


o mb) for AZ = 
0 


(pp): ptt 
(p,px*): ptlp tpt 


where[_ ] indicates that the particle is inside the nucleus, 


[ 
L” 


and MN represents either a proton or a neutron. As can be 
in which AZ=0, +1, can go to 
completion in one step. This is not the case for | AZ| >1. 
The minimum number of steps by which the latter type 
AZ 


seen, these reactions, 


of reaction can occur is equa! to Thus we get 


(pur 


prin 


(p,p2m* 


where one of the nucleons 1n the initial interaction must 
interact further to eject a nucleon not involved in the 
first collision in order to form the final product Other 


those are 


mechanisms, in addition to written above, 
possible. The escape of negative mesons also provides a 
means for forming other nuclides with AZ> +2 

Thus, it is not surprising that the 
(pn) reaction, requiring at least 


least an order of magnitude 


cToss section of the 


two events, 1S at 


the (p,pr° 
reaction, which requires only one such event. despite 
Table IV). In a similar 
fashion, at high incident-proton energies, (p,2p) and 
(p,pn) reactions, which can go in one step, are found to 
be more probable 


smaller than 


their superficial similarity | 


than the (p,2n which 
The 


] able 


reaction, 
ross section of 


IV) both for 


requires at least two steps 


the (p,p2x*) 


the above reason and because 


Is found to be 


sma 


a second pion must be 


formed and then escape from 
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INTERACTION OF PROTONS 
Not only does the (p,p’) knock-on reaction, as written 
above, contribute to the same product, but other pro- 
cesses in which the incident proton passes through or 
near the nucleus also contribute. An example of the 
latter is the phenomenon of Coulomb excitation. 

The next largest cross section is expected for the (p,) 
reaction, which can also be initiated at energies below 
the onset of meson production. This is not true for the 
(p,pr*) reaction. At higher energies the (p,) reaction 
can take place by (p,m), (p,nr°), and (p,px~) processes, 
whereas there are no alternatives to the (p,pr*) process 
until the onset of multiple meson production. On the 
other hand, the (p,m) reaction cannot proceed by all the 
low-energy-transfer processes available to the (p,p’) 
reaction. 

The results, meager as they are, are consistent with 
these expectations (Table IV). The value of the cross 
section indicated for the In"*(p,p’) reaction is, of 
course, a lower limit since only the isomer could be de- 
tected. This reaction and the In'*(p,prt)Cd'""® reac- 
tion are considered in the following paper.’ 


Reactions with Change in Mass Number 


The results of the proton-induced reactions can be 
compared with calculations based on a_ two-stage 
mechanism proposed for high-energy nuclear reactions. 
In the first stage the incident particle interacts, as 
discussed above, with an individual nucleon in the 
target nucleus to initiate a cascade of nucleon-nucleon, 
and possibly, meson-nucleon collisions.” Reactions with 
aggregates of nucleons are neglected. Some of the 
nucleons (or mesons) participating in the cascade may 
escape. Others may remain in the nucleus. As a result 
of the cascade, the residual nucleus is left in an excited 
state. This energy of excitation is then released in the 
second stage by the evaporation of light particles” 
and, finally, when no more particles can be expelled, by 
the emission of gamma radiation. The occurrence of 
fission is not considered here. In the cascade stage the 
production of fundamental particles other than pions 
is also not treated. The importance of the latter will 
increase with the energy of the incident beam in the 
multi-Bev region. 
made for the 
target nucleus, I'*’, it is necessary to compare the data 
reported here with calculations based on Ru'®” 


Since cascade calculations were not 


and 
Ce. The results of these calculations were received 
from the authors of reference 22 as a list of residual 
energies of excitation for each change in atomic number, 
AZ, and atomic mass, AA, from that of the target. From 


2N. Metropolis, R. Bivins, M. Storm, A. Turkevich, J. M 
Miller, and G. Friedlander, Phys. Rev. 110, 185, 204 (1958 

* 1. Dostrovsky, P. Rabinowitz, and R. Bivins, Phys. Rev. 111, 
1659(1958 

*J. Dostrovsky, Z. Fraenkel, and G. Friedlander, Phys. Rev 
116, 683 (1959 

*8 1. Dostrovsky, Z. Fraenkel, and L. Winsberg, Phys. Rev. 118, 
781 (1960) 
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Fic. 5. The ratios of cal 
culated to experimental 
cross sections for the reac 
tions, I"(p,pxn)I"*"* and 
['?7(p,2pxn)Te®* * The 
ordinate scale is linear from 
0 to 0.5 and logarithmic 
above 0.5. No pairing or 
shell corrections were made 
for @ based on Ru™ or for 

based on Ce™. Pairing 
and shell corrections were 
made for [_] based on Ce 
For details see text. The 
values for the In™*(p,pxn) 
In"** reactions at 1 and 2 
Bev are indicated by «@ if 
based on Ru™ and by A if 
based on Ce™., Pairing and 
shell corrections were made 
(see reference 2) 
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these values of AZ and AA the corresponding residual 
nuclei for the target I'?’ were obtained. The evaporation 
calculations then made by Dostrovsky and 
Fraenkel on the Weizmann Institute computer with 
various adjustments for pairing and shell corrections.” ™ 
The radius parameter was taken to be 1.3K10~" cm. 
The results of these calculations can be compared 
directly with the experimental results at 1 and 2 Bev. 
Above this energy, no cascade calculations have been 
made 


were 


Below this energy, cascade calculations were 
available at 0.16 and 0.45 Bev. The experimental 
results were extrapolated to these energies with the aid 
of the work of Kuznetsova, Mekhedov, and Khalkin.”* 
The calculated values include the contribution from 
decay of the parent nuclide. The fraction of the parent 
activity that had decayed before separation could be 
effected was estimated to be 100% for Te"*"’, Te", 
and I'™, 50% for I'@', and 20% for I'". This effect on 
the total cross section of the last two nuclides is rela- 
tively small. 

The ratios of the calculated to experimental results 
are given in Fig. 5. The (p,pxn) products are iodine 
isotopes with mass numbers 127-x. The (p,2pxn) pro- 
ducts are tellurium isotopes with mass numbers 126-x. 


7M. Ia. Kuznetsova 
Soviet Phys.-JETP 7, 759 


V. N. Mekhedov, and V. A. Khalkin, 
1958) 
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No pairing or shell corrections” were made for the 
values indicated by the solid points, which are based on 
Ru™, or for the open-circle points, which are based on 
cen , made for the values 
indicated by the open squares, which are based on Ce™. 
In the latter case, two different sets of corrections were 
used at 0.45 Bev 
Cameron.” * The results of these two calculations are 


These corrections’ were 


those of Newton™*?’ and of 
the same within the statistical error of the calculation 
and are combined for presentation as open squares in 
Fig. 5. The open squares at 2 Bev are obtained with 
Newton’s corrections only. We have also included in 
Fig. 5 a similar comparison for the In"'®(p,pxen)In"*~* 
reactions at 1 Bev and at 2 Bev, based on Ru™ (solid 
triangles) and on Ce'” 
are discussed in the following paper.’ 


(open triangles). These results 


With the exceptions discussed below, neither the 
choice of nuclide on which the cascade calculation was 
made nor the details of the evaporation calculation 
affect the final value of the cross section very much. 
Thus we feel justified in extrapolating to I'*’ the cascade 
calculation made on Ru “0 The discrepancy 
in the comparison for I'** at 0.45 Bev is due to the 
difference in the cascade results for Ru and Ce™. In 
the case of I, the discrepancy is due to the details of 
evaporation calculation. The discrepancies at 2 Bev 


and Ce 


may be due to either or both causes. 

It is to be expected that the sensitivity of the cal- 
culated cross section to the details of the evaporation 
calculation will be least for products that have masses 
close to that of the target. This is due to two factors. 
First, the existence of a Coulomb barrier tends to 
suppress the evaporation of charged particles.” Thus, 
reasonable changes in the evaporation calculation cannot 
affect significantly the predominance of neutron evapor- 
ation at the low energies of excitation which result in 
these products. Second, any change in the calculation 
is cumulative, because the excitation energy is released 
in a successive emission of particles. Therefore, the 
cross sections to form products with masses farthest 
from that of the target will be affected most. Hence, the 
study of (p,pxn) reactions, where x is small, should 
primarily be a test of the cascade calculation for these 
relatively simple reactions. 

The values of the (p,pm) reaction, calculated in this 
way, are different from those of the other reactions in 
being too small as compared to the measured values at 
all energies. This effect has been observed with other 
targets.” The experimental observations previously 
noted in points (b) and (c) of this discussion and in 
other work”*'® are further indication that the (p,pm) 


type of reaction is unique. The cascade (and evapora- 


7 T. D. Newton, Can. J. Phys. 34, 804 (1956) 

** A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958) 

*G. Rudstam, Ph.D. thesis, University of Uppsala, Sweden, 
November, 1956 (unpublished 

*A. A. Caretto and G. Friedlander 
(1958). 

* P. A. Benioff, Phys. Rev 


Phys. Rev. 110, 1169 


119, 324 (1960). 
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tion) calculations quoted here are based on the assump- 
tion that the nuclear density is constant from the center 
to the surface, where it drops abruptly to zero. Actually, 
there is strong evidence that the surface is 
diffuse.” The (p,pn 
primarily via collision with the surface neutrons.”! 
A smaller density of nucleons in the region of the inter- 
the probability for a 


nuclear 


reaction is thought to occur 


ao 


action would increase single 
collision to occur followed by the escape of the products 
of the collision. This effect is undoubtedly more impor- 
tant for the higher incident energies with the possible 
production of mesons and other fundamental particles 
in the cascade process. Benioff has compared many 
(p,pn) cross sections at 3 to 6 Bev, taking into account 
the diffuse nature of the nuclear surface and the other 
structural details of the nucleus.» Within a 


reasonable range of values for nuclear parameters that 


target 
are not well known, he finds agreement between his 
calculated values for the cross section and those experi- 
mentally determined, including that for I'* reported 
here. 

The similarity of the 
mechanism of this reaction is like 
(p,pn) reaction. In the alpha-particle-induced reactions, 
as well as those induced by protons, the 
to form I'** is significantly higher than that for either 
['25 or ['4. Even the values of the cross section of the 
(p,pn) are similar at the 
bombarding energy. However, evaluation of 


that the 
that ascribed to the 


a,an) results suggests 


cross sections 


(a,an) and reactions same 
a direct 
the results of the alpha bombardments has not been 
made. 

The calculated values for the 
other (p,pxn) and the (p,2pxn 
good agreement with the experimental results at 0.16, 
0.45, and 1 Bev (Fig. 5). The agreement is poorest for 
the (p,p7m) and (p,2p9,10n) reactions at 0.45 Bev and 
lacking for the (p,p7m) reaction at 1 Bev. This is not 
surprising in view of the large experimental uncertainty 
in the measurement of cross the 
sensitivity of the calculation for reactions in which 
many particles are emitted. The 
tions in predicting the 
in view of the marked drop of the excitation functions 
with energy (Figs. 3 and 4). In 
production and readsorption of mesons is considered to 
be a major means of energy transfer.” The sensitivity 
of the reactions studied here to the of mesons is 
not known. That it cannot be large is suggested by the 
similarity of values obtained for the cross sections of 
the (p,pxn) and the reactions. The effect of 
meson production and readsorption in the latter type 
of reaction is expected to be relatively small. However, 
the evidence for this is stil Calculated 
values would have been useful for comparison with the 


cross sections of the 
reactions are in fairly 


these sections and 


success of the calcula- 
other cross sections is striking 


this energy region the 


role 


aaxn 


fragmentary 


2R. Hofstadter, Annual Review of «lear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 231 
®R. Wolfgang, E. W. Baker, A. A. Caretto, J. B. Cumming, 


G. Friedlander, and J. H Phys. Rev. 103, 394 (1956 
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results presented here for 0.72-Bev protons. The agree- 
ment at these energies has also been observed for other 
types of measurement.” -™ 

Thus, the failure to include the correct density dis- 
tribution of nucleons in the surface appears to affect 
only the (p,pm) cross section at the lower energies to 
any marked extent. We should expect the nucleon- 
nucleon collisions that are involved in more complicated 
reactions to occur closer to the center of the nucleus, on 
the average. Hence, the character of the nuclear surface 
should affect the cascade phase of the calculation for 
(p,pxn) and (p,2pxn) reactions to a _ progressively 
smaller extent as the value of x increases. Because of 
experimental uncertainty it is not possible to assess the 
role of the nuclear surface in the (p,p2n) reaction from 
these measurements. However, it does appear that this 
reaction is much less sensitive to the nature of the 
nuclear surface than is the (p,pm) reaction. 

At 2 Bev there is essentially no agreement between 
the calculated and the experimental values. Work of a 
similar nature on indium confirms this lack of agreement 
at 2 Bev.? Comparisons have been made of the measured 
and calculated sum of the cross sections to produce all 
nuclides of a given mass number for 340-Mev protons 
and for 2.2- and 5.7-Bev protons incident on copper.” 
As in the work reported here, good agreement was ob- 
tained at the lower energy. Barr, however, found that 


* E. T. Hunter and J. M. Miller, Phys. Rev. 115, 1053 (1959). 
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calculated values are too small by a factor of roughly 
2 to 3 at the higher energies for products with masses 
near that of the target.’ The reason for the disagree- 
ment of the experimental and calculated values at 2 Bev 
compared to the fairly good agreement at lower energies, 
except for the (p,pm) reaction, is not clear. It may be 
that inclusion of a proper description of the nuclear 
surface in the calculation will rectify the comparison. 
This seems to be the case for the (p,pm) reaction at 
incident proton energies in the multi-Bev range.” A 
discussion of this and other possibilities is deferred to 
the following paper in which further pertinent evidence 
is presented.” 
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Interaction of High-Energy Protons with Indium* 
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Indium was bombarded with protons ranging in energy from 1.0 to 6.2 Bev. Reactions of the type (p,pxn), 
(p,2pxn), (p,p"), and (p,px*) that produce isotopes of indium and cadmium were investigated. The excitation 
functions are constant within experimental error in this energy region with possible exceptions for Cd™* and 
In"! at 1.0 Bev. These results are compared with two types of calculation. In one treatment, the nucleus 
is considered to be a degenerate Fermi gas of nucleons. The cross sections that were calculated with this 
nuclear model at 2 Bev are much smaller than the experimental values. There is good agreement at 1 Bev 


for nuclides with mass number less than 113 


The second treatment takes into account the shell structure 


of In’. The latter calculation for the (p,pn) reaction was in good agreement with the experimental results at 
4.1 and 6.2 Bev. The comparison of the experimental results with the calculated values is discussed in terms 


of the adequacy of the calculations 


NDIUM is favorable for studying reactions that 

cause relatively little change in the target nucleus. 
Both of its stable isotopes have isomeric states that 
permit investigation of the (p,p’) reaction by radio- 
chemical methods. The decay characteristics of the 
neighboring radioactive nuclides, including the occur- 
rence of isomerism, are suitable for the study of other 
types of nuclear reactions. In the work reported here, 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 


indium was bombarded with protons accelerated by the 
Bevatron to energies of 1.0, 2.0, 4.1, and 6.2 Bev. The 
cross sections for the formation of indium and cadmium 
isotopes and Be’ were measured. The latter is of interest 
because it is one of the lightest nuclides that can be 
measured by radiochemical techniques. 

As in the preceding paper on iodine,' the experimental 
results are discussed in terms of the initial interaction 


‘I. M. Ladenbauer and L. Winsberg, preceding paper [Phys. 
Rev. 119, 1368 (1960)) 
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and the subsequent processes that cause the escape of 
a few more particles. The (p,pn) reaction reported here 
has also been treated by Benioff.2 The result for the 
formation of Be’ is compared to similar studies with 
other targets. 


EXPERIMENTAL PROCEDURE’ 


The target assembly consisted of a 0.003-in. indium 
target foil and a 0.003-in. aluminum monitor foil. Three 
0,001-in. aluminum guard foils were used to separate 
and cover the foils as a protection from recoil and sec- 
ondary particles. The five foils (each 2 by ? in.) were 
stacked together and held in a Lucite target holder so 
that the edges were aligned as closely as possible. After 
the bombardment, the outer 1 in. of the foil stack was 
cut off and used for radiochemical analysis. Additional 
bombardments were performed in which the thickness 
of the indium foil was varied in order to estimate the 
extent of reactions produced by secondary particles. 

The 0.003-in. indium foil (> 99.9% indium) was ob- 
tained from the Indium Corporation of America. Spec- 
troscopic analysis of the indium showed the presence 
of 0.01% tin and zinc, 0.006% lead, and 0.002% copper. 
Typi al detection limits for other elements were <O.1%G 
thallium and iron, <0.05% cadmium and tungsten, and 

0.005% bismuth. 

The incident proton beam was monitored by means 
of the Al??(p,3pn)Na™ reaction. The cross section for 
this reaction was taken as 10.5 mb for protons in the 
energy range of 1 to 6 Bev.‘ The error in this value 
is believed to be less than 10°. The beta radiation of 
the Na™ was counted directly in the aluminum foil 
without chemical separation. 

After bombardment the indium foil was weighed and 
then dissolved in a solution of HCl and HNO, con- 
taining 10- to 20-mg quantities of beryllium and cad- 
mium as carriers. The beryllium, cadmium, and indium 
fractions were separated and purified by standard radio- 
chemical procedures.°' 

An end-window, gas-flow proportional counter was 
used to count beta particles and conversion electrons. 
The counting rate of a Na™ source in the proportional 
counter was compared with its absolute disintegration 


rate obtained by the coincidence counting technique. 


The comparison factor obtained in this manner was 
used to calculate the disintegration rates of those nuc- 


lides emitting energetic (>1-Mev) beta particles. In 


the case of those nuclides emitting only lower energy 
particles, it was necessary to apply individual correc- 


?P. A. Benioff, Phys 

' For details see D 
Radiation Laboratory 
(unpublished ) 

*P. A. Benioff, Phys. Rev. 119, 316 (1960 

®M. Lindner, University of California Radiation Laboratory 
Report UCRL-4377, August, 1954 (unpublished) 

* J. Kleinberg, Los Alamos Scientific Laboratory Report LA- 
1721, September, 1954 (unpublished). 


Rev. 119, 316 (1960). 
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AND L 


WINSBERG 


tions for backscattering, air and window absorption, 
self-scattering and self-absorption, and geometry.’”-” 

A gamma-ray scintillation pulse-height analyzer (SO 
and 100 channels) with a thallium-activated Nal crystal 
(1 in. by 14 in. diam) was used to count the gamma 
rays of particular energies 
efficiency with gamma-ray energy was taken from the 
data of Kalkstein and Hollander."' The geometry cali- 
bration was obtained with standardized Na™ and Am™! 
sources. 

In order to provide a means for comparing results 
presented here with those obtained elsewhere, we list 
the number of particles or photons emitted per disinte- 
gration in Table I for each nuclide measured.” 


The variation of counting 


RESULTS 


The measured values of the cross sections are pre- 
sented in Table II as a function of proton energy and 
target thickness. Standard deviations are given in those 
cases where duplicate determinations were made. It is 
estimated that the over-all uncertainty in the cross 
sections due to errors in counting efficiencies, beta- 
counting correction factors, chemical yields, counting 
statistics, monitor cross section, etc., is about +30%. 
", Ca™, and In™ 


are less accurately known than the others because of 


The cross sections for the nuclides Cd 


uncertainties in the counting corrections. The low count- 
ing rates of Be’ and Cd"°™ did not permit the accurate 
measurement of these nuclides. 

The yield listed for Cd’ has been corrected for the 
decay of In™. All other cross sections except those for 


Be’, In™, and possibly Cd"? and In" represent inde- 


TABLE I. Number of particles and photons 


emitted per tegration 


cusil 


Particles or 


Type of Energy photons per 


Nuclide 


Be’ 
Cae 
Cd” 
Cds 
Cds 
In 
In! 
In™ 
[nlm 


In" 


In!™ 


7B. P 


Half-life 


53 days 
6.7 hr 
470 days 
53 hr 

43 days 
4.3 hr 
5.0 hr 
2.84 days 
104 min 
49 days 


4.50 hr 


*G. L. Gleason, J 
No. 5, 12 (1951) 


°W 
(1952). 


10 L 


567, September 1949 


1 M 


fornia Radiation Laboratory 


(unpub 


2D. Strominger, J. M. Hollander, and G. T 
Modern Phys. 30, 585 5 


E. Nervik and P. C 


R. Zumwalt, 
I. Kalkstein 


lished 


Atomix 


radiation 


Burtt, Nucleonics 5, No. 2, 28 
D. Tay 


ior, 


Ste 


unpu 


and J M 
Rey 


1958 


Energy Comr 
- Hollander, Ur 
CRL-2764 


Mev 
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TABLE II. Measured values for cross sections 


Proton energy 2.0 Bev 
larget 


thickness 


Nuclide 


97 mg/cm? 


Be? 
Cad 
Cd” 


32 

5142 
Cd 0.06+0.01 
Cd 0.145+0.001 
In” 11 

[n!iom 17 

Int 21 

Int 2.5 

In? 49+ 1 
In!s 4.1+0.6 


pendent yields. Since the products Cd™*®, Cd"'®", In'*™, 
and In"®" are formed exclusively from In"®, 
sections reported here have been corrected for the iso- 
topic abundance of In''*(0.958). The remainder of the 
products can be formed from both In" and In'"®. 

In order to estimate how much of the yield was due 
to impurities in the target foil, a determination of the 
yield of Cd"? was made. This nuclide can be formed from 
In''® only by an extremely unlikely reaction, so that 
any found should be an indication of higher-Z impurities 
in the indium. The Cd"? was measured by separating 
and counting the radiations from the In"? daughter. 
The cross section obtained by this method is 0.007 mb 


the cross 


or less. Because this is a small value, we will disregard 
the presence of impurities. 

The particles that result from the interaction of pro- 
tons with the target assembly may cause further re- 
actions of a secondary nature. The production of Cd''* 
and Cd''®™ should be especially sensitive to the presence 
of neutrons, since these isotopes can result from (n,p) 
reactions as well as from the (p,pw*) reaction induced 
by incident protons. Furthermore, the cross section of 
the latter reaction is small. The variation of cross section 
for the formation of Cd"'® at 6.2 Bev as a function of 
the target thickness indicates a possible 25% contribu- 
tion from secondary particles for the thinner targets 
(Table II). A similar effect is undoubtedly present at 
the lower bombarding energies. Fung and Turkevich 
studied the Cu®(p,pr*)Ni® reaction with copper tar- 
gets having a thickness of 23.9 mg/cm’. At 440 Mev 
their results indicated a possible 7% contribution to 
the cross section from secondary reactions. The vari- 
ation in the cross section of Cd"5™ is not a good test of 
this effect because of the relatively small radioactivity 
of this isomer. A smaller variation of measured cross 
section with target thickness is observed in the case of 
the other isotopes at 6.2 Bev. 


SC 


Fung and A. Turkevich, Phys. Rev. 95, 176 (1954) 


4.1 Bev 


97 mg/cm? 


( ross sections 


0.066+-0.001 
0.15+0.02 


6.2 Bev 


26 mg/cm? 97 mg/cm? 476 mg/cm* 


millibarns 


14.1404 
2943 
52+6 

0.071+0.004 
0.147+0.006 


2642 
443 


6149 
4.2+0.6 


DISCUSSION 


A prominent feature of these results is the constancy, 
within experimental error, of the measured cross sec- 
tions between 2.0 and 6,2 Bev, shown in Table II. We, 
therefore, expect the cross sections for the formation 
of indium isotopes at 2.0 Bev to be characteristic of 
the (p,pxn) reactions in this energy range (Fig. 1 and 
Table II). Presumably, this is also true for the cadmium 
isotopes, including those not detected. In the case of 
the Cd"'® isomers, the ratio of isomer yields, as well as 
the total cross section for this isotope, is constant at 
these energies. There may be a deviation from constancy 
in the values of the cross sections at 1.0 Bev, especially 
for Cd'® and In''®" (Fig. 1 and Table II). In most 
cases this deviation is smaller than the experimental 
error. These observations and the actual values of the 
cross sections will be considered in terms of the mech- 
anism of these reactions. 

It is customary to assume that the collision of a high- 
energy nucleon with a nucleon inside a nucleus is identi- 
cal with a collision between free nucleons at the same 
energy in the center of mass, with one restriction only: 
After the collision neither particle can be left in a state 
already occupied by a like particle. This assumption is 
basic to the two types of calculation that have been 
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Fic. 1. Cross sections for the formation of indium isotopes at 
1.0 Bev (open circles and triangles) and at 2.0 Bev (closed circles 
and triangles) 
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made for high-energy reactions. In one treatment, the 
nucleus is considered to be a degenerate Fermi gas of 
nucleons and to have a constant nuclear density.'* The 
second type of calculation takes into account the spec ific 
shell structure of the nucleus and the diffuse 
nature of the nuclear surface. Benioff’s calculations of 


the second type? have been directly applied only to the 


target 


reactions that leave the target nucleus relatively un- 
the (p,pn) case reported here. The results 
shown in Table II and Fig. 1 will be analyzed in terms 
of these two nuclear models. 


damaged, e.g., 


A. Comparison Based on Fermi-Gas Model 
with Constant Nuclear Density 


The calculations based on the Fermi-gas model are 
divided into two parts: (a) an initial prompt-cascade 
process, which results in an excited residual nucleus, 
and (b) the ensuing de-excitation by evaporation of 
light particles. The former calculation was actually 
made for the target nuclei, Ru’ 
parameter of 1.3 10~* cm." The nuclear density was 
taken to be constant throughout the nucleus. From 
these results at 1 Bev (Ru™ only) and at 2 Bev, the 
corresponding residual nuclei for the target In! 


and Ce™ with a radius 


were 
obtained, as described in the preceding paper for I'?7.' 
Fraenkel made the evaporation calculation on the Weiz 
mann Institute computer'®-"’ with a radius parameter 
of 1.7% 10-" cm and a level-density parameter of A/10. 
Pairing and shell corrections were made. The radius 
parameter used in the latter calculation is different from 
that used for the cascade stage. The yield of neutrons 
and charged particles in the evaporation stage is rela- 
tively insensitive to changes in this parameter. The 
distribution of nuclei and their energies of excitation 
resulting from the cascade process were calculated for 
654 events induced by protons incident on Ru’ at 
1 Bev, and for 550 events with Ru™ and 563 events 
with Ce™ at 2 Bev. Complete evaporation calculations 
were repeated ten times for each inelastic event. (In 
approximately 5% of the cases, the protons were calcu- 
lated to pass through the nucleus without any inter- 
action.) The ratios of the calculated to experimental re- 
sults are given in Table III. The values for the (p,pxn 
reactions are also plotted in Fig. 5 of the preceding 
article’ as solid triangles for ratios based on Ru’ and 
as open triangles for ratios based on Ce™. Each point 
indicated by an arrow directed downward represents 
an upper limit because the experimental result is for 
only one of the isomers. 

The ratios for indium as a target are in general agree- 
ment with those for iodine at the same energy of the 

4 N. Metropolis, R. Bivins, M 
Miller, and G. Friedlander, Phys 

‘87. Dostrovsky, P. Ral 
111, 1659 (1958 

*I. Dostrovsky, Z 
683 (1959) 
I. Dostrovsky, Z. Fraenkel 
118, 781 (1960 


Storm, A. Turkevich 
110, 185, 204 (1958 
and R. Bivins, Phys g 


J. M. 
Rev 


inowitz 


Fraenkel, ar 


116 
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; for both iodine 
and indium are in better agreement with the experi- 
mental values at 1 Bev than at 2 Bev 
at 1 Bev for several isotopes of indium i 
however, because of unmeasured isomers 
ratios for In'™ and Cd’ ar 
energy, the value for the 


incident proton.’ The calculated result 
The comparison 
ambiguous, 
Although the 
far from 1.0 at this 

calculated cross 


sections of t sum of the 


1e two nuclides di y the 
From this 
point of view, the agreement at 1 Bev is quite good for 


nuclides with mass number smaller than 113. 


h 
experimental results 1 


fairly « to unity. 


All of the calculated cross sections at 2 Bev, with the 
possible exception of the (p,p’) calculation based on 
Ce, are much smaller than the measured values. This 
lack of agreement is also observed at this energy for 
iodine.’ In view of our ability to measure only the ex- 
cited state of In", the ratio for (p,p’ 


is only an upper limit and, therefore, may not represent 


based on Ce" 
an exception. The other case in which only upper 
similar reasons, are the iso- 
110, 113, and 114. 
ection for the formation of 
In'™ appears to be in line with the values for In™ 
and In"! Table II and Fig. 1). Measurements of 
pion-induced reactions in 


limits were measured for 
topes of indium with mass« 
The value of the cros 


(see 
iodine yielding radioactive 
indium isotopes indicate that the high-spin isomers are 


larger 


formed with much cross sections than the cor- 


spin '8 From this we con- 
clude that In"™ has a higher spin tl 


] 


responding isomers with low 
an does the ground 
state, in agreement with the known spins of isomers of 
other even-A isotopes of indium. According to this line 
cross section for the 
to the 


indium isomers with 


of reasoning, we might expect th 
to be nearly equal 
The 
mass numbers 113 and 115 have a low spin (1 
to that of the ground state (9/2 


formation of In'*™ in value 


total isotopic cTOSS section. 
2) relative 


We therefore conclude 


rasie Ill 
for the 
In"5(p, pr* Cd 


Ratios of calculated to experimental cross sections 
reactions I: pb, pxn)Ir D2 Cd", and 


for 1-Bev ar 


Reactior 
(p.p') 
Pf 
(p,pn 

) 
p, pin) 
pb, pan 
(p.p5n 
D. pon 
r ba* 
b2o5n 
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that the measured cross section for In'™ is much less 
than the total cross section for the isotope (Table II 
and Fig. 1). This reasoning may not be valid for 
In"®(p,p’)In™*" or, indeed, for In"*(p,pn)In™™, both 
being rather special reactions. 

In the cascade calculation referred to here, the nuc- 
lear density is assumed to drop abruptly to zero at the 
surface.“ Since this assumption is not realistic,” we 
should not be surprised at the lack of agreement shown 
in Table III for the (p,pn), (p,p’), and (p,px*) reactions. 
These three reactions, and others like them that can 
be attributed to a single collision inside the nucleus, 
should be especially sensitive to the nature of the nuc- 
lear surface. They are expected to occur only rarely in 
the interior of the nucleus because of the probability 
that the products of the initial collision will interact 
further to yield a different final nucleus. 

The ratio given in Table III for the (p,pr*) reaction, 
namely zero, is probably not significant because of the 
statistical uncertainty of the calculation. 

The cross section for the formation of Be’ has been 
measured only at 6.2 Bev (Table II). No calculation 
of the cascade process has been made at this energy. 
It is, therefore, not possible to make a comparison of 
the type just presented. The value of the cross section, 
14.1 mb, appears to be in line with the values measured 
by Baker, Friedlander, and Hudis” with 3.0-Bev pro- 
tons incident on a variety of targets, including Ag'®?-™. 
In their study, little or no change was found in the 
values of the cross section as a function either of the 
target or the energy from approximately 2 to 3 Bev 
with the exception of gold. These results were analyzed 
by Hudis and Miller in terms of the two-stage mechan- 
ism discussed here,” namely, a prompt-cascade process 
followed by evaporation of light particles including Be’. 
They were able to account for much, if not most, of 
the cross-section value by this mechanism for proton 
energies up to 2 Bev. As we have just seen, this type 
of calculation fails to account for the (p,pxn) and 
(p,2pxn) reaction at 2 Bev. A calculation that appears 
to account for one type of reaction and not another is 
clearly unsatisfactory. 


B. Comparison Based on Shell Model and 
Diffuse Nuclear Surface 


The cross sections of (p,pn), (p,p’), (p,m), and (p,px*) 
reactions are expected to be especially sensitive to the 
initial interaction. The (p,pn) reaction is thought to 
occur primarily by a direct collision with a surface 
nucleon (see reference 1 for a discussion of this point). 
This is probably true of the (p,m) and (p,px*) reactions 
also. (The production of the isomer of the target nucleus 
can occur by other types of reaction as well.) According 

*R_ Hofstadter, Annua! Review of Nuclear Science 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 231. 

”E. Baker, G. Friedlander, and J. Hudis, Phys. Rev. 112, 
1319 (1958). 

1 J. Hudis and J. M. Miller, Phys. Rev. 112, 1322 
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to this viewpoint, two factors are important: (a) The 
structural details of the target nucleus, especially its 
surface, and (b) the nature of the collision between 
nucleons and between mesons and nucleons. By taking 
these factors into account, Benioff has been able to 
analyze measurements of (p,pm) reactions induced in 
a variety of targets by multi-Bev protons.? These 
calculations were made with harmonic-oscillator wave 
functions. 

We can use his results to calculate the cross sections 
of the reaction In''*(p,pm) to produce both the isomeric 
and the ground states of In'*. The value of the radius 
parameter, used for this calculation, is 1.07 10~" cm.” 
The cross sections for the formation of In'™ are calcu- 
lated in this way to be 44+5 mb at 4.1 Bev, as com- 
pared to the experimental value of 57417 mb, and 
41+5 mb at 6.2 Bev, as compared to the experimental 
value of 59+18 mb. The errors indicated for the calcu- 
lated values are Benioff’s estimate of the uncertainty 
of the total proton-neutron collision cross sections plus 
that due to the possible contribution of processes that 
follow the initial interaction.? Other uncertainties in the 
calculation are not included in the indicated error. The 
uncertainty indicated in the experimental values is the 
30% error previously assigned. Because of the possible 
contribution of secondary reactions in thick targets, the 
value of 70 mb at 6.2 Bev is not included in the average. 

The calculated and experimental values agree within 
the indicated uncertainties. This calculation has not 
been made at 2 Bev. At this energy we would expect a 
slightly larger calculated value than for the higher ener- 
gies because of the larger total p-n collision cross section 
and the smaller meson multiplicity. The latter effect 
would allow a greater probabliity for the products of 
the initial interaction to escape. 

At 4 and 6 Bev, the calculated cross section for the 
formation of the ground state of In’ is 5 mb, or ap- 
proximately 10% of the total (p,pm) cross section. The 
calculation of the isomer ratio is based on reference 2. 
Apparently, the high-spin isomer is formed in preference 
to the low-spin isomer. 


CONCLUSION 


The preceding discussion may be summarized as 
follows: 

(a) The values of the cross sections for the formation 
of indium and cadmium isotopes are essentially con- 
stant for incident-proton energies from 1.0 to 6.2 Bev. 
Possible exceptions are the values for Cd'® and In" 
at 1.0 Bev. 

(b) The values of all the cross sections as calculated 
on the basis of the Fermi-gas model with constant 
nuclear density at 2 Bev are too small, compared to 
the experimental values. There is good agreement at 
1 Bev for nuclides with mass number less than 113. 

(c) The calculation for the reaction, In"*(p,pn)In'™™, 
at 4.1 and 6.2 Bev, made by taking into account the 
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details of the nuclear structure of indium, agrees with 
the experimental values of the cross section within the 
uncertainties of the measured and calculated values. 
The corresponding reaction to form the ground state 
of In'* is calculated to be approximately 10% of the 
total (p,pn) cross section. 

It is obvious from these observations and from the 
results of the preceding study on iodine’ that our under- 
standing of nuclear reactions induced by high-energy 
particles is incomplete. 

Thus, processes other than 
contribute in which only a small 
amount of energy is transferred to the nucleus. An ex- 
ample of this is Coulomb excitation of the target nucleus 
to the isomeric state in the case of the (p,p’) reaction. 
Presumably, the cross section for such a process would 


direct interactions may 


to these reactions 


depend sensitively on the spins of the ground and ex- 
cited states. Several other targets, in addition to indium, 
are suitable for such a study. Excitation of the giant 
resonance, which has been observed with gamma-ray 
irradiation,” probably can occur with high-energy 
charged particles. This process could lead to the loss 
of one or two units of mass by the target nucleus. The 
good agreement found for the cross section of the (p,pn) 
reaction, calculated by means of Benioff’s treatment,’ 
with the experimental value suggests that this process 
does not contribute in an important way to the (p,pn) 
reaction. A comparison of (,n’) reactions, which cannot 
involve Coulomb excitation, with the (p,p’) reaction, 
which can, should provide direct information on the 
importance of Coulomb excitation. 

The (p,m) and (p,px*) reactions require some kind 
of direct interaction between the incident proton and 
a nucleon in the target. The (p,m) and (p,p’) reactions 
can proceed by way of elastic and inelastic p-p and p-n 
collisions, while the (p,p#*) reaction can occur only by 
means of an inelastic process. Thus the study of these 
three reactions with various targets affords an oppor- 
tunity for assessing the relative importance of elasti 
and inelastic nucleon-nucleon collisions and of processes 
such as Coulomb excitation. A careful investigation of 
the energies the retained nucleon may have is needed. 
For this purpose more information on excited nuclear 


2G. R. Bishop and R. Wilson, Handbuch der Physik, edited by 
S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42, p. 309 
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certainly desirable. An 


states than is now available 1 
adequate study of (p,pr*) reactions requires the careful 
analysis of inelastic p-p this 
is a major effort in itself, we have ittempted to 
do this. 


scattering data. Because 
not 
The over-all calculation for (p,pxn) and (p,2pxn 
reac tions has been made only for the Fermi-gas model 
The results of the 


of the nucleus tudy re ported here 


on indium and in the preceding paper on iodine! indicate 


that such an analysis predicts the correct cross sections 


of these reactions for x greater than 1 at energies of 
1 Bev and less with few exceptions and fails to do so 
at 2 Bev. The excitation functions of most reactions 
that have been studied in the multi-Bev region of proton 
energies are constant within « xperime ntal error.’ It is 
difficult for us to explain these observations except that 
there are serious defects in the cascade calculations for 
int ident-proton ene rgie s above 1 Bev. The inc lusion of 
a proper de cription of the nu 
required in the calculation. However, we 
that this by itse!f will lead to the 


stancy in the excitation functions 


lear surface is, of course, 
cannot see 
prediction of con- 
at the higher energies. 

Perhaps the assumption, basic to the calculations, 
that i 


no essential way different from that for free nucleons, 


nucleon-nucleon scattering inside a nucleus is in 
except for exclusion, is incorrect. It would be interesting 
to see what modifications in this assumption lead to 
experimental results. Meson 
production and readsorption is presumably an effective 
means for producing nuclear excitation 


better agreement with the 


There fore, a 


possible modification in the calculations would be to 
tant in the multi-Bev 
Whether this 


proves the comparison or not remains to be seen. 


keep the meson multiplicity 


cons 


range of incident proton energies im- 
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Receives 
The reaction y+ — #°+>) has been studied in three adjacent 100-Mev intervals between 900 
and 1200 Mev and at pion center-of-mass angles of 47°, 90 125°. The reaction 
coincidence between the recoil proton and one of the photons from the meson’s decay. The kinematics were 
determined by the energy of the incident photon and the angle of the recoil proton. The differential cross 
sections at the forward and backward angles show pronounced maxima near 1050 Mev, while the 90 
sections decrease slowly with energy. The estimated total cross sections suggest a narrow maximum near 


energy 


, and was observed a5 a 


cross 


1050 Mev. These features are consistent with the 
S ) 


pion-nucleon system of total angular momentum 5/2 


INTRODUCTION 


NVESTIGATION of the photoproduction of x 

mesons from hydrogen’ led to the suggestion by 
Wilson’ that the broad maximum in the x, p total 
cross section, observed by Cool, Piccioni, and Clark,* 
was due to an unresolved pair of resonance states of 
the proton. He suggested that the lower state at a 
laboratory photon energy of 750 Mev, corresponding 
to a pion laboratory kinetic energy of 600 Mev in x, p 


scattering, could be characterized by isotopic spin and 


angular momentum quantum numbers of 3 and 3, re- 


spectively, in order to satisfy the experimental data on 
photoproduction. Further theoretical work®’ and the 
measurement of the polarization of the recoil proton in 
photoproduction of neutral pions" have given support 
to Wilson’s proposal. 

Recent measurements of the #~, p total cross sec- 
tion’ have resolved the two maxima, one of which 
appears to fall at an energy corresponding to the 750- 
Mev photoresonance. The higher energy maximum 
suggests that a resonance in photomeson production 
should occur near 1050 Mev. Evidence supporting this 
prediction already exists from observations of the 


photoproduction of positive pions. We have obtained 
* This work was supported by the joint program of the Office 
Naval Research and the U. S. Atomic Energy 
t Now at Argonne National Laboratory, Lemont, Illinois 
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previously proposed existence 


of a resonant state in the 


some additional evidence by extending the measure- 
ments on photoproduction of single neutral pions to 
1200 Mev. Data have been taken at meson center-of- 
mass angles of 47°, 90°, and 125° and for photon energy 
intervals of 100 Mev, centered at approximately 950, 
1050, and 1150 Mey. 


EXPERIMENTAL METHOD 


The external bremsstrahlung beam of the Cornell 
synchrotron was used to produce neutral pions through 
the reaction y+p-—+x'+p. In order to completely 
determine the reaction two kinematic variables must 
be measured. In previous experiments at Cornell,'? the 
angles and energies of the recoil protons were selected, 
the energies being determined by their ranges in copper 
absorbers. However, in the energy range of the present 
experiment, the nuclear absorption correction for the 
range telescope would be prohibitively large for protons 
emitted in the forward hemisphere in the center-of-mass 
system. Because of the uncertainty in the value of the 
absorption cross section and in multiple scattering 
corrections, range measurements were not attempted 
in this experiment 

Instead, the reaction was identified by determining 
ncident photon and the angle of the 
recoil proton. In order to measure recoil protons re 
sulting predominantly from 


the energy of the 


ingle production of #° 
mesons, we required a coincidence between the recoil 
proton and one of the mesonic decay photons, observed 
in the direction corresponding to the emission of the 
me The incident photon energy was measured by 
taking a difference between experimental yields with 
peak bremsstrahlung energies which differ by 100 Mev. 
Under these conditions, the results represent differ- 
averaged over 100-Mev intervals. 


son 


f ntial cToss section 
Bremsstrahlung Subtraction 


In order to check the validity of the subtraction 
technique, a separate measurement was made to study 
the properties of the difference spectrum, Figure 1 
shows the theoretical thin target bremsstrahlung energy 
tra for peak synchrotron energies of 900 Mev and 
1000 Mev, and the photon spectrum of the difference. 
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Fic. 1. Calculated thin target bremsstrahlung energy spectra 
for electron energies of 900 and 1000 Mev. The curves are normal 
ized to same number of equivalent quanta. The photon difference 
spectrum is shown in the insert 


The energy spectra are normalized to give areas under 
them (the total beam energy) proportional to the peak 
energy. Since the photon beam is monitored by a 
quantameter,'® which measures the total beam energy, 
the normalization becomes simple in practice. 

The actual beam spectrum differs somewhat from 
the thin target spectrum used in Fig. 1. An analysis of 
some results on the actual spectrum'® showed that 
while the shape of the difference spectrum is somewhat 
altered, the total number of photons is not changed 
and the average energy of the difference photons is 
shifted by less than 15 Mev. 

It was possible to partially check the shape of the 
difference spectrum by looking at the beam spectra 
directly with a lead glass photon total absorption 
counter. The beam was passed through a 3/64 inch 
diameter hole in a 6-inch lead wall located 5 meters 
from the synchrotron target, then through a sweeping 
magnet and into the photon counter. Even with such 
stringent collimation it was necessary to operate the 


synchrotron at such a low intensity, to avoid overload- 





Difference Spectrum 72 Mev 


975Mev 1] 
¥ 


—— Spectrum expected with thin torget 
ond 15% counter resolution 








lic. 2. Experimental difference spectrum resulting from the 
subtraction of two bremsstrahlung spectra of peak energies 1072 
and 975 Mev. The difference spectrum is arbitrarily made zero 
at 300 Mev. Channel 40 corresponds to 1000 Mev 
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ing the counter, that it 
chamber to normalize the integrated beam intensities 
at the two energies, 1072 and 975 Mev. Instead the 
normalization was arbitrarily chosen to give complete 
cancellation at 300 Mev. The resulting difference spec- 
trum is shown in Fig. 2. The solid curve represents the 
expected shape using a thin target spectrum and 
assuming a 15% resolution width for the photon 
counter. From an independent calibration of the photon 
counter with monoenergetic electrons, channel 40 in the 
pulse-height analyzer was known te correspond to 1000 
Mev. The agreement provides support for the use of 
the subtraction te hnique. 


was not possible to use an ion 


Apparatus 


The experimental arrangement for measuring the 
production of neutral pions is shown in Fig. 3. A 3-inch 
thick liquid hydrogen target was used for the measure- 


ments at the 90° and 47° center-of-mass angles; a 
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Cu 


Absorbers 
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Fic. 3. Arrangement of equipmer 


photoproduction of #° mesons fron 


r detecting the 


hydrogen 


2-inch target at 125°. The proton telescope is shown at 
the left. It consisted of two }-inch plastic scintillators, 
the first being the defining counter 2 inches wide and 
4 inches high, the second 6 inches square. The first 
counter was placed 30 inches from the target center. In 
order to decrease the number of events due to low- 
energy photons, a copper absorber was added to the 
telescope. At each angle the copper thickness was 
adjusted to eliminate recoil protons from single neutral! 
pions produced by incident photons of energies less 
than 800 Mev. At successively increasing proton angles 
the thicknesses were 107, 51.4, and 5.64 g/cm? 

The pion decay photon aperture was defined by a 
4-inch by 3-inch rectangular hole in a 6-inch lead wall 
Behind the aperture a veto scintillation counter, sensi- 
tive to minimum ionizing particles, was used to elimi 
nate counts in the photon counter initiated by charged 
particles. Varying amounts of carbon were placed in 
the aperture to reduce the single count rate in the veto 
counter. The photon counter was a lead glass cylinder 
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15 radiation lengths long and 13 radiation lengths in 
diameter. The Cerenkov light from the photon showers 
was detected by four 5-inch photomultiplier tubes. 
Coincident pulses in the photon counter and the two 
proton counters with no pulse in the veto counter con- 
stituted an event. With this arrangement the counting 
rate with no hydrogen in the target was less than 10% 
of the rate with hydrogen. 

The veto counter also served to make the limits of 
the photon aperture sharp. Without it, there would be 
the possibility that photons which graze the edge of the 
aperture would materialize and lose some energy, but 
retain a sufficient energy to be observed in the glass 
counter. 

It was necessary to compute the efficiency for de- 
tecting the decay photon. The expression 


1 
€(6) 
2ry*(1—8 cos6)? 


gives the probability per steradian per r° for observing 


TaBLe I. Differential cross section for the photoproduction 
of single x* mesons from hydrogen. 


Photon Energy (Mev) o” (da /dQ) (ub/sr) 


905-1000 1.27+0.11 
1.62+0.17 
2.19+0.18 
1.95+0.11 

90° 1.40+0.18 

125° 2.92+0.27 

1190-1180 47° 1.13+0.20 

90° 0.87+0.21 

125° 1.64+0.33 


900-1000 
1000-1100 


1100-1188 


*@ is the angle of emission of the meson in the center-of-mass system 
a decay photon at an angle @ with respect to the initial 
direction of the x. The terms y and 8 are the usual 
kinematic quantities for the #°. This probability must 
be averaged over the target dimensions, the proton 
counter solid angle, and the photon aperture. Since this 
quantity varied rapidly over the geometry, it was 
necessary to average over many sample points. This 
was carried out with an electronic computer. 

Several internal experimental checks were made to 
test whether the recorded events were actually caused 
by the reaction under study. The pulse-height spectra 
from the second proton counter and from the photon 
counter were observed throughout the experiment on 
a 30-channel pulse-height analyzer. The pulses from 
the proton counter appeared as a single group whose 
mean height varied as expected for the recoil protons 
as the kinematic parameters were changed. The number 
of pulses having heights significantly different from the 
single group was negligible. 

The pulse-height spectra from the photon counter 
provided a check on the presence of events due to 
the double production of mesons by the process 


IN REGION 


900 TO 1200 





Fic. 4. Differential 
cross sections for single \ 
r photoproduction from 
hydrogen, plotted a 
gainst the cosine of the 
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y+p-—>2°+n'+p. The requirement that there be a 
coincidence between the recoil proton and a decay 
photon in the direction of the singly-produced meson 
greatly favors the single production process, since the 
high-energy meson decay has a strong forward bias in 
the laboratory reference frame. However, one might 
expect that the double production process could pro- 
duce events in the system, but these should include 
many photons of less energy than the minimum energy 
defined by. the well-defined kinematics of the single 
production process. The pulse-height spectra showed 
well-defined low-energy cutoffs, which were located at 
the values predicted from the single production 
kinematics. 

No attempt was made to exclude events due to the 
elastic scattering of photons by protons (proton Comp- 
ton effect). However, the present experimental results 
on elastic scattering’’ indicate that this effect is small. 


Results 


The values of the differential cross section were com- 
puted from the following formula: 


da C(d2/dh) 


dO a,a,(AQ)Nne 


where da/dQ is the differential cross section in the 
center-of-mass system, C is the number of counts per 
unit of beam, dQ./dQ is the ratio of differential solid angles 
in the laboratory and center-of-mass systems, @, is the 
correction factor for nuclear absorption of protons, 
a, is the correction factor for conversion of the mesonic 


. W. DeWire, M. Feldman, and R. Littauer, Proceedings of 
the 1959 Kiev Conference on High-Energy Physics (to be 
published). 
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decay photons in the material preceding the veto 
counter, AQ is the solid angle subtended by the proton 
counter, N is the number of protons per unit target area, 
n= Jx;**n(K)dK is the number of incident photons in 
the subtracted spectrum per unit of beam, and e is the 


average probability that a meson decay photon is 


emitted in the direction of tne photon counter. The 
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the several runs. The factor a4, was computed on the 
of a nuclear absorption cross section of 700 mb 
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Using the model for the nucleon-antinucleon interaction proposed by Ball and Chew 


the capture rates for the various eigenstates of protonium 
proton. It is found that these rates depend sensitively 
eigenvalues of protonium, not just on orbital angular m¢ 
rates for the nS and nP states are 5.3 10'*/n® and 4 
two orders of magnitude larger than in the case of the (K 


we have calculated 
the bound system of a pr 


isotopic spin, an 1 total 


ton and an anti 
on spin, angular momentum 
ymentum, as is usually assumed 


3 10"/n? sec, 


The average capture 
respectively. This P capture rate is 


p) atom because of the relatively long range 


of interaction in the Ball-Chew model. The problem of the Stark effect collisions, studied by Day, Snow, 


and Sucher in connection with the (K p 


considered certain important effects which were not « 


INTRODUCTION 


SPECIFIC model proposed by Ball and Chew! 
and extended by Ball and Fulco* has succeeded 
in explaining the nucleon-antinucleon interaction at 
intermediate energies. Using this model, we attempt 
here to calculate the capture rates from the various 
eigenstates of protonium—the bound system of a proton 
and an antiproton. Following Ball and Chew, we employ 
the WKB approximation even though the energies are 
low. With these estimates of the capture rates, we then 
attempt to decide whether the capture takes place pre- 
dominantly through the S states or the P states. The 
results of this calculation are used elsewhere in connec- 
tion with the multiplicity of pions in antiproton 
annihilation.® 
An antiproton of low kinetic energy in passing 
through matter is slowed down principally by ioniza- 
tion. The probability for annihilation in slowing from 
50 to zero Mev is very small. At zero energy in hydro- 
gen, the antiproton will be captured by a proton in an 
orbit of radius approximately a9(=5.3X10~* cm), the 
first Bohr radius of hydrogen. The protonium thus 
formed will have a large angular momentum, /, and a 
principal quantum number, n, of about (m/2m,)*(~ 30), 
where m and m, are the masses of the proton and the 
electron, respectively. It will also have a thermal 
velocity of about 10° cm/sec. The protonium will then 
cascade down to states with lower (n,/) values by radi- 
ative transitions or through collisional de-excitations.* 
This process will continue until the antiproton reaches 
an orbit whose radius is small compared to a». The pro- 
tonium in such a state can pass within the range dy of 
the electric field of nearby protons. While it is within 
this range, many oscillations will take place between its 
various states because of the Stark effect. The resulting 


* This work was done ur 
Energy Commission 

1J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958) 

27. S. Ball and J. R. Fulco, Phys. Rev. 113, 647 (1959) 

* Bipin R. Desai, following paper [ Phys. Rev. 119, 1390 (1960) } 

‘A. S. Wightman, Princeton University, 1949 
unpublished ) 


ler the auspices of the U. S. Atomic 


thesis, 


onsidered by these authors 
cate that for protonium also the capture will take plac 


atom, is therefore re-investigated and at the same time we have 


Rough calculations indi 
e predominantly from S states 


situation will be similar to the one investigated by Day, 
Snow, and Sucher in connection with the capture of a 
K~ meson in hydrogen.’ These authors showed that 
radiative transitions as well as P-state captures can be 
completely ignored while a highly excited (K —p) 
atom undergoes many successive Stark-effect collisions 
with the protons in hydrogen. Thus they were able to 
conclude that the K~ meson will be captured predomi- 
nantly via nS states, with large n. 

The capture rates for nP and nS states for protonium 
will be obtained in the following section. We shall then 
attempt to decide whether or not the capture takes 
place primarily from S states, as in the (K~— p) atom. 


Il. CAPTURE RATES 


Let y-(nla) be the capture rate for protonium in the 
state m, 1, a, where a stands for the remaining quantum 
numbers—S, the total spin, J, the total angular momen- 
tum, and /, the isotopic spin—of protonium. 

The capture rates for S and P states are given by*® 


v-(nSa)= (8x/m) (€sa/k)|\Was(O)\?, (1) 
and 
v-(nPa) = (249/m) (€pa/k*)| War(0)|?, (2) 
respectively, where €ga/k and ep,/k* are the imaginary 
parts of the zero-energy scattering lengths, i.e., the ab- 
sorption lengths for the corresponding S and P waves, 
respectively’; €sq and ep, are the corresponding ab- 
sorption phase shifts, and & is the relative momentum 
in the center-of-mass system. Here ~,s(r) and Wap(r) 
are the undistorted Coulomb wave functions, ignoring 
a, for the nS and nP states of protonium, respectively. 
Substituting the values of |W,g(0)|? and | VWap(0)|?, 


*T. B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3, 
61 (1959) 

*S. Deser, M. L. Goldberger, K. Bauman, and W. E. Thirring, 
Phys. Rev. 96, 774 (1954); J. D. Jackson, D. G. Ravenhali, 
and H. W. Wyld, Jr., Nuovo cimento 9, 834 (1958). 
7The P-wave absorption “length,” ep./k’, has actually the 
mensions of a volume. However, since it occurs as a counterpart 
of the S-wave absorption length in Eq. (2), we choose to call it a 

length.”’ 
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we obtain 


¥-(nSa)= (1/n*) (8/mbo*) (€sa/k), (3) 
and 
¥-(nPa)—™(1/n*) (15/2mbo*) (epa/k*), 


(4) 


where by)=5.7X10~-" cm is the first Bohr radius of 
protonium. 

In order to obtain the values of €s./k and €p./k*, we 
shall use the Ball-Chew model.' The penetration coeffi- 
cient introduced by Ball and Chew for the case of free 
proton-antiproton interaction is related to €ia by 

it 


1—¢~4tla, (5) 
According to the WKB approximation, we have 
1 


1+ exp(£ia) 


He re 


we define 


k? | 


{4mli Vialr)— dr, (7) 


| 


where ro and 7; are the turning points and V;,,(r) is the 
effective potential given by Ball and Chew for a free 
proton-antiproton 


m4] 


interaction.' For large values of 


fig(k~O) we have 


€ta= } In(1+e~f*) ~ fetta, (8) 
The potential Vj.(r) contains the centrifugal term in 
which, as usual, we replace /(/+-1) by (/+-4)*.8 

Typical curves for Via(r) are given in Figs. 1 and 2, 
where A? (1+-4)/m'. 
In Fig. 1 the meson potential is strongly attractive so 
that Via(r) bends over before reaching the annihilation 
boundary at r=c, the radius of the “black hole” intro- 


duced by Ball and Chew.! 


ris the centrifugal barrier with A 


Since we have k~0O, we 


Fic. 2. Typical meson 
potentials 








* P. M. Morse and 
(McGraw-Hill Book Company, 


1, Methods of Theoretical Physic 
New York, 1953), p. 1101 


DESAI 
assume that the turning point ro is given by Via(r)=9. 
In Fig. 2 the potential is repulsive and rises up to the 
annihilation boundary, thus making ro=« 

Explicit dependence on 


eliminated if we write £14 


ri A? 2, 4 
fie= (4m) f ( )a 
= r° m 
rl b 4 A? kb ; 
+f I( "eo 4 ) ( - ) dr P 
ro m r m 


We note that, since we 


very large. 
proaches the centrifuga 


the upper limit 7; can be 


as follows 


have k~0O, the value of 7; is 
distances Via(r) ap- 
term A?/r’, Thus, the upper 
limit r, in the first integral above is given by A?#/r’= k?/m. 


1 


And in the second integral r; can be 


However, at large 


] 
i 


replaced by ©. 


Hence we can write 


rl ; 2 | 2 ; 
f ) dr 
re r?> om 


TABLE I. Values 


State 
aS, 
1S, 


and 
p24 
m | 


£ 


Ata= (4m f | r 


where 


where ¢ is the base of the natural logarit! 
From Eq. (8) we obtain 


Ela ai 


write for the 


¥ > 
rq. (3) 


immediately 


nPa 


Using Eq. (14), we can 


values of y-(mSa) and 4 given in and 


Eq. (4), respectively, 
X10" se : 15) 


> sri 
2.J2| — 


¥-(nSa) 
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and 


y-(nPa) = 3.80[po? exp(— Apa)/n*}X 10" sec, (16) 


where po=uro, w being the mass of the pion. 

From Vga, V pa, and py for different values of a,’ the 
values of Asa and Ap, have been calculated and are 
given in Tables I and II, together with the correspond- 
ing po. 

The meson potentials for the states *P,°, *P,', *P,¢, 
and 'P;' rise up to the annihilation boundary (see Fig. 2) 
which in the present calculation was set at about a third 
of a pion Compton wavelength. A change Apo= +0.1 
for these states causes the corresponding y.(nla) to 
change by almost 100%. Because of this sensitive de- 
pendence on the radius of the “black hole,’ we can 
believe the capture rates from these four states only up 
to their orders of magnitude. The over-all conclusions 
to be arrived at, however, depend only on the average 
rates. The rates for the above four states will be quite 
small compared to the rest for any reasonable choice of 
po and will, therefore, contribute very little to the 
average. 

The values of y.(1Sa) and y,.(2Pa) are given in 
Tables III and IV. From these values, y.(mSa) and 


TABLE IT. Values of pp and Aj, for P states 


lT=0 
State 
Ip, 
ap, 
IP, 
1P; 


y-(nPa) can be obtained directly. It is interesting to 
note that the above capture rates depend sensitively on 
the spin, isotopic-spin, and total-angular-momentum 
eigenvalues of protonium, not just on the orbital 
angular momentum, as is usually assumed. 

The average capture rate, y-(nl), of the (nl)th 
quantum state, is obtained as follows: 


> a(2Ja+1)y. (nla) 
>.(nl) — etidsi coil 
Da(2J.+1) 


Thus for nS and nP states we have 
¥-(nS)=5.3X 10'8/n?* sect, 17) 


v-(nP)=4.3X10"/n? sec, 18) 


These rates can be compared to the rates estimated 
qualitatively by Bethe and Hamilton.” For a protonium 
in an (m,/) state described by an undistorted Coulomb 
wave function, they assumed the capture rate to be 


* I am indebted to J. S. Ball, Lawrence Radiation Laboratory, 
Berkeley, for supplying me with the values of different meson 
potentials 

 H. Bethe and J. Hamilton, Nuovo cimento 4, 1 (1956) 
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Taste IIT. Values of the capture rates for S states. 


1Sa) (sec™*) 


[=0 [=1 
4.510" 
2.5 10"" 


58x10" 
93x10" 


proportional to the probability that the antiproton is 
within an interaction range ~\10~" cm from the proton. 
The constant of proportionality was taken to be the 
typical nuclear annihilation frequency 10” [~ velocity 
of light/nuclear radius (~10~"*) }. This rate, of course, 
depends crucially on \. In order to reproduce our result 
(17) for y.(mS) it is necessary to choose \~2. Bethe 
and Hamilton won'd then find a P-state capture rate 
slightly smaller than ours, but only by a factor ~4. 


Ill. COMPARISON WITH (K~—p) RATES 


Before comparing the above rates with those for the 
(K~—p) atom, we should note that unlike the (p— p) 
case, where the Ball-Chew! model works quite well, the 
(K~— p) interaction has not yet been described by any 
specific model. It becomes necessary, therefore, in the 
(K~—p) case, either to use experimental information 
or to make a plausible guess. 

Experiments show that at low energies the absorption 
cross section is predominantly S wave."-* From this 
information one can obtain the S-wave absorption 
length, which from a formula similar to Eq. (1) gives 
the S-state capture rate. This rate turns out to be 
6X 10'7/n® sec, only a factor of 8 smaller than our 
calculated rate for protonium.” For P-state capture of 
K~ no experimental information is yet available. It is 
conventional to estimate the capture rate from a for- 
mula similar to Eq. (2) by assuming the P-wave ab- 
sorption “length” to be equal to the S-wave absorption 
length times the square of the K-meson Compton wave- 

rasie IV. Values of the capture rates for P states 
2Pa) (sec') 
State [=0 I=1 
2*P; 
2*P; 
29p 
2'P, 


1.3 10" 
1.2K 10" 
7.610" 
2.0K 10" 


1.0 10" 
5.8 10" 
6.4% 10" 
1.0K 10" 


“P. Nordin, A. H. Rosenfeld, F. Solmitz, R. Tripp, and 
M. Watson, Bull. Am. Phys. Soc. 4, 24 (1959); A. H. Rosenfeld, 
Bull. Am. Phys. Soc. 3, 363 (1958); M. F. Kaplon, 1958 Annual 
International Conference on High-Energy Physics at CERN, edited 
by B. Ferretti (CERN Scientific Information Service, Geneva, 
1958), p. 171. 

4G. F. Frye, Phys. Rev. 113, 688 (1959). The rate obtained 
here is 4X 10'"/n* sec*. However, I am told by G. F. Frye, 
Lawrence Radiation Laboratory, Berkeley, that a better value is 
obtained by using the absorption lengths given by R. H. Dalitz and 
S. F. Tuan, Ann. Phys. 8, 100 (1959). This value is 6 10""/n’ 
sec’ '. The conclusions of Day et al.' are not altered by the above 
change 
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length.’ The rate then turns out to be roughly 10'/n* 
118 much smaller than the rate we have calculated 
for protonium. Such a large difference in the two P-state 
capture rates may be attributed to the relatively long 
range of the interaction in the Ball-Chew! model which 
is associated with the pion Compton wavelength. If 
new information on the (K p) interaction shows a 
long-range interaction there as well, the difference will 
be reduced. 

Day et al. used the above rates to show that the 
S-state capture process will dominate for the (K~— p) 
atom.®.” For protonium, however, our rather large 
value of the P-state capture rate may mean that the 
P-state capture process will become significant. It is, 


Se( 


therefore, necessary to re-investigate the problem of 
the Stark-effect collisions for protonium. 


IV. STARK-EFFECT COLLISIONS 


Since the Stark-effect collisions are quite complicated, 
we shall confine ourselves to rough calculations. How- 
ever, we shall consider, at the same time, certain im- 
portant effects ignored by: Day et al.5 

The interaction of a protonium with the screened 
electric field of a proton in hydrogen, can be described 
by time-dependent perturbation theory with the proton 
as a fixed source. The error due to the finite mass of the 
proton will be insignificant in our very crude calculation. 

The interaction H'(t) for the Stark 
effect of the screened ele tric fie ld, with a s reening 
factor taken as exp[ — R(t)/a 


R(i)-r 
expL —R 


Hamiltonian 


, is given by 


H(t (19) 


where R(é) is the distance of the external proton from 
the protonium center of mass, r is the distance of the 
antiproton from the protonium center of mass, and é¢ is 
the elementary chargs 

Let y,(nl) denote the matrix element n,l 

1| H’(t)|n, 1), which is the same as (n, 1| H’(t)|n, 1—1). 
This matrix element will be time-dependent, since the 
electric field experienced by protonium is time-de- 
In particular, the interaction (19) leads to 


R(t)/ao |. 


pendent 


y.(nP)~n? 4.2 10'F a (20) 


t 


R(t) P exp 


Let \ denote the ratio of the radius of protonium to 
the Bohr radius of hydrogen. Clearly, the Stark-effect 
collisions cannot take unless A\<1. We expect, 
time \ reaches the value of about 
about 15) the Stark-effect collisions 
will already be of considerable importance. We shall 
thus limit our discussion to m values between 5 and 20. 
The values of y,(m 


place 
however, that by the 


} (therefore, » is 


for different nl values will then be 
less than the above matrix element and will differ from 
each other by not more than an order of magnitude. 


Robert Karplus, Lawrence Radiation Laborator 


communication 


private 
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We further note that tl ciprocal of the time of 
transit through the range a ctric field is ~ 10" 
sec'. From Eqs. (17), (18), and (20 
equalities hold for the 


the following in- 


, 
above range oI m values: 


(a) y,(nl)>>10" se 
(21) 


range do, i. for R(t)<do, 


- 


within the 
(b) y-(nS)> 10" sec 


(c) y-(nP) <10" se 


level shifts due to Coulomb and 
‘4 In other words, we consider dif- 
state fixed n to be 


Further, we consider the mag- 


We shall ignore the 
nuclear interaction 
ferent angular-momentum s for a 
completely degene rate. 
netic quantum number m to be an adiabatic invariant 
within the range do,'® with the z axis along the slowly 
changing direction of the electric field. 

A protonium outside the range ao of the electric field 
given mn. Within the 
e of the Stark effect the pro- 
tonium will oscillate continually bet 


will have a definite / value for a 
range do, however, becaus 
ween all its degen- 
angular-momentum st: with a 


erate frequency 
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[y.2(nl 
li, ds, 


momenta for the given n 
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~ additior 


Consider a protonium, with m=0, within the electric 


field. Its wave function will contain an S part, i.e., the 


S state will be among the various angular-momentum 


states between which the protonium oscillates. The 


protonium will decay, therefore, with a rate that 


depends on how rapid the oscillations are compared to 


irk-effect 


the capture rate of the © state. since the ol 
ike n 
1/n', 
critical m value when the oscillation frequency equals 
y-(nS). This n value is ~ 10. For n 2 10, 
therefore the de ay rate 
the factor 1/n 


while the S-state 
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matrix element, 


goes 


capture rate, 7 like there will be a 


go . 
goEe 


1 hl 
the oscillation 


frequency will be 2y.(mS) and 
of the protonium will be ~7y,.(S)/n, 


4 The Coulomb level 
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E. E. Salpeter, Quantum 
{toms (Academic Press, Ir 
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being the probability with which the S state occurs in 
the protonium wave function. Obviously, this rate de- 
creases as m increases. However, for 10<< 20, it is 
> 10" sec, the reciprocal of the time of transit through 
the range do. For m values less than 10, the decay rate 
will, of course, be <y.-(nS)/n, but since for n= 10, 
v-(nS)/n is already as large as 5X10" sec’, it is very 
plausible that even down to n=5 the decay rate will be 
> 108 sec. Hence, a protonium within the range do 
will be captured via an S state, if m is 0 and n is between 
5 and 20. For a protonium with m=+1, no captures 
will occur within the range do, since y,.(nP) for the above 
range of m values is much smaller than 10" sec’. How- 
ever, as this protonium emerges from the electric field, 
its wave function will be partly in a P state, and hence, 
there is a possibility of direct capture from the P state. 
Our final task, therefore, is to compare the two proc- 
cesses: (a) Stark captures via the S state, and (b) direct 
captures from the P state.” 

Consider n* antiprotons distributed statistically, i.e., 
with a (2/+1) distribution in /=0 to /=n—1 levels, 
with principal quantum number n(5<n< 20). Let these 
antiprotons enter the electric field of a proton at time 
t=0. This will be the first Stark-effect collision.'* From 
the arguments, given above, all antiprotons with m=0 
will be annihilated via S states. The remaining n?’—n 
antiprotons emerging after the first Stark-effect colli- 
sion will still be distributed statistically to a good ap- 
proximation, since we have assumed complete degen- 
eracy between various angular-momentum states for a 
fixed m. A similar situation will prevail for all subsequent 
collisions. At the end of each collision, the number of 
antiprotons will be reduced, and the number of collisions 
required to reduce the total number of antiprotons to 
n?(1/e) would be approximately m. Thus the rate, 
w-(nS), of capture of antiprotons via mS states due to 
the Stark effect will be given by 

w.-(nS)~ Nov/n, (22) 
where N is the number of hydrogen atoms per cm’, 
o= ae =0.88X 10~"* cm’, and v is the thermal velocity 


of protonium= 10° cm/sec. For liquid hydrogen, with 
N=4X10" H atoms per cm’, we have 


w.(nS)~3X 10"/n sec, 


17 We can safely ignore captures from higher angular-momentum 
states 

18 The collisional de-excitations, primarily due to the Auger 
effect, are ignored in this discussion.‘ The reason for this will b 
clear later. 
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Paste V. Values of w.(nS) and w,.(nP) for protonium. 


we(mP) (sec) 
3.4 108 
14x10" 
~ 10" 


2.4 10" 


1.510" 
2.0 10” 
3.0 10 
6.0 10" 


In order to obtain the rate, w,.(nP), of direct capture 
from the nP states, we note that for a given n, the upper 
limit for the ratio of antiprotons captured directly from 
P states to those captured via S states is 2/n. This 
limit is attained for »<10, i.e., for y.(nP)>10" sec, 
the reciprocal of the time between two collisions, There- 


fore for n<10 we have 


w.(nP)~ (2/n)w.(nS) 


6X 10"/n? sec. (24) 


For n>10, however, we have y,.(nP)<10" sec and, 
therefore, 


we(nP)~ (2/n*)y-(nP) = 1.1K 10'8/n' sec. (25) 


Values of w.(mS) and w,(nP) for different values of n 
are given in Table V. 

We thus see that the P-state capture becomes com- 
parable to the S-state capture only for n< 10. However, 
as remarked earlier, we expect that by the time an anti- 
proton reaches a state with n~15, the Stark-effect col- 
lisions will already be of considerable significance. It 
seems, therefore, that for protonium, the capture will 
take place predominantly from S states.” 
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“ Our conclusion is not changed if we include Auger transitions 
in our discussion. The reasons are the following: (a) Auger effect 
is important only for high m values (n>10). (b) Each Auger-effect 
collision will increase the population of antiprotons with m=0. 
The number of collisions required to reduce the number of anti- 
protons to (1/e)n* due to the S-state Stark captures is then about 
n{ 1—(1/e)] instead of n. The rate, w,.(S), is therefore increased. 

c) Because the antiprotons start undergoing Auger transitions 
from m~30, by the time they reach a state with »~10 where P 
state capture becomes important, a substantial number of them 
will already be Stark captured via the S state, 





Pion Multiplicity in Nucleon-Antinucleon Annihilation* 


Birr R. Desar 


Lawrence Radiation Laboratory, University of California 
April 1, 1960 


(Received 


ihilation problem we have 
w energies 
ff the electior 
50 Mev, 140 Mev, ane 
an antiproton. To obtain the 
Lorentz-invariant 
rules there is a substantial change in the 
the case ol pre 
innihilatior 
comparer 
The value of the newly 


pbpand N annihilations 


unchanged, however 


(where N denotes an 


multir f 
VUTLIP CHE 


INTRODUCTION 


ANY calculations' have been made of the pion 


multiplicity in nucleon-antinucleon annihilation 
according to the Fermi statistical model.? We present 
here the results of one more such calculation. Four 
make this calculation of 
a) The success of the meson potential 


recent developments new 
interest 
interaction® 


description of the nucleon-antinucleon 


now makes possible a tentative assignment of relative 
probabilities to different eigenvalues of angular momen- 
and thus allows the 


the elementary 


tum parity, isotopic spin, etc 


ivddition of election rules to usual 


tical considerations.’ (b A recent calculation® 


has shown that in protonium—the bound system of a 


proton and an antiproton the capture occurs pre- 


dominantly from S states. (c) Some experimental data® 


on annihilation in hydrogen are now available, making 


worthwhile a calculation of the number distribution of 


charged pions as vell as the over-all average multi- 


plicity. Experiments with complex nuclei are somewhat 


th respect to the number distribution 


imbiguous wl 
because of the possibility of pion reabsorption. (d) 
a recursion relation for the phase-space 
has been published’? which makes unnecessary 


rhis work was don¢ Atomic 
Energy Commissior 

1S. Z. Belenkii and I. S. Rozental, J. Exptl. Theoret. Phys. 
U.S.S.R.) 3, 786 (1956) [translation: Soviet Phys.-JETP 30, 
595 (1956)]. G. Sudarshan, Phys. Rev. 103, 777 (1956); Jack 
Sandweiss, University of California Radiation Laboratory Report 
UCRL-3577, October 31, 1957 (unpublished) 

2 E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950) 

J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958); 
J. S. Ball and J. R. Fulco, Phys. Rev. 113, 647 (1959) 

‘T. D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956); 
Charles Goebel, Phys. Rev. 103, 258 (1956) 

§ Bipin R. Desai, preceding paper [ Phys. Rev. 119, 000 (1960) ] 

*N. Horwitz, D J. Murray, and R. Tripp, Phys. Rev 
115, 472 (1959 

P. P. Srivastava and G. Su 
1958 


ler the auspices of the U. S 


Miller 


larshan, Phys. Rev 


110, 765 


considered 


rules that forbid certain pion multipliciti 


nium the two-pion production is decreased considerably 
to the corresponding events for annihilations in flight 


average 


Berkele 


the influence 


only a few of the eigenstates of the nucleon-antinucleor 


is therel 


1 0 Mev in the case of protonium 
multiplicity, we have used the Fermi statistical 
phase space, thus defining a new interaction volume. It 


number distribution of the outgoing pions 


rhe zeTo-pro 


ire suppressed by about a factor of two for annihilations at r ir 


The over-a iver 


defined interaction volume, in 


nucleon) should be ~10 in o 


any of the approximatio1 
of the annihilation problem.‘ 


PHASE-SPACE INTEGRAL 


For the phase space associ with 
have used ypd*pQo/w rather @pQ as originally 
suggested by Fermi,? where Qo, w, , 
interaction volume, 
of the pion, respectively. 


each plon, we 


and pw are the 
and 
modification® 


energy, momentum, 


rhis 


plausible on the basis of field theory 


mass 
seems 
The chief reason 
for adopting the change is the great simplification in 
numerical evaluation of phase integrals that it 
allows. In view of the crude nature of the Fermi model, 
such a simple modification is hard to 


space 


criticize on 
physical grounds. We thus have in the center-of-mass 
frame as the phase-space integral at total energy E for 
annihilation of the nucleon-antinucleon system into n 
pions 


Here we have # 


mins 
f| IT @*g 6(qi°—p*) jo" 


where g Piw,) and g= (0,/ 


rest, we have E=2m, where m i 
With no « onsideration of selectior 


probability for a state of n pio! sil 


transition 


ular isotopic 


8 J. V. Lepore and R. Stuart, Phys ev. 94, 1724 (1954 
R. H. Milburn, Revs. Modern Phys. 27, 1 (1955); G. E. A. Fialho 
Phys. Rev. 105, 328 (1957 

® This modification was first suggest 
University of California Radiation Lal« 
3767, May, 1957 (unpublished 
however, the concept of an interact volume is t 


Maurice 
ratory Report 


Neuman, 
UCRI 
Here, 


See also reference 7 


1390 





NUCLEON-ANTINU(C 


pin state J=0 or /=1 is then given by 
gn(T) (2yQ)” 
R,(E), 


( dor)i” 


S,(/) 
n! 


where A is a constant independent of n, and g,(J) is the 
isotopic-spin weight factor given in Table I." 

Srivastava and Sudarshan’ have shown that because 
of the Lorentz invariance of R,(p,E) the following 
recurrence relation holds”: 


Ray(E)= f 


It is convenient to introduce dimensionless quantities 
r=w/E, y=p/E, and F,(y)=E***R,(E) so that the 
recurrence relation becomes 


d’p, 1 
Ral (E2— 2Ewnys tht). 


2wn+1 


Fasily) =o f dx(x?— y*)'(1—2x+y")*" 


y 


raete [. Values of g,(/) and of F,(y) for annihilation at rest 


gn(h) F,(u/2m) 


1 1.553321 
3 0.986864 
6 0.174194 
15 0.011323 
0.000302 

0.000003 


where 


Xo 4[1— (n?—1)y?] and F2(y) =49(1—4y*)!. 


For annihilation at rest, we have y=yu/2m=0.07437. 
The corresponding values of F,,(y) are given in Table I. 
The curves for (10)"F,(y) for different m values are 
given in Fig. 1. Since the present model approaches the 
conventional Fermi model for y values near threshold, 
one can use for these y values the expression for the 
phase-space integrals in the nonrelativistic approxima- 
tion given by Lepore and Stuart.* Thus near threshold, 
we have 


F. y~ (n—3 *(1—ny 3n—5)/2. 


y 
nil (4 (3n—3)) 


Let us write the interaction volume QQ in units of 
the Fermi volume (i.e., that of a sphere of radius 1/y) : 


Qo= (4/3) (1/pn*). 
Then the probability for m-pion annihilation with no 


consideration of selection rules may be calculated from 


Such a relation could not be derived for the criginal Fer: 


phase-space integrals 
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( ) F,(y), 


where B is a constant independent of n. 


Curves 


Table I using the formula 


gn(J) 
S,)=B 


» 


n! $9? y* 


SELECTION RULES 


If one takes seriously a meson-potential description 
of the nucleon-antinucleon interaction such as proposed 
by Ball and Chew,’ it is possible to add selection rules 
to the above statistical considerations. In the Ball-Chew 
approximation, a given has a definite 
probability of contributing to the annihilation process, 
and at low energies only a few eigenstates need be 
considered. Thus, the selection rules, which forbid 
certain pion multiplicities in each eigenstate, might be 
expected to be important. 

According to Ball and Fulco,’ annihilation in the 
I] =0 state at 50-Mev laboratory energy occurs only in 
the 'So, 481, *Po, and *P, states, while at 140 Mev, the 
*—, state also contributes. For J=1, the 50-Mev 
contributors are ‘So, #S;, and *P;, with 'P; and *P, 
contributing at 140 Mev. 

A calculation’ based on the Ball-Chew model’ has 
recently been made to obtain capture rates for the 
various eigenstates of protonium—the bound system 


eigenstate 


Taste II. Allowed and forbidden multiplicities 
in S, P, and D states for ]=0. 


jenoted by a, forbidden by / 


tiplicities are 
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rasve III. Allowed and forbidden multiplicities 


in S, P, and D states for /=1 


1S 
aS 
1p, 
ap 
*P, 
P, 
De 
iD, 
Ds 
5D; 


0 


UUme Wwe 


~s Uw 


* Allowed multipl 
of a proton and an antiproton. We assume that this 


bound formed by the capture of an anti 
proton in an outer Bohr orbit about a proton in liquid 
hydroge n. The result of the 
the capture will take place predominantly from S states. 

Tables IIT and III show the forbidden 


multiplicities in S, P, and D states.‘ 


system 1 


above calculation is that 


allowed and 


TRANSITION PROBABILITY 


selection rules, 


Without 


for annihilation of a 


the transition probability 
nucleon-antinucleon system into 


n pions is given by 
ss 
for pp annihilation 
>. 
“average” 


lor Np annihilation, where N denotes an 


proton and 50% neutron. 
ruies, the transition probability for 


nucleon, 50% 
With 


annihilation of a nucleon-antinucleon system at energy 


selection 


E into n pions is given by 
P3()Ra(n), 


1) 


=. > Ps(E)Rs(n)4 
I 


0 8 


> 
I 


6 
where }-s denotes a sum over states characterized by 
the angular momentum /, total angular momentum J, 
spin I; Ps(E) is the probability of 


annihilation of the nucl { } 


spin a and } otopi 


antinucleon system in the 


d 140 Mev 


IV. Values of 7s() at 50 ar 


TABLI 


50 Mev 140 Mev 


J=1 


DESAI 
state B at energy /; and Rg(m) is the probability for the 
produc tion of n pion in the 


For annihilation in flight 
P3(E)~(2J 44 
nd J 


1 in Np annihilation, and 
state B 
according to the 
Ball-Chew 


where P; for both J=0 a 
P; for [=0 and ; for J 
T3(£) is the probability of 
at energy F, 
Ball-Chew model. 
values of 7s(E 

For annihilation at 


1 in pp annihilation, 


annihilation of the 
to be calculated here 


Table IV 


at 50 Mev and at 


gives the 
140 Mev. 
rest (E=0) in tl 


V. Values of 


for the pp anr 


TABLt 


1 
50 
Mev 


1.0 1.0 
1.6 44 
1.6 2.3 
0.2 0.5 


140 


W* Mev 


6 


1.6 


1.0 
26.0 
160.0 
300.0 


1.0 
12.5 
120.0 
145.0 
170.0 128.5 


35.0 17 


1.0 
38.0 
246.0 
769 5 
404.0 


133.0 


NIA Ue Wh 


25 


~, 


" 


_ 
= 


* Her 


tonium, we have 


for S states and 


for other states, 
states, Q) =} 
1S,' state. 


for 
i i 


Note 
oscillation betweer 
of about 10%/n?* sec 
capture rates calculated ir 
are (4.5X 10"*)/n', 


n® sec! 


that due t 


+} ¢ 
hes 


respectively 





NUCLEON-ANTINUC 
The quantities Rsg(m) may be expressed as r3(m 
> wra(n’), where goa(n)S,(1). Here we have 
¢s(n)==1 if the n-pion state is allowed and ¢3(n)=0 
if the m-pion state is forbidden according to the selection 


(see Tables II and III).‘ 


13(n)= 


rules 


pp ANNIHILATION 

From the results given in the previous sections, the 
values of the average charged-pion multiplicity, 7*, 
ind the average total multiplicity, 7, will be obtained 
for different values of A. The values of the probabilities 
of the different charged-prong multiplicities wiil also be 
obtained. A comparison will then be made with the 
existing experimental data. 

The values of S,,/S» for different values of \ are given 
in Table V. For a given X, the first column gives S,/S> 
without selection rules. The second and third columns 
S» with selection rules at 50 Mev and 140 Mev, 
respectively. The fourth column gives S,/S, with 
selection rules for annihilation at rest (=O) in the 
case of protonium. From this, %* and 7 are calculated 
and shown in the bottom row. 


give S,, 


fasie VI. Probability ratios of 2-, 4-, and 6-charged-prong 
to zero-charged-prong events for \=8 


Ratio 50 Mev _—:140 Mev 0 Mev 
Te 


1 
rs, ; 1 


¢ 


9 15.. 3 

: 21. 4 
§ 

* Here W means without selection rules. 

In a recent hydrogen bubble chamber experiment, 
the values observed for %* and 7 were 3.21+0.12 and 
4.94+0.31, respectively.© There were 81+1 events 
recorded, out of which 6+2 annihilations occured in 
flight at an average laboratory energy of 50 Mev. Ina 
recent propane bubble chamber experiment, the 7* 
and #% values for the p-H annihilations were 3.06+0.12 
and 4.7+0.5, respectively." There were 139 j-H 
annihilation events recorded at an average laboratory 
energy of 80 Mev. 

From Table V we see that A~ 10 gives values of 7+ 
and % about the same as the experimental values given 
above. Further, we observe that the selection rules 
change significantly the number distribution of the 
outgoing pions. For annihilation at rest and at 140 Mev, 
the two-pion production is considerably decreased. The 
change in the average multiplicity is, however, quite 


insignificant. Note that the results at 260 Mev would 


above frequency, Hence, the values of Q; for different /-spin states 
with a given J value are proportional to the corresponding 
capture rates. Thus roughly we have Q;=4 for both *S,* and 
3$,! states, 0; =} for the 'S,* state, and 0; = for the 'S, 

"LL. E. Agnew, Jr., T. Elioff, W. B. Fowler, R. L 
W. M. Powell, FE. Segre, H. M. Steiner, H. S. White, ¢ 
and T. Ypsilantis, Phys. Rev. 118, 1371 (1960 
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Vu 


Values of S, 


for the 


TABLE S, for different values of \ 


Vp annihilation 


\ 1 
50 Mev 


L=10 


W* 140 Mev SO Mev 
( 1.0 1.0 


4.3 


] 
/ 
4 


140 Mev 50 Mev 140 Mev 
1.0 
404 


147.8 


1.0 
iZ.o i 16.8 

394.0 99.2 

1467.5 213.6 

856.0 217.8 

206.0 69.0 

5.3 53 54 


1.0 


* Here W mea 


be the same 
Fulco we 
fF} states. 

Table VI gives the ratios of the probability of 
occurrence of multiple charged-prong events to that of 
a zero-prong event for \= 8." These ratios are indicated 
by re, r4, and r¢, respectively, and are not sensitive to 
small changes in A. The quantity so indicates the % 
ratio of zero-prong events to the total number of events. 

We note that for annihilations in flight the zero-prong 
events are about 2 or 3°% of the total number of events, 
while at rest they are only about 1% of the total events. 
Thus there is a significant difference, by about a factor 
of two, in the probability of zero-prong events when one 
compares annihilations in flight with those at rest. 
The reason is clear if one notices that protonium 
annihilation occurs predominantly from S 
for annihilation in flight more states are 
available. For the *S; states, for both J=0 and J=1, 
zero-prong events are forbidden due to charge conjuga- 
tion,’ and since these states have a higher statistical] 
weight than the 'S» states, the zero-prong events at 
rest are considerably reduced compared to those in 
flight. Notice also that for S states no neutral pions are 
produced at all for n=2, and that for 'S» states due 
to G conjugation only even (odd) numbers of pions 
are produced in J=0 (J=1) states.‘ 

The numbers of 0-, 2-, 4-, and 6-prong events in the 
hydrogen bubble chamber*® were observed to be 2+1, 


at 
ignore 


as 140 Mev if, according to Ball and 


partial transmission in *D, and 


states 
whereas 


33, 41, and 5, respectively, where annihilations occurred 
predominantly at rest. In the propane bubble chamber” 
for the p-H annihilations the numbers of events were 
8, 54, 67, and 6, respectively, where annihilations 
occurred at an average energy of 80 Mev. Hence, the 
Dr. Gerson Goldhaber of Lawrence Radiation Laboratory 
kindly provided me with the relevant Clebsch-Gordan coefficients 
given in Table VI which were calculated by Dr. Donald Stork 
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zero-prong events ar rest are about (2.5+1.2)% and at 
80 Mev about 6% of the total number of events. 
With improved statistics and a better resolution of the 
7 events, we believe the above theoretical estimates 
can be checked more correctly. 


Np ANNIHILATION 


For Np annihilation, the values of S,/S: for different 
values of \ are given in Table VII. The values of % thus 
determined are also given. As in the pp annihilation, 
the selection rules change significantly the number 
distribution of the outgoing pions without changing 
the average multiplicity. If, as remarked earlier, we 
ignore partial transmission in *D;* and *F;! states, then 
the results at 140 and 260 Mev would be identical. 

In the collaboration emulsion experiment," the value 
of 7 was observed to be 5.3+0.4. Here 35 events were 
recorded out of which 21 annihilations occurred in 
flight at an average laboratory energy of 140 Mev. 

“W.H. Barkas, R. W. Birge, W. W. Chupp, A. G. Ekspong, 
G. Goldhaber, S. Goldhaber, H. H. Heckman, D. H. Perkins, 
J. Sandweiss, FE. Segr?, F. M. Smith, D. H. Stork, L. van Rossum, 


Ek. Amaldi, G. Baroni, C. Castagnoli, C. Franzinetti, and A 
Manfredini, Phys. Rev. 105, 1037 (1957 
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DESAI 


In another recent emulsion experiment,'® 7 was observed 
to be 5.36+40.3. There were 221 events recorded out of 
which 95 events occurred in flight at an average 
laboratory energy of 140 Mev. In the propane bubble- 
chamber experiment, the % value was observed to be 
4.7+0.5." Here there were 337 pC events recorded out 
of which 166 occurred in flight at an average laboratory 
energy of 80 Mev. 

We see that for \X~ 10 a good agreement with experi- 
ment is obtained. It is interesting to note that A=n 
also gives the multiplicity close to the experimental 
values. This might suggest that 
pion-pion interaction in the final state."* 


there is a strong 


ACKNOWLEDGMENTS 


I wish to thank Professor Geoffrey F. Chew for 


suggesting this problem and for his guidance. I would 
also like to thank Professor E. H. Wichmann for his 
helpful discussions about the phase-space integrals. 


%Q. Chamberlain, G. Goldhaber, L. Jauneau, T. Kaloger- 
opoulos, E. Segré, and R. Silberberg, Phys. Rev. 113, 1615 (1959). 

16G. Sudarshan, Phys. Rev. 103, 777 (1956); L. Landau, 
Izvest. Akad. Nauk S. 5. S. R. Ser. Fiz. 17, 51 (1953); I. Pomeran 
chuk, Doklady Akad. Nauk S. S. S. R. 78, 88 (1951 


NUMBER 4 1960 


Threshold Effects in Three-Body Channels 


Luctano Fonpa* 


Institute 


AND 


for Advanced Study, Princeton, New Jerse 


Rocer G. NEWTON 
Department of Physics, Indiana University, Bloomington, Indiana 
(Received April 5, 1960) 


The possibility of obtaining threshold anomalies in reactions leading to three-particle channels is studied 


in detail. It is found that a threshold cusp or rounded step exists in reactions whose final three-t 


ody channels 


have at least one particle in common. The effect appears as a function of the momentum of the comn 


particle while the total energy is fixed 


1. INTRODUCTION 


HE anomalous energy dependence of a scattering 
or reaction cross section at the threshold of a new 
inelastic process (the so-called ‘Wigner cusp”) has 
been investigated in a number of recent theoretical 
papers.?~* The analysis of this effect, apart from the in- 
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formation one can obtain about scattering phase shifts, 
proves to be particularly useful for the 
of parities and spins of the reaction products.” 

It is now well understood that the physical reason 


determination 


for the infinite ene rgy derivative of old cross sections 
at the threshold of a new channel is the sudden removal 
of flux from the incident beam due to the opening of a 
new cross section which starts with an infinite slope. 


There is consequently no such cusp (or rounded step) 
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THRESHOLD EFFECTS IN 
if both particles in the new channel are charged; for 
then the new inelastic cross section starts with zero 
slope (in the repulsive case) or with finite slope (in the 
attractive case) but with nonzero value. In the latter 
case another type of anomaly is to be observed.*:* It is 
clear that no observable anomaly exists at the onset of a 
continuum channel such as a three or more particle 
production process,® except in the second derivative 
where it is not expected to be experimentally detectable.’ 

In the present paper we want to draw attention to 
another type of cross-section measurement in which an 
energy anomaly is to be expected, and derive the 
quantitative details on quite general grounds. It is 
perhaps simplest to describe the type of experiment we 
have in mind by a special example which has been 
recently discussed." 

Suppose one were to measure the process 


(a) K-+d— A+pt+n- 


at a fixed total energy. One may then observe the pro- 
duction process for various energies of the emerging 
pion. Concomitantly to process (a), the process 


(b) K~+d — 2°+ p+r- 


is also possible, but the energy of the pion has a smaller 
maximum than for process (a). Therefore the pions 
seen near the maximum energy for (a) must all come 
from (a), but if we look at pions below the maximum 
energy for (b) then they may come from either (a) or 
(b). Thus there is a threshold in the cross section as a 
function of the pion energy, with fixed total energy, 
below which channel (b) is open, and above which it is 
closed. One may expect a corresponding anomaly in the 
dependence of the cross section for (a) as a function of 
the pion energy, the energy of the K~ beam being fixed. 
Moreover, the total counting rate of pions from both 
processes (a) and (b) will exhibit the characteristic 
cusp (or rounded step) too. 

The reason why an infinite derivative appears in the 
type of cross section described above while it fails to 
appear at the threshold of a three-particle process as a 
function of the fotal energy® is that in the process with 
fixed incident energy the threshold acts essentially as 
a two-particle threshold, as though the pion acted only 
to test the energy of the two-particle process 


(c) A+ p — 2°+ 9. 


It is therefore not surprising to find, as we do, that the 
cusp size depends on the size of the cross section for (c) 
In other words, in the physically implausible event that 
(c) (in which the pion does not partake at all) does not 
occur, no threshold anomaly would exist in (a) as a 
function of the pion energy. 

Apart from phase factors which may be observed 
by detailed cusp measurements, and to which discus- 
sions as in references 2 and 5 are applicable, the cusp 
observation may in principle be a tool for the observa- 


% T. Kotani and M. Ross, Nuovo cimento 14, 1282 (1959) 
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tion of relative parities. Since it is the S or P wave in 
the A— p system which leads to the S wave in the [—p 
system at threshold, depending on the A—Z parity, 
observation of the angular distribution of (a) near the 
threshold for (b) may thus determine that parity. This 
is admittedly a difficult experiment. We suggest that it 
may be easier to look at (a) near the threshold for (b) 
as a function of the proton energy. In that case the 
cross section for the fundamental process 


(d) A+an- — 2°+-24- 


enters, in which the relative A—x momentum is con- 
siderably smaller at threshold and hence the P wave 
may be expected to be much smaller than the S wave. 
It may then be possible to determine the A—Z parity 
without looking at the angular distribution of (a). 


Il. FORMULATION OF THE PROBLEM 


We work in the center-of-mass coordinate system 
and introduce the customary set of coordinates for 
three particles of masses mm, me, m, coordinates R,, Rz, 
R;, and momenta P,, P», P;: 


r= (m,/u:)Ri, 


Ts R, = R,, 


(1) 
and their canonical momenta: 
pi~hk, 
P2>= hk, = (m,P;— msP,)/(mz +mz;) 


dR, dR, dt, 
dt di dl 


with the reduced masses 


P, = uidr,/dl, 


mm; m,(m2+ms) 
“=——, 9 4. =————. (3) 
Mo+mM; m,+m2+m, 


Thus pz is directly related to the relative velocity of 
particles 2 and 3, and p, is equal to the momentum of 
the first. 

We are interested in cross sections for reactions 
leading from two particles to three, in which the first 
particle obtains a momentum between p; and p,+dp,, 
and particles 2 and 3 receive a relative momentum p, 
in the direction between 2, and 2,+dQ,: 


dos; 1 


| Oy (Ey Ea’; &)|?, (4) 


d@*k,'dQ,’ 25+-1 v1’ v2! 


with 
0:(E1' Ea’; E) = — (28 )*hk (yy'hy') 4 
XK (G0 (Ex Eo") | rl (8). (5) 


The notation is such that & indicates the momentum, 
the spin, and its z-component : 


E= (k,s,v) 
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go is the “unperturbed” three-particle wave function; 


in the coordinate re presentation, 


o(E1,€2; 1,82) = G0(E1,01)b0(E2,¥2), 


o(E,r) = (uh/h?) 82a) 1x, "et* 


’ 


which is normalized so that 


ftanertene (Er) =6(E— E’)6(Q.—Qy bng'bw’ 


] 


X,” being the appropriate spin function; ¥,“(&) is the 
complete wave function obeying the outgoing wave 
boundary condition and with the incident plane wave 
of two particles of relative momentum and 


spin & in channel 7. 


consisting 
If we make an angular momentum expansion we 


obtain 


; 


O/(Ey’,E 


with the following abbreviation 


for a two-body channel 


} 


tora three body ( hannel, 


11(Q1,E1) Vio? (Ao, Es), 


C 1, ( IM. 


efficient 


m.v) and Y,™ being the Clebsch-Gordan co- 


notation 
skopf 


reve rsal 


and the spherical harmonics in the 
and with the phase convention of Blatt and Wei 
With hese and the 


operator ’ 


definition time 


v I] oO K, 
where A is 


is the Pauli spin matrix for the 
or io 1 if it has 
prope rties 


the complex conjugation operator and o, 


th particle if it has spin 
pin zero, wt have the simple 


eV (AE 
vVy OR TEL 


gr 


vom 


provided that we use real spin functions X,’ and we mean 


g k,s, —» 
18 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952 
6E Pp Wigner, Gr ( Theory (Academic Press, New York ar 
London, 1959), Chap. 26 
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Equation (5) then lead 


©: (E1' Eo’; & 


{ 


if 47; is invariant under 
of 
particle reaction and scatteri1 
of (8) with (6 
invariance of H; impli 

Syx.a’ no matter whether the ele 


rever \ 


holds for the t 


imilar rela 
to 
( omparison 


tion, course, vo-particle two 


ATYT 
) 
t 


shows that therefore 


rey ersal 


me 


the symmetry of 1 matrix 


ments refer to two or 
three particle channel 

For a given total energy E the S 
Sgn a’ (Ey,Eo’; E) leads to a continuous range of 
energy distributions FE,’ and E 
channel 8, with F,’+ E,’=E there 


are two different three-parti hannel n with the 


matrix eiement 
of the three particle 


suppose tl 


same particle 1, as, for exar cussed 
in the Introduction. On incident 
energy E and observe the nur slasa 
When FE its n 


function of their energy F axi- 
mum then all observed particle ( 
lighter channel: but when £,)’ j a some of 
1 m; ( rom the heavier 
hold, 

pon anomaly 
the energy dependence of the cr ction. It is 


yme from the 
ougn, 
the observed particle 
three particle channel. Thus there is a thre and 
we may expect to observ: In 
thi 
anomaly which we want to 
The approach to the | 

reference 5. We first elimir natrix element 
of S its usual threshold energy d pendence It is well 
known that there i 


if the channel 


Appendix that 
ling 


1G] 


contains two particle 
for three-particle channe } ( t DO 
ky tip, lars, 


mentum repre 


factor is 
There fore we vrit i ingular 


in 


mo- 


entation i imple n notation 


K WK 


the matrix A sa 
y channel is a t 

the 8B channel is a three-body char é 
Hamiltonian H, is sufficient] 
finite at all 


where 


igonal 


wo-body <¢ hanne 


interaction 
ived then We is 


thresholds 


Ill. THRESHOLD EFFECTS 


The submatrix S, of S 
only is unitary; we Cal 


symmetric matrix & so tl 
Kr RK (8 


the 
channels 


where matrix mu wr three-particle 


includes an over one of the 


energies. Comparison of nd hows that 


We, LA 


} ‘ 
this equ 


the 


We differentiate 
momentum ke, of 
set ko=0. In this 


three 


proce 
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fixed but set kig=ia, the 8 channel being another, 
lighter, three-body channel open at that energy and with 
the same particle 1. This corresponds to the observation 
of particles 1 from both channels a and 8. Thus ia, 
kis, and keg are all (even) functions of ke. Other 
channel momenta being quite independent of koa, we 
get an effect only if we take elements of (11) whose 
final states are in the a or B channels. The initial 
channel is a two-particle channel for obvious experi- 
mental reasons. Now it is shown in the Appendix that 
the elements of & are even functions of all open-channel 
momenta and that they are in general finite at thresh- 
olds. Differentiation of (11) with respect to koa at 
kog=0 thus would yield 


(0/ Oka), =0, 


except for the possibility that & contains a term pro- 
portional to 6(£,— £,’). For the differentiation then acts 
on the corresponding element of Mt, on the right-hand 
side of (11). Such a 6-function term is indeed contained 
in R, since the interaction Hamiltonian H; undoubtedly 
includes two-body potentials for particles 2 and 3 in 
the a and 8 channels. These potentials are independent 
of r; and one can easily see that consequently 


R (Ey’ Es’; E:,E2) = 6(Ei:— Ey’)iywR© (E2) +--+, (12) 


where R is the matrix & referring to the two-particle 
scatterings and reactions of particles 2 and 3 of channels 
a and 8, in which particle 1 is entirely ignored. The 
remainder in (12) is free of such 6 functions. Thus we 
obtain at kez=0 from (11) 


(1—iR © K 1?) (0/ORea We, =iKO POM, (13 


where P is the projection on the ,=0 part of the 
channel a. At the same time R® satisfies the two- 
partic le equivalent of (11): 


(1—i NRK 22)M, © =—2N”. 


We conclude therefore that at ko,=0 


(0/Akoa) IR, = —3ML, OO PeOM, 


for elements leading to the a or 8 channel. The meaning 
of this is that the part of the matrix element that 
refers to particle 1 is the same fort, on both sides of the 
equation, while the parts that refer to particles 2 and 3 
in channel a or 8 are the matrix multiplied by Pt,. 
The argument proceeds as in reference 5. We infer 
from (14) that in the vicinity of the threshold k,,=0 
the linear term in the Taylor expansion of an element 
of Wt, leading to the a or 8 channel is!’ 
AM=M—M | ., 


=({) 


1/1 
—— ( ) Roa mM 0) Piao WM kon -_ 15) 
1 


? 


‘7 We will drop hereafter the subscript “+” since we shall be 
concerned with the open-channel part of J only. 
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where the ‘‘1”’ is used above the threshold (as a function 
of E+) and the “i” 

Che threshold anomaly arises from the linear term 


below 


in kee, as it does in the two-particle case. We are in- 
terested in the behavior of the elements of S leading 
to the a and 8 channels as functions of kig= yg, with 
the total energy E fixed. The momenta kyo and keg are 
then functions of &), 


Ria MYa 
lim 


kta 0 


OR ia Roa Mia 


is infinite. Therefore 


derivative of We is 


which the leading term in the 


0 
M 
OR ia 


Me la 


Mia 


XM POM! .. wo, (16) 
depending on whether the derivative is evaluated from 
above or from below the threshold as a function of £;. 
(Recall that as a function of EZ, the @ channel is open 
below the threshold and closed above.) 

If we choose the direction of the incident beam as the 
z axis (i.e., axis of quantization) then we obtain from 
(6) and (15) 


Aa ,;| E,’ Es’; E } 


1 
( ) Ro. Mia i)! > Oia 2 
1 )2a 


K Ooi (Es! E20; g), 


(Es’ Fou) 


(17) 


where the amplitudes on the right-hand side are evalu- 
ated at the threshold, 0,,°’ is the two-particle amplitude 
from the (2,3) part of the a channel to the (2,3) part of 
the final channel; the 7 sum runs over the total angular 
momenta of particles 2 and 3 in the a channel, ie., 
their total spin; and the upper value, —1, is used where 
the @ channel is open, the lower value, i, where it is 
closed. 

Equation (17) immediately yields the linear term in 
the three-particle cross sections : 


days(Ey’ Es! ; €) 
A 
dk;'dQz 


Ke 
_ —2| ke (fia mn 


) ¥ Oy*(Ey Es’; 8) 


Im 


XO;_* | Es’ E20) as! Es’ Exe} &) 
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provided that the reference axis of the spin projections 
is the incident beam direction. 

We may integrate the cross sections over angles to 
obtain the spectrum: 


k,*dk,’ 
da, 


[ ©: (E 1! Eo’ E)|2dQidQ,, (19) 


2s+1 min’. 


+l p2 


x Weyr a 19’) 
Equation (15) then leads to the following linear term 
in the spectrum 


doy, mm — 22WJ+1 
Aa > Ry /2ht 
dE,’ Quy’ Jlily 2s T 1 


Im 
% [Moya inZ* Were’ ax0ea"?) "Mar 1080,ir7 |] 
{ 


Re 
Ey’ here is the « nergy of particle 1 
Ey! =h*k,"?/2m,' 


The essential feature of the result (18) and (20) is 
that the cusp size depends on the three-particle cross 
ection to the threshold channel as well as on the two- 
particle cross section from the threshold to the final 
channel in which particle 1 is entirely ignored. Ordinary 
thus tel 
reactions can or cannot exhibit the infinite derivative. 
For example, in the case of reaction (a) at the threshold 


selection rule us immediately what kinds of 


for reaction (b), as given in the Introduction, in which 
the incident energy is kept fixed and the energy of the 
pion observed is varied, the two-particle matrix element 
involved is that of A-proton collisions leading to Y 
production at threshold. If the relative A—Z parity is 
even, this matrix element is confined to the S wave; 
if it is odd, to the P wave. Hence the threshold anomaly 
as a function of the pion energy comes from the S wave 
of the A proton system if the A 
the P wave if it is odd 
From tl 
the 
Since 


>> parity is eve n, from 
1e point of view of experimental application 
above-described case is of limited significance. 

the the center-of-mass 
system lies at about 80 Mev for the A-proton system, 


>-proton threshold in 
the relative momentum is high enough so that the 
P wave cannot be expected to be small compared to the 
Hence the determination of 
rounded ste p) occurs in the S or 


S wave. experimental 
whether the cusp (or 
P wave would have to rely on the angular distribution 
of the A and proton, which is very difficult. On the 


other hand, the same system could be analyzed using 
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the proton as particle 1 instead of the pion. One would 
then observe the a function of the proton 
energy and it would come from the A 
P wave depending on the relative A 


cusp as 

x S wave or 
> parity. Since 
the reduced mass of the A—7 systen much smaller 
than that of the A momentum 
at the 2 threshold is much smaller and one may expect 


p system, the relative 


the P wave to be small compared to the S wave. In 
that case the observation could rely on the cusp in the 
spectrum. If details could be measured, one could also 
obtain interesting information on the 2 production 


cross section by A—z collisions 


APPENDIX 
We first 


of the S-matrix 


want to derive the threshold k-dependence 
For the 
well known and need 
not be rederived here. For the case in which either or 
both sides refer to three-body channels the dependence 
on the over-all energy and that on the 
menta k; and k» has been 
different 


1 


heuristic and holds provided the 


as stated in (9 case of two- 


body-two-body transitions this is 


individual mo- 
given by Delves.® Our de- 
rivation is somewhat The proof we give is 
the 


if it vanishes beyond finite 


interaction has 
requisite properties, e.f.. 
values of r; and ro 

Comparison of (5) and (6 
> Vy™* (0,8) Vy (NEE 2)S 

(A.1) 

for the case of We 
expand the free three-body wave fun tion @ 


two- to three particle transitions 


bo!) (E1,€5 1,8 


(? 


2/wh?) (uk woks)! 


 ¢ 


(kore 


Consequently we 


¥ Spat (Ey,Ed 3 EVV (0,8 


2/mih*) (uy’ky' wo’ ho'k f 


X ji2(ke'r2) Yor 


in which the dependence on 
visible. It follows immediate ly 


Is explicitly 
behavior of the 
spherical Bessel functions that, pr ed the r; and rz 
integrations converge, 


Sp 7 EE’ \.4) 


as either k,’ — 0 or k,’ early nothing is changed 
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in this argument if the initial channel is a three-body 
channel. All that remains is to recall the symmetry of 
the S-matrix and we arrive at (9). 

We now write the S-matrix in terms of the &’ matrix 
defined by 


R' = —4(oo” | Hr\or™), (A.5) 
where 
ve = $0" +GrHyr™, 
and Gp is the “principal value Green’s function” 
Gp= ReG,. 
We then have the Heitler integral equation, 
(i+ R)S=i-—&’, 


where the matrix multiplication includes summation 
over discrete channels as well as integration over angles 
and energy distribution for three (or more) particle 
channels. Angular momentum analysis leads to 


> VF E) Va (NER py a’7 (EB) 
= —43(go" (8) | Hi \Pe 


for two-particle matrix elements, and analogous equa- 
tions for three-particle elements. 


(E)) (A.6) 


We want to show that once the threshold energy 
dependence ‘+4 is taken out of each element, the re- 
maining matrix is an even function of all real k’s. Since 
the proof of this fact for discrete channels was given 
in reference 5 using the special methods of reference 4, 
we give a more direct proof here for two-particle 


channels which is directly generalizable to three- 
particle channels. 

We make an angular momentum expansion of y in 
terms of radial functions: 


THREE 


2usks ' ‘ 
Wap (Er) yi Ysa M r) 


ah? 
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X War’ or? (Kr) Vas" (A,b)ks! = (A.7) 


for the two-particle case. The radial “principal value 
wave function” then satisfies the integral equation: 


War 3h , “(K,r) bas jilker)ke . 


-> f dr’ 9*haji(Rat<)mi(Rat>) 


vA 0 


X Hay pe Pre prx?4 (K yy’). (A.8) 


Since j,(kr)k-' and kj,(kr)ni(kr’) are both even func- 
tions of &, it follows that War ¢,‘”” is an even function 
of all open-channel wave numbers. (The k’s of closed 
channels must not change sign; they must remain in 
the upper half plane.) A moment’s reflection shows 
that the same argument applies also to a three-particle 
wave function. 

If the angular momentum expansions of ¢, and y‘”? 
are inserted in (A.6) we are able to conclude the desired 
result. The matrix function, 


R=K RK, 


in the angular momentum representation is an even 
function of all open-channel momenta. 
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The beta decay of the positive 4 meson was studied using a liquid hydro 


field of 8800 gauss. An analysis of 9213 events used in the momentum sp 
This number includes the internal radiative corrections and is to be compared dir y wi 75 pre 


780+-0.025 


} icted 


by two component theory. The analysis of 8354 events used in the asymmetry run ve for the magni 


tude of the asymmetry |¢£ 


I. INTRODUCTION 


HE investigation of the decay of the u meson re- 
ceived a large impetus through the discovery of 
nonconservation of parity’ and the successes of the 
two-component theory of the neutrino*~’ and the “uni- 
versal’ V-A_ theory.® 
useful as a check on the exactitude of these theories 


10 


u-meson decay is especially 


since no strongly interacting particles participate, so 
that the only correction is due to, the well-understood 
electromagnetic forces. 

In the general four component case, the momentum" 
and asymmetry” spectrum including radiative correc- 
tions'*:“ is given by: 


P(x, 


cos@)dxd(cosé 


Here, x is 
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=().94+0.07 and for the shape parameter 6 


yw are the electron 


mum possible momentum, m, and m 
and muon masses, P is the 
muon sample, h(a 
corrections, and @ is the angle 


electron momenta. The four parameters p, £, 6, and 7 are 


polarization of tne 


cribe the 


iverage 
and} g de radiative 
between the muon and 
bilinear function 
and completely specify the shape of the 


of the five possible coupling constants 
pectrum. Three 
of these four parameters were evaluated in this experi 


small 


very 


ot the pectrum and could n 


ment. The fourth, 7, produces, at most, a 
effect on the sl 
determined due to insufficier 


Lape 
tat al and 
accuracy. 

This experiment was done 
chamber 12 in. in diamet 
field of about 8800 gau 
that 10-15 positive pions stopped in the chamber in 
A typical pict hown in Fig. 1. 

The muons from the ’ topped pions 
were 100% polarized along 1 lirection of their mo- 
mentum This 
polarizaticn was partly de 
but the component alon I lagnet ie] vas not 
altered by the field. T! 
rately measure the polarizat 
that the muons were en 
that they were not depolarized by the liquid hydrogen 


hydrogen bubble 
»ina magne tic 


adju ted so 


each picture 


according to theory. 


sible to accu- 
e sample assuming 


ompletely polarized and 


Early work on the momentum spectrum showed con 
siderable disparity due to unde nation 
errors, particularly in 


of sy tem it 
More recent 


agreement 


determinations are 
with each other, bi ne ex iment indicate a p 
value somewhat | he val 75) pred by 


two-component theory. 
The asymmetry inte 

spectrum has been n 

workers with count 


hydrogen bubble 
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Fic. 1. A typical picture showing 
a variety of w-y-e decays. 


The dependence of the asymmetry on momentum has 
been measured with counters” ™?5 and using emul- 
sions.”* The asymmetry of very low-energy electrons has 
also been studied using a propane bubble chamber.” 
These experiments have been troubled with poor reso- 
lution which prevent them from examining the entire 
spectrum. 

The present experiment is an attempt to measure 
both the momentum spectrum and the asymmetry 
spectrum with improved resolution and statistics. 


Il. APPARATUS 


The construction, operation, and photography of the 
liquid hydrogen bubble chamber used in this experiment 
has been described in detail elsewhere.** The chamber 
operated in a stable and trouble-free manner producing 
tracks of good contrast with no observable distortion 
when the light was flashed 1 millisecond after the beam 
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DECAY 


entered the chamber. The density of hydrogen in the 
expanded chamber was determined from the range of 
u’s from w-u decay to be 0.0565+-0.0005 g/cm’. 

The details of the beam are not relevant to this experi- 
ment and will not be discussed except to note that 
10-15 x* mesons stopped in a useful region of the 
chamber in each picture. Muon and electron contamina- 
tion was of the order of 25%, but was unimportant as 
n-u-e decays from stopped pions were selected for meas- 
urement by their characteristic appearance (see Fig. 1) 
and later checked by the measured length of the muon 
track. The only possible source of contamination arose 
from muons that scatter and then decay in flight about 
1 cm from the scatter. Of the approximately 10000 
events utilized, one might be expected to follow this 
pattern and would, of course, produce a negligibly small 
effect on the results. 

20 000 good quality pictures were taken showing 
about 200 000 x-u-e decays. 5000 of these pictures were 
scanned and 19 500 events were measured. 


Ill. MEASUREMENTS 


An event was selected for measurement if it satisfied 
the following criteria: 

1. The yw stopping must be inside a cricle drawn on 
clear plastic and lined up with the projected picture by 
means of fiducial marks on the chamber. This condition 
guaranteed that the uw stopping was at least 2 cm from 
the cylindrical walls of the chamber and so was in the 
well-illuminated region of the chamber. 

2. The projected length of the muon must be less 
than half its actual length. This criterion selected 
preferentially events in which the muon momentum had 
a large component along the camera axis and so along 
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the magnetic field. Such events preserved a large part of 
the muon polarization and so were the most useful for 
the asymmetry spectrum while also being useful for the 
momentum spectrum. 

Once selected, an event was measured immediately. 
The cartesian coordinates of the following points were 
determined in each of the three views for each event. 
1. Two fiducial marks, to determine the magnification, 
rotation and translation of the views relative to a 
standard coordinate system. 2. The w-y decay vertex. 
3. The u-e decay vertex. 4. Two further points along the 
electron track roughly equally spaced and at roughly 
the same points along the track in all three views. 

These measurements were made on a digitized scan- 
ning machine with a precision corresponding to 0.017 
cm in the life-size chamber. Events were measured by 
nonphysicists at the rate of one every five minutes 
averaged over an eight-hour day. 


IV. CALCULATION OF SPACE PROPERTIES 


An IBM 650 program was written to find the vector 
momentum of the electron, the direction of the uw, and 
various space properties used to select events likely to 
be well measured without biasing the spectra. The 
calculation of the momentum of the electron is of critical 
importance to the determination of the p parameter 
and will be discussed in detail here. 

There were four main contributions to the systemati« 
error in the momentum scale: (1) geometrical recon- 
struction, (2) turbulence, (3) magnetic field, and (4 
energy loss. 

The measurement error on an individual track was 
determined to be 1.5°, of the momentum for an aver- 
age track by remeasuring 220 events in the usual 
manner. This is about } of the average multiple scatter- 
ing uncertainty and so produced an almost negligible 
broadening of the nciion. A systematic 
error in the momentum arose mainly from the error 
in knowing the distance between the fiducial marks 
(22.41+0.01 cm) and from nonlinearities in the lineup 
of the scanning machine. These effects were estimated 
to contribute 0.1% to the systematic error. 

To determine the effect of turbulence in the chamber, 
the deviation of 875 no-field pion tracks from a straight 
line was measured. These tracks crossed the central 
region of the chamber horizontally while the expander 
was on top of the chamber, so it was expected that these 
tracks would be quite sensitive to turbulence. A histo- 
gram of the deviations is shown in Fig. 2. The data is 
well fit by a Gaussian with standard deviation 0.84 mm 
and average —0.004+0.028 mm. This standard devia- 
tion would be expected from multiple scattering for a 
pion energy of 42 Mev, which is in satisfactory agree- 


resolution f 


ment with the expected beam energy. The average 
deviation is clearly consistent with no distortion due to 
turbulence. Furthermore, since the electron tracks were 
oriented in a random fashion, to first order such a dis- 
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tortion would not produce a 


of 0 


tretching of the momentum 
1%, 

re considered conservative. 
apped throughout the 
of 0.1% and fit by a function 
sfy Maxwell’ 
The maximum field variation in the usefu 


A contribution 
systemati error was tneret 
The 


chamber to an accurac 


scale. from turbulence to the 


magnetic field was n 


which was constrained ‘to equations. 
| re gion of the 
chamber was less than 400 gauss, about 4° of the 


central value which was 8841+7 gau 


- 


To account for the variation in tl held along the 


path of the electron, an effective field was obtained by 
taking the weighted average of the field at the beginning, 
middle and end of the track with weights 75, %, and x, 
respectively. It can easily be shown that this is essen- 
tially exact if the track i 

is a quadratic function of 


almost straight and the field 


the coordinates. This is an 
adequate approximation for our purposes. 

The above discussion refers only to the “z”’ component 
of the magnetic field. No attempt was made to correct 
for the radial component of the field as it had a small 
a track > 


about 3% for an 
and tends to average 


effect on the curvature of 
average track 


number of randomly oriented tracks 


out for a large 

The momentum must also be corrected for energy 
loss by ionization. The average correction is about 1.5 
Mev/c which is 4% of the average momentum of the 
spectrum. The energy loss was evaluated experimentally 
to an accuracy of 2.5% so the resulting uncertainty in 
the momentum was 0.1% 


The measurement of | 


energy Oss 
which spiraled around many times in the chamber and 
gave for the average total energy loss between 26 Mev/< 
and 0, dE/dx=0.224+0.003 Mev/cm. The energy de- 


pendence of the ionization energy | 


utilized electrons 


ss was calculated 
from the theory by Lecourtois™ as there was no practical 
method for experimentally determining energy loss at 
higher energies with the required precision. The result 
of this calculation was that the ionization loss is con- 

17 


stant to within 2% for momenta above 10 Mev/c. 


The momentum was also corrected for the average 
tion was only about 


had to be 


energy lost by radiation. This corre¢ 
'C7, for an average track so this 


correction 


Nj 
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no-field pion tracks 


} 


Fic. 2. A histogram of the sagitta of 
le d hamber 


used to study possible distorti the « 
® Agnes Lecourtois (private communicat 
express my thanks to Miss Lecourtoi 





MOMENTUM AND 
known to only 20% to maintain an accuracy of 0.1% 
in the momentum. For this purpose the simple equation 
(dE/dx)rna= E/Xo was used, where E is the energy of 
the particle and X» is the radiation length. The radiation 
length calculated with no screening® was 72.5 g/cm? 
= 1300 cm in this chamber. The average momentum of 
the electrons used to measure the energy loss was 11.8 
Mev/c, so the average energy loss due to ionization 
and radiation was (dE/dx) to.=0.224+4-0.00077 (p— 11.8) 
0.215+-0.00077p Mev/cm. 

This was used to correct the momentum for energy 
loss by adding to the momentum the energy lost in half 
the track length measured plus a small term which 
depended on the position of the middle measured point. 
The form of this correction was checked and shown to 
be accurate to better than 0.1% for an average track 
assuming the path of the electron to be a logarithmic 
spiral. This would be exactly true if the energy loss were 
constant and if there were no multiple scattering. 

The systematic error in the momentum scale was due 
to these four independent effects and amounted to 0.2%, 


V. MOMENTUM SPECTRUM 
A. Selection of Events 


The validity of this or any similar experiment depends 
on an accurate evaluation of the systematic errors. In 
this experiment, the main contributions to the system- 
atic error came from possible stretching of the mo- 
mentum scale, which was discussed in the previous 
section, and from possible biases in the selection of 
events. 

The criteria used to select events from the sample of 
measured events for use in the momentum spectrum 
were chosen to keep the sample as large as possible and 
to be independent of momentum while eliminating most 
events which could be measured only very poorly. For 
these purposes, the following selection criteria were used : 


1. The dip angle of the track must be less than 45°. 

2. The potential path of the track must be greater 
than 7 cm. The potential path is the distance from the 
decay vertex to the nearest wall of the chamber along 
the initial direction of the electron. 

3. Events for which the yw-e decay vertex was within 
one cm of either glass wall were not used. 

4. Events for which measurements made in the three 
views were grossly inconsistent were discarded. This 


criterion was set at 15 standard deviations and rejected 


less than 4% of the events. 


9213 of the 19500 events measured satisfied these 
criteria and were used in the determination of the p 
parameter. A histogram of these events is shown in 
Fig. 3. 


” E. Segre, Experimental Nuclear Physics (John Wiley & Sons, 
New York, 1953). Vol. L. 


ASYMMETI 


RY SPECTRUM OF yw DECAY 





———EE 
, 


Fic. 3. A histogram of the data used to evaluate p. The error 
flags are representative statistical errors. Also shown are the 
theoretical spectra for three p values with the resolution folded in. 


B. Resolution Function 


In order to compare the data with the theory and 
extract a p value, it was necessary to fold into the theo- 
retical spectrum the resolution function which described 
the distortion of the spectrum due to the finite precision 
of measurement. Three effects contributed appreciably 
to the resolution width in this experiment: (1) external 
radiation, (2) ionization loss straggling, and (3) meas- 
urement and multiple scattering. 

The first step was to calculate the theoretical spec- 
trum including the internal radiative corrections. This 
was done using Eq. (1) with the small term proportional 
to m neglected. The Michel spectrum then assumes the 
simple form: 


P(x) =[1+A(x) ]{ 1222— 122x*+ pf (32/3)a*9—82"]}. (2) 


A mesh 0.01 wide in x was used in this calculation and 
the values of A(x) which describe the internal radiative 
corrections were taken from reference 17, which tabu- 
lates h(x) averaged over x intervals of various widths. 
The values of A(x) averaged over the interval Ax= 1m, 
=(),0097 were used here. These tables contain the latest 
values for the internal radiative corrections and are 
now agreed upon by several authors.'*"“ 

The momentum of each electron was corrected for the 
average energy lost due to radiation while passing 
through the liquid hydrogen. However, an individual 
electron could lose any fraction of its energy. Therefore, 
to obtain the correct shape for the Michel spectrum, a 
bremsstrahlung spectrum was folded in.” This has the 
form: 


L dk dk 
(0) .005—. (3) 
Xo k Bb 


Here / is half the length of the average track (6.5 cm), 
Xo is the radiation length for fast electrons in liquid 
hydrogen (1300 cm), and & is the energy of the proton 


"W. Heitler, 


versity Press, Ne 


The Quantun Theory of Radiation (Oxford Uni- 


w York, 1954), 3rd ed 
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emitted. This was folded into the theoretical spectrum 
using a mesh width of 0.002 in x. 

The momentum of each electron was also corrected 
for the average energy lost due to ionization. However, 
there was straggling about the average energy loss which 
for this experiment had a full width at half maximum 
of 0.2 Mev. To correct for this effect, the Landau strag- 
used. This been checked 
experimentally,” giving good agreement with the theory 
for light element 


gling distribution wa has 
Since, in this experime nt, electrons 
with delta rays of greater than 4 Mev were measured 
only up to the delta ray, the straggling function was 
extended out to 4 Mev above the most probable energy 
loss using Landau’s inverse-square behavior for this 
region. For this calculation, a mesh 0.002 wide in x 
was used 
$y far the largest contribution to the width of the 
over-all resolution function came from the finite preci- 
1.5%), and the intrinsic uncer 
tainty in measuring the momentum of a particle due to 
multiple scattering in the liquid hydrogen (6° / ). Both 
these effects lead to a resolution function of the same 
type and will be considered together. 

To determine the 


ion of measurement 


momentum of an electron, the 
radius of curvature of the track was found by measuring 
three roughly equally spac ed points along the track. For 
the purposes of the error analysis, the following approxi 
mate relationship is useful. 


R P Sd 


(4) 
Here R i 


between the ends 


the radius of the track, / is the chord length 
of the track, and d is the sagitta—the 
distance along a perpendicular to the chord from the 
midpoint of the chord to the track. Since 2. for the average 
track, d was 1 cm and / was 13 cm, the error in R was due 
mainly to the uncertainty in d. The error in d due to 
measurement was clearly Gaussian distributed. Multiple 
scattering also produces a Gaussian distribution in the 
sagitta to a good approximation as is indicated by Fig. 2. 
These two effects can thus be 
Gaussian 

The due to measurement 
estimated to be 0.017 cm by an analysis of 220 remeas- 
ured events. The standard deviation due to multiple 
cattering was calculated using the method first dis- 
cussed by Bethe** with the result: 


combined into a single 


standard deviation was 


2.16 
pis \ \ 


Here / is the length of the track in space in cm, p is the 
momentum of the particle in Mev/c, 8 


and Xp» is the radiation length in cm. 


is the speed of 
the partl le, 


The probability distribution in momentum assuming 


VaASSeT 


* E. L. Gold \. O. Hanson, Phys. Rev 


$8, 1137 (1952 
H. Bethe 


Phys. Rev. 7 21 (1946 
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C. Statistical Analysis 
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The dependence of x? on p, assuming the systematics 
were exactly correct, is shown by the central parabola 
of Fig. 4. The best fit was obtained for p=0.780+0.016, 
where the error is statistical only. The systematic error 
in the momentum scale has been estimated to be 0.2%, 
due to measurement error plus an additional 0.1% for a 
possible selection bias for a total systematic error of 
0.23%. The dependence of p on a stretching of the 
momentum scale can be easily estimated by evaluating 
p as a function of the average momentum of the spec- 
trum. Ignoring internal radiative corrections and the 
resolution function: 


p= 7.5(Z—0.6). 
Since €~0.7 for p~0.75, 
bp~ 56%/Z, (9) 


and systematic errors contribute 0.012 to the error in p. 
Adding this in quadrature, p= 0.780+0.020. 

Since p is quite sensitive to systematic errors in the 
momentum scale and since the data contain information 
about the momentum scale—particularly from the posi- 
tion of the end point—? was also evaluated as a func- 
tion of a stretching of the momentum scale by A%. 
Finally, x? was evaluated as a function of the average 
width of the measurement and multiple scattering reso- 
lution function to check that calculation and to find 
the sensitivity of » to an error in the resolution width. 
The result of this many parameter fit to the data was 


A= +0.0025+0.0037, ¢=0.058+0.003, 
p=0.792+0.024. 


These errors all include correlations due to uncertainties 
in the other parameters. Therefore, this is the p value 
and error which would have been obtained if no attempt 
had been made to calibrate the momentum scale or 
determine the average width of the resolution function. 
This result depends appreciably only on the momentum 
scale being linear. The fact that A is consistent with 
zero within the error indicates that no large error wa 
made in the calibration of the momentum scale. 

A detailed examination of this calculation showed that 


p is essentially uncorrelated with ¢, but is strongly 


correlated with A in a manner given with good precision 
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[he deviation of the data and theoretical spectra with 
resolution folded in from the theoretical spectrum for p=}, 4=0 


by Eq. (9). As the momentum scale was calibrated (with 
a precision of 0.23%) as discussed in Sec. IV, this 
measurement was added to the x? function to obtain the 
final result p=0.785+0.020, where the error now con- 
tains the contribution due to systematic errors. 

The minimum x? obtained was 93.8, which is to be 
compared with the 99+ 14 expected for 99 degrees of 
freedom. The fit is somewhat better than expected, but 
well within the predicted limits. 

In order to make the goodness of fit and the sensitivity 
of the data in determining p more apparent, Fig. 5 was 
drawn. This figure shows the deviations of the data and 
the theoretical spectra from the theoretical spectrum for 
p=0.75, A 0.0575. This makes it possible to 
expand the scale so the differences between spectra for 
different values of p become more apparent. To improve 
the statistics on each point, the data was summed over 
intervals 0.1 wide in x instead of 0.02 as in Fig. 3. It is 
clear that the best values for p and A (p=0.785, 
A=+}%) represent a good fit and that p=0.75 is a 
poorer fit to the majority of points. The only region 
where the fit to p=0.785 is noticeably bad is at x<0.2. 
It is believed that there was no bias against these low- 
energy electrons as an electron with a momentum as 
low as x=0.01 easily seen and measured. With 
10 000 events in the entire spectrum, only about 7 were 
expected in the region x<0.05 and 4 were found. At any 
rate, a rough calculation showed that 25 events, in 
addition to the 143 found in the region x<0.2, would 
produce an excellent fit and would alter p by less than 
0.007. Since this discrepancy could well be a statistical 
fluctuation, no correction was made. 

An attempt to evaluate the second Michel parameter 
n was strongly affected by this apparent shortage of 
low-energy electrons. A least mean squares fit to p and 9 
gave n= —2.0+0.9, p=0.745+0.025. Since 9 is re- 
stricted by its definition to -1<y<+1, and because 
of the large error, this fit shows little more than that 7 
cannot be determined from this data. The large nega- 
tive value is due entirely to the apparent lack of events 
at low energy. The effect on p is more disturbing. How- 


0, é 


Was 
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n <0.44 by its relation to the 
asymmetry parameter |n\?<1—(é|* and the experi- 
mental result | £| >0.92.'* If the coupling is V—A, =0. 
Restricting 7 to |n| <0.44 would reduce its effect on p 
to 0.009. Because of this and several other small but 
difficult to evaluate possible contributions to the sys- 
tematic error, an additional error of 0.015 was added in 


ever, 7 is restricted to 


quadrature to obtain for the error 0.025 

As a check on the selection criteria and the measure- 
ment of dipping tracks; 
angle less than 23.6°, a potential path greater than 10 
cm and satisfied the other old selection criteria, wer 
analyzed. The resulting 4581 events gave a p value of 
0.780+0.035 in good agreement with the “poor” reso 


those events which had a dip 


lution result. 

\ small bias 
introduced by 
which decayed near a glas 
be polarized with its spin pointing away from the glass. 


igainst low-momentum electrons was 


the selection criteria because a muon 


window was more likely to 


rhis occurred because most pions stopped in the central 
the 
were then preferentially emitted in the direction of the 


region of chamber. The low-momentum electrons 


gla 
less likely to have a potential path greater than 7 cm 


sas predicted by the asymmetry spectrum and were 


than a high-momentum electron. This effect is easily 
and accurately calculable using the observed distribu- 
tion of stopping pions, and the shape of the momentum 
and asymmetry spectrums [ Eq. (1) ]. The result of this 
correction is to reduce the p value by 0.005 to 0.780. 
The final result is then p=0.780+0.025. 


VI. ASYMMETRY SPECTRUM 
A. Selection of Events 


Events were selected for inclusion in the asymmetry 
spectrum by a set of criteria designed to be independent 
of the electron momentum and direction while tending 
to reject events which could be measured only poorly. 
However, since the statistical error is the dominant 
error in the asymmetry parameters in this experiment, 
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of the cosine of the 
the ~-meson momentum for 


8354 events 


Fu 6. Hist gra ol the abs ite value 
angle between the magnetic field 
the events used in the asymmetry spectrum 


anda 


asvmmetr p 
¢=0.75 with tl 
folded in 

the criteria were made considerably ; stringent than 
those used for the 


used were: 


The criteria 


momentum sp trum 


1. The length of the m nm between 1.0 and 
1.3 cm. The average muon length was 1.149-+-0.001 cm. 
2. The redundancy from measuring the coordinates 
in three views was again used to eliminate events in 
which very large measurement err‘ 


rs were made. 


3. The w-e decay vertex must be at least 3 cm from 


the windows of the chamber 
4. A second type ol potential path | 


to be zero if the p-e de ay vertex was more than 13 cm 


, was defined 


from the center of the chamber radius of the cham- 
distance from 
the 
tron in the chamber plane to a cylin- 


chamber. Events 


ber was 15 cm) and otherwi 
the w-e decay vertex along t! ojection of initial 
direction of the ele« 
der of radius 13 cm concentric 
with Ly less than 3 cm were 

5. Events for which th ip ang f the ¢ 
more than 72° 


6. The absolute value of tl 


lectron was 
were 
of the angle be- 


tween the muon and the mag must be greater 


than 0.7. 


The last criterion selected thos nts in which the 
70% of 


t least 
tl e 
ymentum and that it 


polarization of the muon at decay was a 


its polarization at emissiot muon 


polarized in the direction of its m¢ 
was not depolarized by the liquid hydrogen. The average 


he sample of muons used was then 


polarization of t 
simply given by the averag ibsolute value of the 


cosine of the angle betwec nuon momentum and 
obtained is shown 
0.874, 


used in the 


distributior 


the magnetic field. Th 
in Fig. 6 and gave for the average polarization P 
f the 


Im ¢ events 


The momentum spectr 


asymmetry spectrum is shown in Fig. 7. The expected 


distribution for p=0.75 with the resolution function 
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expected for these events folded in is also shown. The 
main purpose of this graph is to check the selection 
criteria and the resolution function, but it can be seen 
that the agreement of the data with p=0.75 is quite 
good though favoring a somewhat higher p value. 

The asymmetry spectrum was calculated from the 
data in the standard way using the average of cos@, 
where @ is the angle between the electron momentum 
and the polarization vector (taken to be the component 
of the » momentum along the magnetic field with the 
algebraic sign changed). This was done for momentum 
intervals Ax=0.05 throughout the spectrum to obtain 
the momentum dependence of the asymmetry. The 
expression used was: 


3((cos@) av NV. l 
gs (x) t — 3N,)?. 10 
(0.95"PNAx 0.95PNAx 


Here @ is the angle defined above, N, is the number of 
events in the ith momentum interval, P is the average 
polarization, and N is the total number of events in the 
spectrum. The 0.95 factor enters because only electrons 
with |cos@|<0.95 were used in the spectrum. (See 
asymmetry selection criterion 5.) The data with their 
statistical errors are shown in Fig. 8. 


B. Resolution Function 


The resolution function was treated in the same 
manner as for the momentum spectrum. The major 
difference arose from the fact that the measurement and 
multiple scattering widths were larger here because more 
poorly measured events were included in this spectrum 
than in the momentum spectrum. This situation was 
intensified as tracks with large dip angles carry the most 
information about the asymmetry and these tracks were 
the ones measured most poorly. This effect was included 
in the resolution function. The resulting resolution 
function had a standard deviation of about 9%. 
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Fic. 8. The asymmetry spectrum. The error flags represent the 
data and the smooth curve is the theoretical spectrum for 6= }, 
1, with resolution folded in. 


t= 


s 


ASYMMETRY 


SPE ¢ 





8 


Fic. 9. x? determination of the asymmetry parameters £ and 
5 showing the correlation between the two parameters. 


C. Statistical Analysis 


The evaluation of the parameters £ and 6 with their 
errors from the data was done by a least mean squares 
calculation similar to that used to analyze the momentum 
spectrum. The results of this calculation are shown in 
Fig. 9. The central point gives the values of & and 6 for 
which x? is a minimum and represents the best fit to 
the data. The inner error ellipse gives all values of & 
and 6 for which x? is one above its minimum value and 
corresponds to one standard deviation; on the outer 
ellipse x? is four above its minimum value. Since the 
ellipses lie at an angle to the axes, the two parameters 
are correlated as expected. 

The minimum x? obtained was 18.7 and the number 
of degrees of freedom was 23. The chance of the fit being 
this bad or worse according to the x? distribution™ is 
about 70%. This means that the fit is somewhat better 
than expected, but would be stil! better in 30% of such 
experiments. 

The result of this analysis is 6=0.78+0.05, | | =0.94 
+0.07. The errors given are statistical only as the 
systematic errors are negligibly small. For example, the 
0.23% uncertainty in the calibration of the momentum 
scale would generate an error of 0.006 in 6 and leave & 
essentially unchanged. 

Since the two parameters are correlated, assuming a 
fixed value for either will alter the result obtained for 
the other. For example, two-component theory specifies 
5=0.75 and leaves £ free. Assuming 6=0.75, as has been 
done in most measurements of £,?4"** this experiment 
gives |£] =0.96+0.05. 


VII. CONCLUSIONS 


The results of this experiment—p=0.780+0.025, 
6=0.78+0.05, | £| =0.944.0.07—can be compared with 
two component theory and with the “universal” V-A 
theory both of which predict p=0.75, 6=0.75. If the 
coupling is V-A, violation of conservation of parity is a 
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It is concluded that these data 
1 theory. 


maximum and |¢£ 1. 
are adequately fit by V 
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ANELASTICITY OF p-p 
in a nucleon-nucleon collision has been made using this 
theory.” A prediction of the two-pion anelasticity char- 
acteristic at a given energy can then be obtained. 

Triple pion production occurs in approximately ten 
percent of all proton-proton collisions at 2.7 Bev. Al- 
though the c.m. momentum distribution of the pions 
has been derived on the basis of the statistical theory," 
it is not yet possible to extend the nucleon isobar theory 
to this case. 


EXPERIMENTAL 


Ilford G5 emulsions 400 microns thick were exposed 
in the scattered internal beam of the Cosmotron, The 
energy and spread of the incident protons were checked 
by two methods. Direct measurement of the relative 
multiple scattering was made over a total distance of 
5 cm in which two beam tracks were simultaneously 
observed.” Then for ten two-prong stars which were 
initiated by beam particles and which satisfied a con- 
dition (<2°) of coplanarity, the incident energy was 
determined from the polar angles of the emergent tracks. 
The spread of individual determinations of beam energy 
by both relative scattering and dynamical methods was 
about +10%, and within these limits the two methods 
were in agreement. 

Collisions of beam particles with hydrogen nuclei 
were found both by beam track following and by ran- 
dom track selection with backward following.’'® No 
attempt was made to determine absolute cross sections. 
We find, however, reasonable agreement with the Roch- 
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Fic. 1. The observed distribution of pion kinetic energies ir 
the c.m. system for (a) double pion production, and (b 
pion production in 2.7-Bev p-p collisions. The dashed curve in 
(a) indicates the prediction of the double-isobar model with iso 
tropic emission. 
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Fic. 2. Distribution in & value for 18 p-p interactions at 2.7 
Bev from which originate at least two charged pions. For two 
of the triple production collisions, the third pion is neutral. The 
k-threshold values for double and triple production are 0.28 and 
0.42, respectively. 


ester group in prong distribution when we apply similar 
criteria for the designation of proton-proton collisions.® 
rhus, among 105 “hydrogen” collisions we find 85 which 
have only two charged products and of these we identify 
only ten as elastic and another ten as quasi-elastic. 
Applying missing mass evaluations as far as possible, 
our conclusion of multiplicity distribution is 0:1:2:3 

19+ 4:39+10:31412:1144%, again in agreement 
with the work of Cester e/ al. Where the transverse mo- 
menta are determined, they are found to be ~ 300 Mev/c. 

In Fig. 1 the c.m. kinetic energy distribution for pions 
from double production collisions is compared with that 
for triple production; the maximum of the former dis- 
tribution appears to be significantly higher than for the 
latter. However, for our measurements on double pion 
production, both the peak value of c.m. kinetic energy 
and the width of the peak appear to be smaller than 
might be expected from the double isobar model, repre- 
sented by the dashed normalized curve in Fig. 1(a). 
This curve is derived from the work of Lindenbaum and 
Sternheimer and assumes isotropic emission of the 
isobars. 

We have determined for eighteen p-p collisions the 
anelasticity k as the ratio of the sum of pion total 
energies in the c.m. to the available energy in the c.m. 
The &-value distribution for eleven p-p collisions from 
which two charged pions are emitted is shown in Fig. 2. 
Among these are eight four-prong stars with two iden- 
tifiable charged pions. The assignments (pp+—), 
(pp+—O), or (pn++—) are possible. The other three 
are two-prong stars, for which both outgoing tracks 
are due to charged pions. These are assigned as (nn+ +) 
or (nn++0). On account of the uncertainty of assign- 
ment for these eleven collisions, the & values determined 
can only be regarded as a lower limit. The threshold 
k value for double production is 0.28. Also shown in 
Fig. 2 is the k-value distribution for seven triple-produc- 
tion interactions. Five of these are distinguished as 
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pn+-+ 
alyzed with missing mass evaluation consistent with 
single neutral pion emission (pp+—0O). The & values 
of these seven triple production collisions are distributed 
between 0.5 and unity with a threshold value of 0.42. 

It might be expected that the anelasticity character- 
IStle 


), and the remaining two are completely an 


of a nucleon-nucleon collision would rise from a 
threshold, determined by the pion multiplicity, and ex- 
hibit a form dependent on the primary energy. Our 
results indicate that the characteristics for both double 
and triple production pass through broad maxima about 
50% above the respective thresholds, then fall to a low 
value as & approaches unity. This similarity occurs even 
though the c.m. kinetic energy distribution of pions 
from triple production collisions differs from that for 
double production, as shown in Fig. 2. Our limited 
information regarding the velocities and directions of 
motion of the emitted nucleons enables, for some of the 
interactions, the determination of Q values of possible 
isobaric states. 

It is evident that the measurements shown in Fig. 2 
must be regarded with reserve. This caution is necessary 
because a fraction of the emergent pions in these ex- 
periments is not identified. The reason for this is two- 
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unduly high anelasticity. 


to the inference of 


As the available energy in the c.m. system increases, 


the threshold values of & for production of a few pions 


drop toward zero. Measurements on jets'® suggest that 


at very large energies the maximum of the & distribution 


may follow the threshold down. The observations made 


here indicate that this tendency is true even at low 
energies. 


Our present results lead to an 
double and triple production, 


results 


average value of & for 
0.55+0.10, similar to 
obtained at energies and comprising 
multiplicities up to six.'’ The widespread nature of the 
k distribution, however, shows that 


higher 


an average value 
of k is not very meaningfu 
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Assuming that al 
that the observed | Al 4 rule ar 
conclusion that there exist four W particles: W 


isotopic spin transformation 


property 
sometimes as /=4 ar 
cluding neutrin 


and 


I. INTRODUCTION 


I is the purpose of this paper to study the 
quences of the following three propositions: 


ih 


conse- 


i) All weak interactions are transmitted through an 
intermediate boson field 
ii) The mass difference between K, and K» is of the 
order of ~10~° ev and not ~ 10 ev. This implies! that 
Exptl. Theoret. Phys 
Soviet Phys.-JETP 


1L. B. Okun and B. M. Pontecorv: J 
U.S.S.R 32. 1587 (1957 
5, 1297 (1957 


weak interactions are transmitted through an 
1 the small observed mass difference 
, W°, and W°. Furthermore, a natu 
of these W particles follows a dual schen 


1 strong collisions with apparent lepton production 


intermediate 


betwee 


| sometimes as / =1 particles. Various experimental implicatio 
) capture experiments, strong collisions exhibiting apparent nonconser 


AS= +2 interactions usual weak 
interactions. 


(iii) The | AI 


conserving decays of particles, 


} rule hole strangeness non- 
I is the total 
isotopic spin of the strongly ir particles (i.e 
baryons and the K and 7 n 
Of these 


experimental support 


propositions, (11) has ! 1 quite 


} 


impressive 
as been re- 
s. 31, 823 


tev. Letters 2, 266 
Brown et al I tters 3, 563 (1959 


2 See the review article by R it \ fodern Ph 
1959). See also F. Crawford 


1959); J. L 
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ported’ recently. (i) is so far a purely theoretical 
speculation. 

The main conclusions of this paper are: (a) that there 
must exist at least two neutral W fields, and (b) that 
the three propositions (i), (ii), and (iti) lead naturally to 
a quite definite interaction scheme between the W’s 
and the strongly interacting particles which seems to 
put the |AI|/=4 rule on a less ad hoc basis than in 
various previous discussions.‘ This scheme is first de- 
duced in Secs. IV and V for a specific model from propo- 
sitions (i), (ii), and (iii). It is then discussed for the 
general case in the next three sections. The W particles 
behave in this scheme sometimes as J = 4 and sometimes 
as [= 1 particles. For this reason they are referred to as 
schizons. The usual | AI| =4 rule is shown to consist 
of two different types of selection rules: one originating 
from the J=4 aspect of the schizon, the other from the 
extent of the difference of the 1=} and J=1 aspects of 
the schizons. It also follows that there are decays and 
reactions which show a | AI| =1 rule originating from 
the J=1 aspect of the schizon. [A possible variation of 
the scheme is discussed in Sec. VII which allows for 
an J=0 component of the schizons. | 

Various experimental implications and therefore tests 
of the schizon basis of the weak interactions are dis- 


cussed, especially in Secs. VI, X, XI, and XII. 


Il. SOME PROPERTIES OF W* 


We first summarize here some immediate conse- 
quences of (i). The spin of W is 1 in order to transmit 
the V and A type of weak interactions. Its mass my is 
> mx in order to prevent a fast decay K* > W++-7. 

To reconcile’ the absence of u+— e*++7, it seems 
necessary to have two sets of two-component neutrino 
fields y, and y,- coupled, respectively, to the e~ and yu 
fields. Both y, and y,- represent left-handed y particles 
and right-handed # particles. The charged W* particles 
are coupled to the leptons through the interaction 


1LeWe ya( 1 +5)¥Ar*+ iguWutys(1t+vs)Wror*™ 
+Hermitian conjugate, (1) 


where y., ¥,, v», ¥, and ¢ denote the fields describing 
e,u, v, v’ and W,*. The operator ¢* is related to the 
Hermitian conjugate field gt by® 


o* Mor t, 


*F. Muller et al., Phys. Rev. Letters 4, 418 (1960) 

*See, e.g., S. B. Treiman, Nuovo cimento 15, 916 (1960), 
B. d’Espagnat, J. Prentki, and A. Salam, Nuclear Phys. 5, 447 
(1958). 

5G. Feinberg, Phys. Rev. 110, 1482 (1958); J. Schwinger, Ann. 
Phys. 2, 407 (1957); M. Gell-Mann, Revs. Modern Phys. 31 
834 (1959). See also B. Pontecorvo, J. Exptl. Theoret. Phys 
U.S.S.R.) 37, 1751 (1959) [translation: Soviet Phys.-JETP 
to be published) ], for possible neutrino experiments to test the 
existence of » and »’. See also S. A. Bludman, Bull. Am. Phys 
Soc. 4, 80 (1959), and Gatlinburg Conference on Weak Intera: 
tions, 1958 (unpublished) 

* Throughout this paper, we use the superscript * to indicate 
the product of m times the Hermitian conjugation operator. 
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+1 for \=1, 2, 3, and m= —1 for \=4. The 
coupling of W* to the proton and neutron fields p and 
n is given by 


where 7): 


J\o*+ Hermitian conjugate. (2) 


The low momentum transfer matrix element of J, is 
related to the transition amplitudes of 8 decay. Let us 
write the matrix element between the physical states of 
a neutron and a proton at rest: 


(p| Jx* | n)=ignp*Up'vern(1+ ays) tn, (3) 


where u, and wu, are the spinor solutions of the free 
Dirac equations for the proton and the neutron. By 
suitably choosing the phases of ¢, ¥, and y, we shall 
make gnp, er, and g,, all real and positive. The 8-decay 
coupling constants Gy and G, are then given by 


Gv=Vl ge8np(mw)?, (4) 
and 
Ga=—aGy. (5) 


Comparison of the u-decay rate and the experimental 
magnitude of Gy=10-* M~? where M=nucleon mass 
shows that’ 

Enp= Bas- (6) 
The ratio of the experimental decay rates* r+ — e++ 
and r+ — yut+~y’ leads to the conclusion’ 


Ber = Bus- (/) 


Combining (4), (6), and (7) one obtains 


Rev Bur Bap myGy'2 2, (8) 


The strength of the lepton-W coupling is measured by 
(2¢.,)*/4e (xv2) 1Gymy’>6.4X 10 7, (9) 


The W? 
e*+y, p*+v, and 2, 3x, etc., 
into leptons are given by 


particles are unstable against decays into 
modes. The decay rates’ 
Gymyw' (6rv2) I>&x 10'* sec, (10) 


A Wnt e AW rete 


The existence of W implies a “nonlocality” of a size 
~mw™ for the presently observed weak interactions. 
For wu decay the Michel parameter p is given by” 


p—0.75=4(m,/mw)’, 


which is consistent with the present experimental 
results." 


Furthermore (i) implies that W* is also coupled to a 
strangeness-nonconserving current § (generated by the 
strongly interacting particles 


$.¢.*+ Hermitian conjugate (11) 


See R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958 
*T. Fazzini et al., Phys. Rev. Letters 1, 247 (1958). G. Im 
peduglia et al., Phys. Rev. Letters 1, 249 (1958). 
*T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960). 
” See T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957) 
“R. J. Plano and A. Lecourtois, Bull. Am. Phys. Soc. 4, 82 
(1959 
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to make po ible the observed dec ays, 


A— pre (12) 


and 


Kt — w+ py" r. : (13 


Such couplings introduce further decay modes of the W# 


partic les such as Vd »>K*=+7, > K*+-n°, etc. 


Ill. CONSEQUENCES OF PROPOSITIONS (i) AND (ii 


Reaction (12 implic the existence of the transitions 


A= ptW-, 
and therefore also of 


+W 


K°=— z' 
Proposition (ii) then implies the absence of 


K°=at+H 


In other words the current 8, associated with the an- 


nihilation of a W~ must not” increase the strangeness 


of a state by +1. One easily concludes that this implies 


(14) 


S$ 


11 


where S is th rfangeness operator. A well-known con- 


sequuence 
Zt-+nt+et+ pv. 


Another consequence is, e.g., that 


v’+nucleon+y~-+ (system with strangeness 


Thu 


Stull anothe r consequ 


Kt+at+at+y 
IV. A SIMPLE MODEL 


We shall in this and the following section demonstrate 
conclusions (a) and (b) stated in the introduction. For 
the sake of « larity ol pres¢ ntation let us consider first a 
spec ific model in which J, and 8, each consists of only 


term 


one 


(17) 
[The 


phase of f2 can be arbitrarily chosen because of strange- 


where ly and f ire real numerical constants. 


ness conservation in the strong and electromagnetic 


12 discussed extensively in the litera- 
proposal that all weak interactions 

f current) X (current). See, in 
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to the quartet of A particles. The W-S coupling is 
fo{ (Ap) W*+ (An) W°*} + fof (fA) W°+ (pPA)W}. (23) 


Che W-J coupling is now one component of an isotopic 
doublet. Thus it is 
fif np) W* fin) \W°*} 


+ Hermitian conjugate. (24 


bl (pp) 


The interactions (1), (23), (24) taken together with 


the strong and electromagnetic interactions clearly are 


consistent with propositions (i), (ii), and (iii). 


V. A SIMPLE MODEL (CONTINUED 


We have seen in the last section that propositions 
(i), (ii), and (iii) lead to the existence of W® and W 
forming with W* a quartet of two isotopic doublets. 
We shall now write the W-J interaction (24) in the 
following form" 

fi{ (nip) W*+ (1/v2)[ (pp) — (fin) JW .°+ (pn) W}, 


where 


W Y= (—W°— W"™) /v2. (26) 


In this form it closely resembles the rejec ted expression 
(18), and demonstrates the following fact: 

If one regards W*, W.°, and W~ as forming an isotopic 
vector then the W-J interaction conserves I. [The 
difficulty discussed under (A) does not now arise be- 
cause the field 

WY? 


1(W°— W*) /v2 (27) 


describes another neutral particle W,° and the process 


n+n—A+WY+n—At+A 


exactly cancels n+n — A+W,°+n — A+A. See refer- 
ence 16. | 
The picture that emerges is as follows: 


The four W fields are coupled to the strongly inter 
acting particles by W-J and W-S interactions which 
are roughly comparable in strength. Each of these 
interactions taken separately with the strong interac- 
tions satisfy I conservation. For the W-J interaction, I 
conservation is satisfied with the assignment that W*, 
W.°, W~ form an isotopic triplet. For the W-S interac- 
tion, I conservation is satisfied with the assignment that 
Wr, W° and WwW, W- form two isotopic doublets. Viola- 
tion of I conservation only occurs when the mixed 
effects of W-J and W-S interactions are observed. In 
to the order of the strength of the 
weak interactions (i.e. 


usual 
, amplitude «Gy) the violation 
of I conservation satisfies | AI| = , since that represents 


suc h ¢ ases, 


the extent of the difference between the two isotopir 
spin transformation properties of the W particles. 
VI. THE W PARTICLES AS SCHIZONS 


The reasonings and conclusions of the last two sec- 
tions are obviously not restricted to the specific model 


BASIC OF WE 


AK INTERACTIONS 1413 
discussed. One can conclude in general that propositions 

(ii), and (iii to the existence of W*, W°, and 
The W’s are 
generated by charge-current densities formed by the 
leptons, and by the strongly interacting particles in 


lead"? 


(l 
W° as transmitters of weak interactions 


strangeness conserving motions and in strangeness non- 
conserving motions. A natural possibility is that these 
charge-current densities have the same transformation 
properties as those discussed in the model above. We 
shall now discuss these properties ¢ xplic itly. 

One may write the interaction Lagrangian density 
in the following form: 


Letrongt yt lwitLwst fLws, (28) 


where L, denotes 
denotes the H lepton interaction (1) 


the electromagnetic interactions, Lw, 
(neutral lepton 
currents will be discussed in Sec. VIII], and 2wys and 


Lws are given by 


Lws=JIW*+J OW S+J*W, (29) 


and 


Lws= (SW*+ 8W°*}+ Hermitian conjugate. (30) 


Here W and W” represent the fields for the W particles,"® 
W.° is defined in (26). § and 8° represent currents for 
which’? AN =0, AS 1, where .\ 
Thus both satisfy 14 


number of baryons. 
and 


sV—Ns=0. (31) 


J, J£, and J* represents currents for which AV=0, 
AS =. Under an isotopic rotation, J, J,’, J* transform” 
like an isotopic vector and §, 8° an isotopic doublet. 
One also has the additional condition*” 


(J°\* = J®. (32) 

Under an isotopic rotation, Lstrong+Lwy is invariant 
if W*, W,°, and W~ transform like an isotopic vector” 
and are therefore considered to have S=0), while 
L strong t+ Lws is invariant if W*, W® and W°, W- trans- 
form” like two isotopic doublets (and are therefore con- 
sidered to have strangenesses 1, 1, 1, and 1, 
respectively). 

The dual isotopic spin transformation property of the 
W particles gives rise to an integrated view of many 
interesting characteristics of the weak interactions, such 


17 It is possible to have lds than these four 
may be that the neutral lept urrents (é¢ 
tional neutral W fiel yore VW 
trary to the spirit of proposit ww reasons of economy of the 

umber of fields we shal! n t discuss such possibilities 

“We use the =j if (b|$\a)#0 only 

=j 


specific, we adopt 1 convention 


E.g., it 
etc., generate addi 
fields, however, is con 


following 


that the fields v,' and 
tation like |4, 4) and |4, —4 
notations of Edmonds, Angular Momentum 
in Quantum Mechanix Prine n University Press, Princeton, 
New Jersey, 1957 Then /* ie and J transform like \1, 1 > 
1,0) and |1 1), and S* and —§8 like 4, 4) and | 4, 

"To be more precise the convention of footnote 19, ¢*, 
@.° and —@ transform like |1, 1), 1,0) and /1, 

** To be more precise, in the convention of footnote 19, ¢”*, 


¢”* transform like | 4,4) and |4 4). So do #, —@ 


orm under a 


where we use the 
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as the | Al + rule, and the so-called AO=AS rule 
discussed in Sec. III. Because of this dual property the 
W particles will be called schizons. [One may mention 
that in fact the transformation property of W under a 
space inversion 


without charge conjugate) also mani 


fests a dual character, because J and § both contain 
vector and axial vector part 

The reactions that are caused by the W interactions 
are classifiable into the following classes (cases where 
the electromagnetic processes are important will not be 
considered here) ; 

(a) Those in which one real 


not virtual) W particle 
is involved, 6.2. 


and 


hese involve transition amplitudes of the first order 
of either Lywy or Lws. Thi 


terized by the strength ~ g* 


class of reactions is charac- 
lr ~ 10~*. In these reactions 
I and S are conserved 
fere with each other 
the proper Iand Sa 


L wy and Lys terms do not inter- 
provided the W particles receive 
ignments stated above. Howeve t. 
because of the short lifetimes of the W particles, 
“apparent” violation of I conservation and S§ conserva- 
tion may occur. This will be 
in Sec X 

(8) Those in which four le ptons and no (real partic les) 
W are involved, é.@.. 


discussed more in detail 


u de ay This and the sub equent 
classes are characterized by the strength (g*/4ar)?~ 1074, 

(y) Those in which two leptons and no (real particles) 
W are involved, and in which there is no change in 
strangeness among the strongly interacting particles, 
e.g., 8 decay. For this class, the leptons interact through 
a W particle. The interaction of this W with the baryons 
and bosons is described by wy and therefore conserves 
I and S with the proper assignments. 


Examples of this class of reactions are the decays™ 


(33) 
(34) 


It is easy to prove that they have the same rate except 


for the phase space factor due to the difference between 
=* masses. The identity of their rates is a consequence 


of the requirement that J, J,° and J* form an isotopic 
which in turn is an essential feature of the 
present schizon interpretation of the weak interactions. 
Intensity rules su these 
analogy with the usu: Al 
AI| =1. 


Still another type of reactions of this 


vector, 
can be described (in 


} rule) as given by 


class are found 
in the neutrino capture reactions.” 
cussed later in Sec. XI 

(6 Those } } 


In wn 


The se will be dis- 


two lepton and no (real particle 
See Appendix for a more elaiied analysis 

See also S. Treimar 10VO0 ento 15. 916 
M. Schwartz, Ph Rev. Letters 4, 306 


these =* decays 


1960 
1960 


and S$ 


AND C 


involved, 
strangeness AS 
particles. This 


W are a change of 
interacting 

bove case except that 

the interaction bet nteracting parti- 

ws 

example of LSS | ictions is the leptonic 

mode of I consery 


cles and the virtua is de rl by 
One 
decay” 
Laws impli s here 
cles | Al , rule have been 
explored before.”* otner co! juence is, €.g., (16). 


j 
1 


aA wi Goes 


ition property of 
strongly interacting parti- 


(It is important t rem ] hat not 


seem to involve Further examples 
will be discussed in Sex 

¢) Those in which no leptons and no (real particles) 
W are involved. 


The insition amplitudes are propor- 


tional to some element ws or (LwsdLw3). 

observe I and S 
conservations, and are therefi of no experimental 
interest since they are thor 
Those proportion il to (LwyLws) satisfy 
and therefore AS +1. This is so, 


Those proportional to Law 


ughiy ma sked by the strong 
interactions. 
Al| =}, 


(29 


because 
can also be writte is | in anal gy vith (2 


WILT) < 


ws {JW* 


rmitian conjugate, 


showing that if W* and o* are taken to be a doublet, 
ws Causes Al I ws Causes Al ,. 

The AS +] lead ectly to proposition (ii). 
See Sec. VII about electromagneti The 
nonleptonic de | of hyperons are 
The | AI| =4 rule 


for these reactions i lu } 1ual Aas] ts of the iso- 


corrections. 
examples of this cla 


topic spin properties of t ti just as in the 
model discussed in Se [\ 
AI| =4 
that for those reactior HW 
I=} 


the 
to the fact 


ike a particle with 


ontrast, 
rule for reactions of cla 5) is due 
bel 


VII. REMARKS 
We make a few general remarks her 


tude allowed in th 


about the lati- 
me described in the 
last section. 

1. In (29) a W,? interaction was not included. It is 
clear that it may be included nvolves a neutral 
current J,° that is Hermitian ar in 


Isotopl sé alar: 


Lw,=JW*- 
Also J,° 


must 


Inclusion of this term does no 
siderations of the last 


* S. Okubo, R. I 
Weinberg, PI 
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However, the introduction of (36) or (37) or both would 
lead to the violation of time reversal invariance. (It is 
of course, possible to construct more complicated form 
for J,° which satisfies time reversal invariance.) 

A remark about time reversal invariance is in order 
here. It has been pointed out by Dalitz? that in a theory 
in which |AI!|=}4 is satisfied, there is little existing 
experimental verification of time reversal invariance 
other than that contained in neutron decay measure- 
ments which, of course, is completely unrelated to the 
couplings of the neutral W,’. 

2. In the scheme discussed in Sec. VI the electro- 
magnetic interactions introduce corrections to the selec- 
tion rules and intensity rules. However, since £, com- 
mutes with J,, the strangeness selection rule holds 
intact. An important consequence is the following: The 
amplitude for the transiton K°— K° (for which AS 
= — 2), as discussed under class (€) of the last section, 
vanishes in the order (Lyy+Lws)? because of the 
strangeness selection rule AS=+1. Electromagnetic 
correction to this therefore also vanishes to all orders of 
(e*/hc). The matrix element for K° > K° only becomes 
nonvanishing in the order Lws’Lws?’~g'~10-". This 
is consistent with proposition (ii). 

AI| =4 selection rules are, however, corrected by the 
electromagnetic interaction. The correction introduces 
|AI}=3 and |AI!=§ components with comparable 
strengths, and higher | AI! values only in higher orders 
of e?/fc. If experiments on the branching ratio of K,° 
decays become more accurate, it may be possible to 
obtain a lower limit to the amplitude of the | Al| =§ 
component in K decay. 

3. The conserved current hypothesis’ is consistent 
with the schizon interactions discussed in the last sec- 
tion. It is equivalent to the statement that the vector 
part of the interaction Lw, describes the vector field W 
as originating from a source J which is the isotopic 
spin density-current of the strongly interacting particles, 
in complete analogy with the generation of the vector 
electromagnetic field A, from the electric charge density- 
current. If the conserved vector current hypothesis is 
correct, a pertinent question would be the interpretation 
of the generation of W through the term Lys. 


VIII. LEPTON COUPLINGS OF W® 


The lepton coupling Ly; in (28) should in general 
include, in addition to (1) which represents W* coup- 
lings to the leptons, also lepton couplings with W°® and 
W°. We write these neutral couplings as 


[ue (ist) + gee(Ee) + grr(iv) + g,->-(0'v’) |W® 


+Hermitian conjugate. (38) 


Comparison of (38) with (1) shows that the ratio of the 
rates of Kt—axt+et+e-, K*+— w*+neutrinos and 
K+ -> w°+e*+p are 

R(K* 


- sree +” 


R(K* — #°+e*+7) 


2 | gee|?/| ges! ?, 
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R(K+ — wx*+neutrinos)/R(K*+ — 2°+e++p) 


2 | gov |?+ | gore |2}/ | gerl?. (40) 

A cursory survey of the experimental limits**** on the 
absence of K* and K+ — x*+neutrinos 
indicates 


nr’ +e't+e 


f 


i g..|2 fy 27. [~4x10*], 
7 r 
ger|*}<[~b]. 
To set an experimental upper limit on g,, let us first 
consider the absence of K,° >pt +44 The state of 
pity in K®°- ywtt+u an eigenstate of CP with 
eigenvalue —1. If time reversal invariance holds for W 
interactions, this state is also the decay product of 

K.° — yw++u~. The rate of this last process is then 


R(K 


(41) 
(42) 


[ Zee |*+ Rr'y 


1s 


2 sass 2mx®(mx?—4m,2)! 
{ . (43) 
Cus 2; mr - m,)? 


> Tp) 
R(K+ —> pt+y’ 


where mx and m, are the masses of K and uy, respec- 
tively. Experimentally’ this ratio is <10~*. Thus 


2/ | gue? < (2.5) K 10. (44) 


Baw 
if time reversal invariance is not assumed, an upper 
limit can be set on g,, by considering the absence of 
K*+ — x*+yu*+u~. This process is theoretically similar 
to K+—> r+y*+»’, with an amplitude ratio of V2 gy: gus, 
except for kinematical differences. The Q values for the 
two processes are 143 Mev and 241 Mev, respectively. 
A conservative estimate then gives 

R( Kt >wt+utt+y ) 
ris 

R(K+ —> 9 +yt+yp 
Experimentally K* — r*+yt+yu 
which has been extensively analyzed. It is safe to con- 


resembles a r decay 


clude that the ratio is less than 10~*, giving 
Bun |?/ | Bue |? 2K 10-*. 


The absence of W® and W° couplings to the leptons 
makes it difficult to understand (8) in terms of a “uni- 
versal” W interaction. It is to be emphasized, however, 
that this particular difficulty is not a consequence of 
the schizon theory, but rather is inherent in the experi- 
mental absence of neutral leptonic decay modes and 
the experimental rule | AI! =}. 

One may also set an upper limit on the strength g., 
of the W® coupling to (eu). One has 

R(K* 


_T a Ss ~o) 
R(K+ — 9+ yt +0’) 


This is experimentally $10~* 
25 | 
2 608 
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IX. DECAY OF THE W PARTICLES 


The leptonic decay modes of the W* were mentioned 
in Sec. II. Those of W° and W" are absent as discussed 
in the last section. It is important to notice that decay 
modes such a 

W — w+v’+pions 
occur with an amplitude smaller than ~ge’, and are 
therefore negligible 


The nonleptonic modes of decay include various 


channels: 27, 34, K+, r+7, K+7, ete 
selection and intensity 


orrection terms, but shall include the J/,°W, 


( 
term of (35). 


. To discuss the 
rules we shall neglect electro- 


magnet 


The decay of W° and W® resembles the corre sponding 
ituation in the decay of K® and K°. In the present 
chizon interaction scheme, through Lwy the particle 
W.” and W,° can make transitions into pion channels. 
These channels have, however, isotopic spins 1 and 0 for 
WW a decay and for W, decay, respec tively. [See (35). } 
lhere is therefore no interference between them. 
Using the notations of Lee et al.,25 contributions to the 
decay matrix [+iM from Lys are proportional to the 
unit considerations that 
y, and y 
ingle expone ntial decay law with respect to 
difference is 


matrix. It follows from these 


HW and W,’ are the eigenstates , so that each 
follows a 
the time. Their ma ~10 ev. These con- 
clusions are independent of CP invariance. 

The nonlept nk decays of Wt, WS, VW s°, and W 
into particles with total strangeness S=0 thus obeys I 
signment J/=1 for Wt, W,,°, 
ignment J=0 for W,°. The non- 
of these partic les into partic les with 
strangeness S +1 is not possible for W-. It is 
possible for W+ and for the W° part of W,° and W,’. 
Furthermore, I conservation is observed for W+ and 
W® decay, with W*, 
Similar conclusion 
total § 


conservation, with the a 
and W~-, and the a 
leptonic decay 
total 


forming an isotopic doublet. 
hold for de ays into partic les with 
1. Some detailed examples of these intensity 
and selection rules will now be given 

lor the 27 modes we have the following equalities 


R(W 


R(Wt — xt4+_nr 


R(W, 


barrier penetration factors play 


ri +r )=0. 
For the 3a mode 
an important role, 


R a ’ . _T +r +7’) 
Tr’ + - 7 
Furthermore the density distribution in a Dalitz plot” 


195 


D , R. Oehme, and C. N. Yang, Phys. Rev. 106, 340 


A 
~R 


Dalitz, Phil. Mag. 44, 1068 
1954); E. Fabri, Nuovo cimer 


1953); Phys 
to 11, 479 (1954). 


Rev. 94, 1046 


for the last three proce $s are the ind are propor- 
tional to p® where # is tl noment the w-, x 
and 7° in the three ca 
For the K+ mode 
R(Wt+ — Kt+_-r 
R(W »K-+r 
1R(W-—K 
2R(W, > RK 


ing relations 


where the subscript a 
The decay of W, 
is hindered by barrier penetration factor 
(45) and (46). 

modes 


idden and into 3r 
, as shown by 


If, therefore, my- xk+m,, the decay 


18) 
become important 


coupling is 
absent in Lwy, the de 


Wi — K 


which have equal rat important. 


It is important to t that the W 
general are 


parti les in 
through either 
XI) or collisions 


between strongly interactir irticles. The 


polarized when produced 
neutrino capture experiment ee Se 
pin states 
of W can be easily analysed by measuring the angular 
distributions of its dee 


X. “APPARENT” NONCONSERVATION 
OF STRANGENESS 


In the usual theory in a collision bet 


nut leons the probabi 
strangeness change AS 


ween pions and 
reaction exhibiting a 
~10 compared with 
that of the strong process« hat of a reaction showing 
a strangeness change AS==+2 is, by proposition (ii), 
~10°** compared with that « strong processes. In 


How - 


is ¢ mitted, 


the present theory these conclusi main true 
ever, in a process in whicl i parti le 
its short lifetime causes its immediate 
and the disintegration products would exhibit apparent 
strangeness changes charged W 

particles, and AS=0, } W’s. For 
collisions with enough en ‘gy to prod al W, the 


UR 


disintegration, 


probability ot such ]| : . he strong 
processes. 


We give 
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For the decay mode W,°— K~+2x*(a=a,b) the ap- 
parent process becomes 


K*++Z— K 


+2*+ (nucleons and pions) 
(AS=— 2) 


(52) 


Detection and positive identification of such phe- 
nomena, which occur with a cross section 10~* times 
that of the strong processes, is of course very difficult. 
If one thinks in terms of counter experiments, a source 
of difficulty is the competing apparent change of strange- 
ness involved in the decay of the K°— K°® complex. One 
way to avoid this difficulty is to do an experiment below 
the threshold of strange particle production, such as 
(51) at a pion energy above the threshold for W* pro- 
duction but below the threshold of 


rt+p—> K++2t. 


This is feasible only if mx+135 Mev<my<mx«+250 
Mev. If mw<mx+135 Mev, the apparent process 
m+p— ptKt+y 

can occur, but with a probability only ~10~* times 
that of the strong processes. It seems worthwhile to 
explore these and other possibilities for a detection of an 
apparent strangeness violation. In any case it is desirable 
to improve the present experimental limit of strangeness 
nonconservation in a collision process involving only 
strongly interacting particles. 


XI. NEUTRINO CAPTURE EXPERIMENTS 


It has already been pointed out’ that the creation of 
the pair of particles ~~ +W* in the Coulomb field of a 
nucleus by a neutrino has a relatively high cross section 


v’+Z—>Z+y4+Wt. 


It seems* that high-energy neutrino experiments may 
be quite feasible in the near future. We shall in this 
section discuss some implications of the schizon inter- 
action scheme for those neutrino capture reactions in 
which no W particle is emitted. 

1. Some implications were already mentioned in Sec. 
III. [See especially (15).] Some others result from the 
fact that in Lws § transforms like an isotopic doublet. 
Thus, e.g. the cross sections for 


(53) 


af 4 . 
y+n— ptt tz, 


and 
y+ p— wt+z° 54) 
are in the ratio of 2 to 1 and have the same angular 
distribution. The same holds for the pair 
+n ptt+A+n-, 
and 
+ p— wt+A°+n’. (55) 


These implications can all be summarized by the rule 
that | AI| =4 for the strongly interacting particles. 

2. Another type of implication can be summarized 
by the rule that |AI|=1 for the strongly interacting 
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particles. These result from the fact that in Lwy the 
current J transforms like an isotopic vector. One con- 


sequence is, e.g., that if the differential cross sections for 


vy +n po tnt+et, 
vt+n—p+pt+r, (56) 
v+p— uw t+ptert 


respec tive ly, then (o,)}, (20,) 
and (0;)! satisfy the triangular inequalities 


are denoted by 01, 72, 2, 


a\)3 t 2a»)! - (a3)', 


7A) 
~ 


a2)'+ a;)’ > (a)), + 


(a3)? T (a;)'2 (2a2)}. 
Another consequence is, e.g., found in the reactions 


ytn—p t+’, (58) 


+ p— ut+l", (59) 


where I and I” are complexes of strongly interacting 
particles with total strangeness=0. The strongly in- 
teracting particles contribute factors (T|J*|m) and 
(I’| J | p) to the matrix elements for the transitions. The 
fact that J and J* transform into each other under an 
I rotation means that these two factors are identical 
for pairs of states [ and I” which are isotopic spin 
partners of each other. The contribution of Ly; to the 
matrix element consists of factors that can be explicitly 
computed in terms of the momenta and spins of the 
leptons in the reactions (58) and (59). The result of 
such an analysis is that the differential cross sections 
for (58) and (59) can both be expressed® in terms of 
certain structure functions, and that the structure func- 
tions for (58) and (59) are related to each other. More 
explicitly, the differential cross se« tion for (58), is of 
the form 


> ULL + Tr) 
dk,d (cos) (4xrk,) 
XK kyl (ky tk)? 


da(v’ 


P?VA(1+t,)D 


X[xA,+a7A_+yBy+y"B_+C], (0) 
da(v' >uR +t I") 
dk,d (cos) (4rk,)~ 
X kyl (by +k,)?— P* 4 (1—2,)D 
X[*#B,+2°B+yA,+y"A_-—C], (61) 
and that for (59) is of the form 
da(i’ — prt*+I”) 
dk,d(cos9) (4rk,) 
Xk,l (ky +k,)?— P*4(14+02,)D 
X[+4A_+27'A,+yB,+y"B_+C], (62) 
da(i’ >t + I’) 
dk,d (cos@) (4rk,) 
XK kl (Ry +k,)?~ P? 4 (1—2,)D 
X([«B, +x 'B_+yA_+y 14,-C] (63) 
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The notations in these formulas are defined as follows: in its center-of-n 

Ts, u~ with left-handed helicity, etc., k,, k,= momenta 

of w and y’ (or #’) in the laboratory system, ky, ky= |k,|, awa dhlog 

k, , 6 angle be tween k,, and k,, P k, ‘. vy ve 

locity of pu, 2 k+k, ) , P), y P+k, 
P—k,+k,), Fy m , total energy of u* where E,, E;, an ire the energ! f the incoming 
laboratory \ n, [P k, / | | P? pion, the lepton nd the il protor ss (64) is 


Mx. 4 é 67 


u 


k,)* |, and A , B,, B_, and C are structure uniquely determi 


functions depend ng on } { tal lr and on the 
m 


t 
P and the energy 


magnitude of the momentum transfer 
transfer , E, from the leptons to the strongly inter 
acting particle 


. . | the vo ha ’ ‘ le S 
One notices that in the forward direction, though lo discu vty Liet U 


yt Dy sate f the mas is negligible take, say, the example of ’ m with good momen 

, y it J dl a , - 
D=1. i 1.4 un f ind k, E,and 60)—(63) tum resoiu Lon f qu ydrogen and detect 
ut and pf in coin he background yw mesons In 


reduce to Kg 


XII. CONCLUDING REMARKS 


from propositions (i), (ii), and 


ntroduction one is quite naturally 


eraction scheme. This scheme gives 
rated picture of the various | Al 


led AO= AS rule 


cheme tour types of experiment seem 


h considering 


a) Neutrino capture with the production of w+ 
This was touched upon in reference 9 and in Sec. XI 
above. 
(b) Chamber type experiment of W production in 
pion-nucleon or nucleon-nucleon collision The main The residua wkground is then « to the imperfect 


iffy liv . 7 “) + th = ’ 
difficulty here of course the fact that one can only separation ' 


have one W production event in millions of interactions 


» chance 
coincidence I Ist su Kgrou tne « ired events 
c) Counter experiment on apparent nonconservation (64) constitut peak n my it the 

trang } } ‘ 1; . : , - : I r+] i} 

of strangent as discussed in Sec. X values of 0 and my, respective e identification and 
Counter experiment on apparent lepton produc separation Sonn ; d in a counter 
i eon or nucleon-nucleon collisions, experiment 
APPENDIX 

64 


probability of ~10~ of the 
rrovided the threshold of H produc 
difficulty here ts to separate these 
produced in Their rate 
Toachieve For complete: 
2 7 “4 ' 
this separa Ippi neas he momenta _ these decays 
P., P,, and P; of ning w, th nal p and the decay proces 


outgoing lepton. One then desi proc Throughout 


l 


ess as ot the 


polariz 
of ¢ 
where Yj I I I Lee d 1g neral a « n x f would, in gener 
particles. By energ nd mot tum conservation on P 
easily comput t 
system, and tl 
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and +4, respectively. Similarly, let P.*(g,k)dgdk and 
P Rt q,k dgdk be the corresponding rates for the de ay 
A.2) of =. 
By using the Lagrangian (28), the dependence of P 
and P,* on k can be calculated explicitly. The following 
theorem can be readily established : 


Theorem 


P1*(q,k) = Arlt (O—2k) P+ Bi[g?— (2k—0)"], (A.3) 


and 
P x*(q,k) 2k) P+ Brel g?—(2k—Q)*], (A.A) 


A rl gt (O 


where 


At 


QO=mz— (m?+¢)!, A. 


and Az, Ar, Br, Br are functions of q only. In (A.5) 
m, is the mass of A° and my is the appropriate mass « 
2* or 2 

It is important to notice that the explicit dependence 
of P,* (a=L,R) on k follows from the special form of 
lepton current in Ly; LEq. (1)]. In Lwy, J* and J, 
belong to the same isotopic spin multiplet. Conse 
quently, J,* and J, are related by a 180° rotation along 
the y-axis in the isotopic spin space 


: * € isly] iely \ 6) 


a 


which leads to the result that in (A.4) and (A.5) the 
same structure functions A,, Ar, Bz, Be occur in both 


+ decay and in =~ decay. In terms of the matrix ele 


ments of J, these structure functions are given by 
Ar (8x*q) 1(?—¢*) (Ay|J2/2+)/7A, 

At|J2|/2s)[7A, 

OA, Fait \— ig Ay | J4)24)/7A, 


A R \ Sarg ) 


B= (8x*q) 


1 (V?- q°) 


and 


. 


A 


8x*g) "| OCAt | J, 


S+)—ig(At|Ja}Z1)|2A, (A.7 
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IONS 


1. 


where the z axis is parallel to q and w 
appropriate spin states of S and A with respect to the 


indicate the 


z axis, and A is related to the coupling constant ge in 
a and the propagator of the We partic le by 


A= |¢.|*[¢+my’?—C}". (A.8) 


J 


We may expand A and the matrix elements of J, in 
powers of g and neglect terms that are proportional to 
y/m,). Similar to the case of neutron 


either q my )* or 
decay, we find that in such a nonrelativistic limit Aq 


and B, (a= LR) dep nd only on two constans C,andC3: 


1) {r= ( 167°q) (F q’) C;)?, (A.9) 

By = (16x*g)' |C—Cig)’, (A.10) 
and 

Br 16n*q) C0+Cig 2 (A.11) 


It is interesting to notice that in this nonrelativistic 
approximation, if we sum over the helicity of A®, the 
spectrum P,*(¢,k)+Pre*(q,k) for =* decay is the same 
as that for 2~ decay except for the mass difference 
between =*+ and 2~. Using the known masses of 2* we 
find that the total rates R for these decays are given by 


R(z > A°+-e7-+-3D) 
1.57, (A.12) 
R(=* — A®°+e*+ 
and 
R(z > A°-+¢~+-7) 
: ~ (2 10~*)n, (A.13) 
R(z >n+r 
where 
C;|?+3/¢ 


and Gy, Ga are the Fermi and Gamow-Teller coupling 
constants in neutron decay. 











PHYSICAI REVI “4 VOLUMI! 119 NUMBER 4 \ ( 1 1960 


Partial-Wave Dispersion Relations for Pion-Nucleon Scattering* 


WILiiaM R. Frazert 
Institute for Advanced Study, Princeton, New Jerse 


AND 
Jose R. Fuico 
Department of Physics, University of Buenos Aires, Buen fires, Argentin 


(Received April 8, 1960 


Partial-wave dispersion relations for pion-nucleon scattering are derived from the Mar tam representa 
tion. The symmetry of the representation is used to obtain expressions for the continuit cr the 
unphysical branch cuts. These expressions involve scattering amplitudes for pion-nuck cattering ar 


for the process r+” —» N+N. In the approximation of neglecting all but the near 
shown that the Chew-Low effective-range formula is a solution to the e 


juations 
I. INTRODUCTION the initial and final nucleon are p; and py». Define the 
A PROGRAM of calculation of cross sections for variables 
strong interactions by means of partial-wave pit , 2.1a 
dispersion relations has been initiated by Chew and . 1b) 
Mandelstam.' In this paper we carry out the initial : ~ 
stages of the application of their method to pion- l ] 71 2.1 


nucleon scattering.? Most of the paper is concerned . ; ' 
, ; ; ‘eer \ Conservation of momentum leads to the relatiot 
with using Mandelstam’s representation’ to locate the 


singularities of the partial-wave amplitudes and derive s+ 8+1=2m?+ 2p 2.2 
expre ions for the discontinuities across the branch : ; . ’ , 

: : “oe , _ The Lorentz invariants defined by I 2.1a, b, c) are 
cuts. These tasks are necessary preliminaries to any . 

i . . ar : the squares of the energies in the barycentric system 
calculations of pion-nucleon scattering. Finally, in the peage : ; 

; . : ¥ ot the three reactions: 
approximation of nelgecting all but the closest branch ‘ 
cut to the physical region, it is shown that the Chew- I. pitgim potg tN — x+N). 2.3a 
Low effective range formuia‘ is a solution of the 
_ + } ot > 4 » 3 

equations, II. pi~ 4: f / ‘a \ r+.V), 2.3b 

In Sec. If the variables are defined, and in Sec. III Il. gi—g2— pr—p bier cy AY 2.3c) 


the Mandelstam representation for pion-nucleon scat- 
tering is discussed. In Sec. IV the singularities of the These three reactions will all enter into the equations 
partial-wave amplitudes are located, and in Sec. V the for pion-nucleon scattering if one uses the Mandelstam 


discontinuities across the branch cuts are calculated. Tepresentation, — 

Expressions are given for these discontinuities in For an analysis of the kinematics of pion-nucleon 
terms of scattering amplitudes for pion-nucleon scattering we refer the reader to Chew, Goldberger, 
scattering and the process m+#—N+N. Many Low, and Nambu® (hereafter CGLN), whose notation 
complicating features of the problem are found which We shall employ herein. Sir r considerations for the 
do not appear in the case of scattering of particles of | process m+a— N+, re given by the authors." 


. . : + , saw Bon the maonitude of the thr ; 
equal mass. In Sec. VI the Chew-Low effective-range Finally, defining & as 1 nagnitude of the three-vector 


formula is shown to be an approximate solution of the Momentum and @ as the scattering angle in the bary- 


° ° ° . . M — ’ , ‘T one fir ] 
partial-wave dispersion relations plus unitarity. centric system of rea I, 
II. DEFINITION OF VARIABLES {= —2k?(1—cos6), 2.4 
Let the four-vector momenta of the incident and re re 
; : ss : k?=|s—(m+yu)* Ls m— pu } 2.5) 
outgoing pion be g; and qo, respectively, while those of 
* This work was begun under the auspices of the U. S. Atomic 1—cos6 (m M 1+cosé ' , . 
Energy Commission while the authors were at the Lawrence 8 2m fu 2.0 
Radiation Laborator Berkel California, where the second 2 2 
named author was a visitor from the Argentine Army 
t Present address: Department of Physics, University of Cali III. MANDELSTAM REPRESENTATION 
fornia, La Jolla, California 
'G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960 We assume that the invariant functions A and 


: This | roblem has be¢ iscussed by S. W. MacDowell, Phvs > - . . 
Rev. 116, 774 (1960). We include for completeness and consistency B~ defined in CGLN satisfy the spectral representation 


ed in this reference 


of notation many tormulas conta 

3S. Mandelstam, Phys. Rev. 112, 1344 (1958), and Phys. Rev §G. F. Chew, M. L. G erger, F. E. Low, a Y. Na 
115, 1741 and 1752 (1959 Phys. Rev. 106, 1337 (195 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956 ®*W.R. Frazer and J. R. | Phys. R 117, 1603 (1960 
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proposed by Mandelstam: 
Br" — PT ae 
B® (s.8.1)= + + ds 
m?*—s m’?—8 9? J imis)? 
“ bys" (s’,8’) 
xf ds’ 
n+-n)* (s’—5)(3’—8) 
1 £ e bis ‘ (s’ 1’) 
7 f is’ f dt’ 
TS mip iy? (s’—s)(t'—12) 
(3.1) 


1 x £ bo, (38’,t’) 
+ f av f dt’ ‘ 
w? I min)? w? «= (8 — 8) (—-28) 


The functions A satisfy a similar representation, 
excluding the first two terms. It may be necessary to 
make subtractions in these representations, but this 
will not affect the considerations which follow. 

As shown by Mandelstam, one can easily derive from 
Eq. (3.1 


either s, 


one-dimensional dispersion relations with 
8, or ¢ held fixed. For example, the ordinary 
dispersion relation at fixed ¢ is 


gr - . 1 P ib t)(s" t) 
B® (5,8) t + ds 
m?>—s m’*—8 wed 2 s’—5 


mes 
1 " bo'+ (8,1) 
+ f ds’ . (3.2) 
7 m+p)? a’—8 
and similarly for A’. The ‘‘absorptive parts” 6,(x,y) 


are equal to ImB when the variables s, 8, and ¢ are in 
the physical region for reaction 4, as defined by Eq. (2.3). 
The variable x is the square of the energy corresponding 
to reaction 1, and y is the corresponding momentum 
transfer. The two absorptive parts 6; and 62 are related 
by crossing symmetry, which requires that 


(3.3a) 
(3.3b) 


A (s,8,1)=+AG 


a 


FBS 


(8,5,t), 
B® (5,8 (8,s,t). 


Imposing these requirements on Eq. (3.2) and its 


counterpart for A’, one finds that 
(3.4a) 


(3.4b) 


; 
+d) (S 5). 


bo (5’ t $b, (s’ t). 

In order to investigate the analytic properties of the 
pion-nucleon scattering partial-wave amplitudes, we 
need the representation which makes explicit the 
dependence on cosé at fixed energy: 


+H 
» | 
® 
~ 
om 
> 
* 
~ 
| t 
* | 
- 
cn 
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where the abbreviation 2=2m’+2y? has been intro- 
duced, and where Eq. (3.4b) has been used to eliminate 
be. The relation for A does not contain the pole 


terms, and has the + inverted. Now Eq. (3.1) shows 


that 
1 " byo(s’ 8’) 
b; (37> [- a’) f ds’ 
T mee s'—5 
1 " by3(8’,0’) 
} f dt’ . (3.6) 
ry: U+s+8/-—2 
The spectral functions b,,, aj actually vanish over 


parts of the regions of integration in Eqs. (3.6) and 
(3.1). For details see reference 3 and Fig. 2 of reference 6. 


IV. ANALYTIC CONTINUATION OF THE 
PARTIAL WAVE AMPLITUDES 


A straightforward method for performing the decom- 
position in partial waves is available in the results of 
Jacob and Wick.’ One can easily show by their method 
that, in the notation of CGLN, 


1 l 


fu Jf acoso PifitPiifs), (4.1) 
) 
Z 1 


where the superscripts (+), which refer to the isotopic 
spin decomposition, have been suppressed. In terms of 
the invariant amplitudes A and B one finds 


1 
{(E+m)[Ar+ (i 
167 


m)B,) 


E—m)[—Aiit(W+m)Bui)}, (4.2) 
where W is the total energy in the barycentric system 
of reaction I, and £ is the total energy of a nucleon in 
this system; Le., 
W=s!t 


and E=(W?*+m?—4y’)/2W. (4.3) 


We have also defined 


1 


[Ai(s); Bi(s) ] f dcos6P, cos# [A (s,t); B(s,t) }. (4.4) 
1 


Now let us consider the analytic properties of the 
amplitudes fi,(W). In the case of scattering of particles 
of equal mass it has proved convenient to consider the 
partial-wave amplitudes as functions of the variable s.' 
In the present case, however, we will encounter con- 
siderable complexity in working in the s plane because 
the kinematical factors multiplying A; and B, in Eq. 

4.2) have a branch point at s=0. We shall therefore 
concentrate our attention on the W plane. 

It is actually possible to form a linear combination of 

7M. Jacob and G. C. Wick, Ann. Ph 


s. 7, 404 (1959) 
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the f,’ which dos not have 


] 


a branch point at s=0, 
namety 


p 1/W)( fut foasn-), (4.5a) 
o) an fers (4.5b 
These amplituds uggested by MacDowell,’ are just 
the heli ty amplitude of Jacob and Wick.’ Both have 


J=L+4: o@. describ cattering of a nucleon of 
positive helicity pin along direction of motion) into 
a nucleon of po itive helicity, wherea o de cribes 


} 


leon of positive helicity into a 
Again using Eq. (4.1) 


of CGLN, one finds that 


cattering of a nu 


nucleon of negative helicity and 


Eqs. (3.5 and (4.6 


| (1/167 tT? vi I 1 


t.6a) 
Pus (1 16ms)[ 2m(A tA 
+- (s—m*—p?)(Bi+ By.) |. (4.6b) 


In spite of the these 


formulas, the /;’s wil 


comparative simplicity of 


probably be more convenient for 
usefulness of 


many applic ation Phe partial wave 


relations has rested on the simple way in 
atisfied. 


cattering part of the physical 


dispersio1 


which the requirement of unitarity can be 


Namely, in the ¢ ti 


region, 


imple relation holds for the @ 


Turning now to the complex plane, we see that 


all the singularitic f f; come from singularities in 
the A;’s and B;’s (except for a pole at the origin which 
we shall remove i moment These singularities 
arise from the vanishing of denominators in Eqs. (3.5) 
and (3.6). The first term in Eq. (3.6) gives rise to the 
physical cuts; i.e., branch cuts in the regions W >m+1 
and W :« m—1.*° The former is the true physical 


region in which one can apply the unitarity condition, 
| | 17). below threshold The 
hereafter called the left hand physical cut is a 

feature of the H i i 


cidated by the svmmetry relation 


he inelasti latter 
region 
novel plane, whose meaning is elu- 


i fens HW 1.9 


This relation, w Vas px inted out by Mat Dowell,’ 


can easily be verified by inspection of Eqs. (4.2) and 


he left-hand 


(4.3). It permits one to apply unitarity on 


physical cut 


one approaches the cut from 


{ND 


above in the region m—2<W < m—1, one 


from Eq. (4.9) that 


finds 


Thus the two partial-wave amplitudes corresponding 
to a given total gular momentum are boundary 
values in different reg f the complex plane of a 
ingle analytic function f,,(V Therefore we can limit 
our attention to | ind ignore 

It will probably he ore nvenie n the upplication 
of these analyticity propertie o work directly 


with the functions f,;, but rather with functions in 


which the threshold behavior is made manifest, namely, 


W fu(W 
h(Ww) t.11la) 


E+m~ k? 


B 

x + (HW +» $.11b 
No singularity is introduced | vision by k?, since 
it can be seen directly from the Mande enta- 


tion that 
for Vv 
namely V 
hii4™ I Tm k , thereby justilyu y tne analyticity of 


hiv This 


1,, Bi~k* for k?=0, and hence that f; 
At the other two points at which k#?=0, 


m+1, it follows from Eq 4.2) that 


m+ 1 


latter consideration follows also from 


Eq. (4.9), which shows that left-hand physical 
threshold f;, behaves like a partial wave of orbital 
] 


angular momentum /-4 


— 
_ 


old k?~E+m, 
so that A,(W) approach nt at both the left- 
and right-hand physical thres} is. Finally, the factor 
W is introduced in /; in order t void a singularity at 


the origin. 
We actually nnot be complet: ertain about the 


behavior of A; at the orig é estion of the 
asymptotic behavior of thi ttering amplitude is 
involved. This fact can be seen from Eq 2.4) and 
(2.5), which show tl } nfinite at W=0 and 
therefore that if cos@ is restricted 1 pny il values 


then also ¢ is infinite at W=0. The 


regular at W =Oas long {(s,t)and B ire bounded 
as t—» «, Although it is not known whether this con- 
dition is true in general, it ven found to be true 
in lowest-order perturbat ry.* We shall assume 
hereafter that A, is regular at the origi n which case all 
the singularities of A,(V me from gularities i 
1,’s and By 

Let us now continue I enumeratior or these 
singularities. We hav I é it the first term 
in Eq. (3.6) gives rise t e phy its. The second 
term, having been intr 1 ar \ rough the 
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separation into partial fractions of one of the terms in 
Eq. (4.1), actually does not give rise to a singularity in 
A similar term which occurs 
singularity when both 


the scattering amplitude. 
in bs the 
terms are substituted in Eq. (3.5). 

The rest of the singularities of A; and B; come from 
vanishing denominators in Eq. (3.5). The first term, 
the pole in s, contributes only to By (and hence only 
to ho) since it is independent of cosé. The other terms 
on the right-hand side of Eq. (3.5) produce singularities 
in all B,. Let us consider first the denominators contain 
ing §. From the defining equation (4.4) for B; we find 
after a change of variable in the integration over cos@ 
that these terms make the following contribution to B;: 


Z—s—8 gr" 
ds Pil + ) 
ys m*>— 8 


cancels apparent 


1 7” b, s’, S—s— 3H’) 
} | di’ i 112 
TH (m+ a’—3 
where L,(s) and Lo(s) are the limiting curves corr« 


sponding to cos#= —1 and cos@ 
curves are shown in Fig. 1. One finds from Eq. (2.6) 
that their form is: 


a respec tively. These 


Lil(s (m*?—1)?/s, (4.13a 
Lo(s 2m?+2—s (4.13b 


It can easily be shown that the denominators in 
Eq. (4.12) can vanish only for real s. The location of 
the zeros, and hence of the singularities of B,, can be 
seen from Fig. 1. To find the branch cut in B,(s 
corresponding to a given value of &, find the intersection 
of the line §= & with the shaded region. In this manner 


one finds that the pole at §=m? gives a branch cut in 











the regions s<0 and m?—2+1/m?<s<m’+2. The 
S —_ —— 
\ 
\ 
\ 
‘si 
\ 
MQ Qa nn— — 
TS. —— —- ew 
GQ L,(s) 
WS S 
QQ (m=)? m® ynei)® 
lr WS : 
Lis) Ji Las 
: \ 
I MY 








Fic. 1. The real sé plane for pion-nucleon scattering. The shaded 
area is the region in which —1<cos# <1. The curve L;(s) corre 
sponds to cos#= —1; the curve L.(s), to cos=+-1. The intersec 


tion of this area with the region of integration in 4 in the Mandel 
stam representation 
cuts shown along the s axis 


[s=m*, §>(m+1)] gives rise to the branch 
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(m+-1)* gives a branch 
cut in the region s<(m—1)*. In the W plane these 


cuts map into cuts along the entire imaginary axis and 


continuum beginning at & 


in the following re gion 


m?+-2)§<W m-+-1/m, (4.14a) 
m+-1<W <m+1, (4.14b) 
m—1/m<W <(m?+2)!. (4.14c) 


Finally, there are the singularities coming from the 
vanishing of the denominator of the last term in Eq. 
3.5), ’—t. In the &® complex plane these are very 
imple; namely, a branch cut in the region k?< —1. 
In the s plane this cut maps into a cut along the negative 
real axis plus a cut along a circle centered at the origin 


and with radius r*, where 


r?=m"*—1. (4.15) 


In the W then lie along the imaginary 
axis plus a circle about the origin having radius r. 

In Fig. 2 the location of all the singularities in the W 
plane is shown, along with the appropriate contour of 
integration to be used in writing a partial-wave disper- 
sion relation. We include the contour inside the circle, 
even though the integra] around it vanishes, because it 
will turn out that the discontinuity across the circle is 
related to the process #-+>7T-— N+N. We would not 
know how to evaluate the integral around the outside 
of the circle only. Similar considerations lead us to the 
inclusion of contours in both left and right half-planes. 

The foregoing about the regions of 
analyticity of 4, are equivalent to the following disper- 


plane the cut 


Statements 


sion relation: 
ImA,(V 


i." "yy wt Imh;(W’) 
f dW’ + f dw’ 
bd 41 WwW’ —-W a Ww’-—H 


Zs 


g5, 1 pomtm oa! (W’) 
} f dW’ 
2(m+W) x uot = WW 


m+ 


h(W)= 


1 m*+2)! a,'(W’) 1 nadie a,'(W’) 
+ f dW’ + f dw’—— 
ee W’-W mee W’'—W 
r - a;'(@) 1 a a,'(y) 
+ J id - f dy———, (4.16) 
ro, We-e—r «x 2 ytiW 


function behaves properly at infinity. 
Along the positive real axis this is guaranteed by 
unitarity. The discontinuities a,/(W) will be evaluated 
n the superscripts (+) 


l 
have been suppre ssed 


provided the 


next section. As usual, the 


V. DISCONTINUITIES ACROSS THE BRANCH CUTS 


All the integrations on the right-hand side of Eq. 
4.16) except for the first terms extend over 
unphysical regions of the W plane. Therefore, in 


two 





FRAZER AND J 
The same equation with tl - inverted holds when 
the B, and }; are rey d by i] 1,;. Then for 


ae! (W) we find 





Fic. 2. The position of the singularities in the W plane of the where the argument 
partial-wave amplitudes for pion-nucleon scattering. The branch Eq. (5.4). 

cuts are indicated by heavy lines; the dotted line is the contour The quantiti , : “ — eal 

of integration for the partial-wave dispersion relation - 1 _ ales — , ures physica 

meaning, since §& and $ are restricted by the 

- 1 . . . imits of integration t ilu which a hysically 

order to apply the parlial-wave dispe rsion relations we limi Br ss Br ; physica ly 

accessible in n-nucleon scattering or &. the squa 

must evaluate the numerators of the integrands, which “ in plo tiem } ne square 
. ( e energy, this is oby irom imit 

are the discontinuities across the various branch cuts . - aap —s For 

: - ~Y—s—S, th entum transfer, it cat n by 

Chis can be done by examination and interpretation of 9 ; een by 


Eq. (3.5) and the corre ponding equation for 1 s.t) consideration of ne ol ¢ rres] nain scatter 


: ° il g : ra | aA j 

Consider the di continuity ay (Vl across the short me Sage; 5 

branch cuts arising from the pole at §=m*. This term 

depends only on the pion-nucleon coupling constant. 

where k 1S obtained Irom &k V ] tuting 8 for s 


From Eq. (4.12) and the corresponding equation for “"* : 
in Eq. ee (one l \ nov it 1 < cosé 


{, one can see that in the region of the short branch ¥ ‘ 
cuts [see Eqs. (4.14a) and (4.14b) <1 as long as s nd thin limits of 
integration in Eq 
ImA,‘* (W)=0, If the energy 
[mB (W) = Fe(W)xg2P if ")//2k, (5.1) Physical region, 
where Sec. III. One can then exp 
the formulas of CGLN, to obt 


[ay (3 Z 
and where ~w 


[W+m 
. : , , 4 
Wi or in| 


From the definition of 4; we then find that 


ay (W) Fl e(V us 4 Sk? || (W—m)k "Pils —Imf 
+ (/ m W+m)k-**-2P 1.1 (x0 


lhe discontinuity a2'(W) in the region —m+1<W <m 

1 can be expressed in terms of pion-nucleon scattering 
cross sections by means of crossing symmetry. One 
finds from Eq. (4.12) that in this region® 


where W and E 
ImB, (i W and E are re 
on (5.6) now gives 
explicit one. It involve 
of course, the quantities \ I ire trying to deter- 
mine. Thus a complete treatment of the pion-nucleon 


problem will involve coupled integra 1ations simila 


tered 11 


noe e } , in 
* Strictly spe ng should rit } and to those encoun 


similarly for all the absor parts in the remainder of this A serious compli 
section. As mentioned i c. IV, the absorptive parts can become 
complex, but their imaginary parts do not contribute to the : : 
discontinuities a,;'(W his fact i of immediate practical infinite at W=0, 


importance, because the Legendre polynot ‘pansions discussed from intermediate 
below do not convergt h } al ?hti part | ame omplex 

} | } Be... - eC “MASS Ca 
We are indebted to rofessor Wdherg for callir ur In the equal ma a 


attention to this poi We shall now ca 


ca 
a 


appears in Eq. (5.6 
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circle W =re'*, where r?= m?—1, in terms of the process 
r+a2— N+N. This discontinuity arises from the last 
term in Eq. (3.5), whose contribution to A, is 


1 * Pi (x)a; (1',W?) 
1, faf dt’ 
rv, , t'+2k?(1—x) 
where &? is, of course, a function of W. From Eq. (2.5 


one finds that for any point on the circle, k?(W) takes 
on the value 


k? (re'# 1 (2r? cos2@—2Z), (5.10) 


whereas at points just inside or outside the circle 


k?(W) has the value 


k*[ (rtbeje k?(re'*) +7€ sin2¢. (5.11) 


Now from Eq. (5.9) one finds that for 4? < 


k?— ie) | 


1 ke t 
f up(1 + )e (t,W?). 
2k? J, 2k? 


Che corresponding equation with B; and ); is identical. 
Using the two equations above, we are now able to 
calculate the discontinuity a;'(@) across the circle, 
where 


1 
) {hy [ (r+ eje* ]—h,*[(r—e)e* } 
21 


We find that 
e(sin2@) 
32rk? 


X[as y+ (W—m)b;"* (t,W*) | 


+ (E—m)*k *Piual i+ 


[ay (1,12) 


(1,W?) | 


+ (W+m)b, 5.14 


It should be remembered that in this equation the 
quantities k?, EF, and W 


HW ve™ 


are functions of ?, since 


We evaluate a;(t,re by recognizing that for the 
range of the variables in Eq. (5.14), it follows from the 
considerations of Sec. III that a;=Im4A for process III, 
> N+N. This has been 
terms of phase shifts for pion-pion scattering in reference 
6, for the low-energy range of ¢. In order to use these 
results directly, one 


r+ process cal ulated in 


must make an expansion of a, 
in states of definite total angular momentum and 


helicity. From reference 6 we find, retaining th 


PION-NU( 


notation defined there, that 


2 ip 4 . 


> (J. 
J 


* P; cos8,) Imf,? T(J +1) 


t 


x cos#;mP,’(cosés) Imf_7(t)}], (5.1 


(J+ ‘ip_q) 


x P,' Im f_7(t), 


cos# 


where A, is the s« attering angle for process III, namely, 


p , q°) 2ip q. 


the 


COS; (5.16) 


For the supers¢ ript (+ 
for (- i. odd J. 
For W on the circle, cos@; is complex, and we must 


runs over even J; 


sum ; 


investigate the convergence of the series in Eq. (5.15). 
Since a function f(x) that is analytic inside an ellipse 
foci at x= +1 expanded in Legendre 
polynomials, we must find out from the Mandelstam 
representation limits the 
the ellipse. This singularity can be seen to come from 
the vanishing of the s in the region 
where 4);(s,t) #0. The boundary of this region is given 
by Eq. (4.10 2 of reference 6. We find after a 
numerical calculation that the expansion converges on 
the circle only for those values of W for which —33°<@ 
33° or for which 33° <a 
little 


with can be 


which singularity size of 


. , 
denominator s 


and Fig 


¢< 33°. The expansion 
even if it were to 
converge in a larger region, since we can see from the 
upper limit of integration in Eq. (5.14) that at ¢~33° 
energies as high as ‘~ m* become important. The range 


- 


would, however, be of use 


of the angle @ in which a given value of / contributes to 
the discontinuity across the circle is given by 


(5.17) 


Finally, let us calculate the discontinuity across the 
imaginary axis, W=iy. In this region both the last 


two terms in Eq. (3.5) contribute, giving 


W he 
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for B,, but with the + on the last term 


We could now substitute into 


The same hold 
of Eq. (5.17) 
Eq. (4.11b) to obtain an expression for the discontinuity 


inverted 


a,'(y), defined as 


2i)[ hiliyt+ e) —hiliy—e) | 5.19) 


We shall 


because it is difficult to see how to put it to any im- 


not write down the resulting formula, 


mediate practical use. One difficulty is that the momen- 
tum transfer variables in both a; and a; lie in unphysical 
regions. Analytic continuation by Legendre polynomial 
expansions is impossible, because an analysis of the 
type described above 
Eqs. (5.8) and 


shows that the expansions of 
A Sec ond 


difficulty is that the energy variables in both a; and a; 


(5.15) converge only for ys 3 
range through very high values, at which we have no 


reliable means of calculation 


VI. CHEW-LOW EFFECTIVE-RANGE FORMULA 


One approximate olution of the partial-wave 


dispersion relations can be written down very easily 
We designate by /y;(V 


state; i.e 


the amplitude for the (3,3) 


hia3(V ny? (W)—hy W). (6.1) 


onsider the 


but the 


Let us low-energy approximation of 
the 


physical cut and the short 


closest singularities to 


neglecting all 
physical region ; 1.e., the 
branch cut coming from the pole in 8. The resulting 


truncated dispersion relation is then 


L 


Im/y3(W’ 
T J du : 
wo ms) w’-—Uu 


following CGLN, that the short 
roximated by a pole 


Moreover we observe 


branch cut can be ip] 


I 


ImA,;(W’) 
Wy 
w’-i 


ND J. 


where 


6.4 


neglecting correcti: 
Following Chew ar Istan W et A3;(W) 
N(W)/D(M and re to the 
pole while D(W Chen 
writing a dispersion r 
for D(W), 


mine the imaginary 


contain 
physical cut 
subtractions 


ition with three 


and using it irity condition to deter- 


2 k® coté ,E Tm 


+} ; 
¢ if 


} wo terms 
sick t w-Low 


where WwW WW m In 
| 


on the right-han effective- 


range formula‘ 


It will, of course, go beyond this 
approximation, by inch r singularities which are 
farther from the physical region. In principle it will be 


possible to derive improved fective inge formulas 
and to give theoretical in 
as the S-wave a in ngti and the 


the ( 3,3 resonance. 


n quantities 
position of 
is intended primarily 
as a tool to be used in ich investigations, which are 
now in progre 
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u-Meson Decay into Three Electrons 


M. BANDER AND G. FEINBERG 
Depariment of Physics, Columbia University, New York, New York 


(Received Apiil 7, 1960) 


The decay u »>€ +e + e* via internal conversion is computed using a phenomenological matrix clernent 


for the wey interaction. The result is compared with present experimental limits for this process and the 


results concerning the form factors in the matrix element are discussed. The energy distribution of the 


emitted electrons is also computed 


N order to determine whether y and e differ in any 
quantum numbers, it is necessary to examine pos 
sible decays in which all other particles involved hav: 
known quantum numbers. This is not necessarily the 
case for the normal decay u — e+ 1+ de, since it is not 
known a priori that v2 is the same as »;. Examples of 
transitions which would satisfy these criteria have been 
given previously.' In this note, we investigate the decay 
uw — e-+e-+e* by internal conversion using the phe 
nomenological matrix element for wey interactions intro- 
duced in reference 1. The decay rate, and the energy 
distributions of the electrons are computed in terms of 
the form factors which occur in the phenomenological 
matrix element, and the implications concerning these 
form factors, of present limits for the branching ratio 
(ua —> 2e-+e*)/(u — e+v+73), are discussed. 
The matrix element for u~- — 2e~+-e* Is given by 


th,y.U(€2) Usyn(e;) 


M =ie| M,(e;) 


qr qe 


—ti(e€,)} fro(gi?)yat 


m is the muon mas (1/2t)[va,¥- ]. 

We assume that each of the form factors, fxo, fio, 
fei, fw; can be expanded in a series in g;”. In the case 
of fro, fo, the discussion in reference 1 shows that this 
expansion must begin with q,*, and we will take only 
this term, so we write 


» Ory 


feo(qi*) = f wogr’, 


fo(qs?) = J mog?’. 


(3) 


In the case of fg:, fi, the expansion may contain a 
term independent of g;’, so we keep the first two terms, 
given 

Rei + frrgs’, 

gait Suge. 

The reason for this approximation is as follows. The 
successive terms in the expansion of the form factors 
will involve ratios of g;?7 to some quantity y* with the 


fp (gy 
BE1\q41 
: q (4) 


fsi(qi*) 


1S. Weinberg and G. Feinberg, Phys. Rev. Letters 3, 111, 244 
1959 


1 


rysyYa Tt 


Here M)(e;) is the quantity given in Eq. (1) of reference 
1, which is the wey vertex evaluated on the mass shell 
of w and e¢, and for an electron momentum equal to 
that of one of the two final state electrons, here called e;. 
M)(e2) is the corresponding quantity evaluated with 
electron momentum equal to that of the other final 
electron. a, is the positron spinor, “(é2), u(e,) the elec- 
(pPu— pa)? is the momentum transfer 
when the wey vertex involves ¢;, while g:?= (p,.— pes)? is 


tron spinors. g;° 


the corresponding quantity when the electron e, is 
emitted at the vertex. 

The Eq. (1) the Pauli 
principle for the 2 final state electrons. The factors 
1/qi 1/q? the of 
photons. 


form of is implied by 


and are propagators virtual 


For reference we write the expression for M,(e,) 


dropping which vanish because 


0: 


here, terms 


QrUsYrtt1,2 


fui(qi’) 
YO rgirt Tri» |My; 


Jei\qr) 


m m 


dimension of mass squared. We may expect that y? will 
be much larger than the momentum transfer gq; in- 
since no nonlocal effects have shown 
up so far in weak interactions at these momentum 
transfers. It thus appears reasonable to neglect the 
higher order terms in fgo, faro. On the other hand, it is 
known experimentally the gi, gui, which appear in the 
rate for u y are extremely small, or zero, so in 
fer, fx we keep the first two terms. 

Using the above equations, it is straightforward to 
compute the rate uw — 2e In the computation, 
we have set m,=0 everywhere, except in the coefficient 
of (ge: ga In the latter terms, it is well 
known? that the answer will diverge logarithmically if 
the electron mass vanishes. In this term, we have there- 
fore not set 0. However, we have dropped some 
terms of order 1 compared to the term In| m/2m,}|. This 
is done in the expec tation that | gg;/m*\*<! feo|*, as 
indicated above 


volved in w decay, 


+e@-4 


€ 


+ 


and 


mM, 


2 See, e.g 
1955) 


427 


, N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 
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We obtain for the decay rate 


R ar f Vf ‘d pid p 6(m 


a’m® 


AND G 


fi JA , , ' )+4 Re fi gui +Siu ge" 


l6r 
16 
+ Re fi fiani* + fxs Sei*) T 
3 


] 


If time reversal 
that all the form factors are relatively real. 


It is 


between 


nvariance holds, it may be shown 


noteworthy that there is complete symmetry 
factors in this 
approximation, when m, is neglected almost everywhere. 

The form we have taken for M, would appear to 
indicate that M, might ingularity for m=0. 
Since this should not be the case in a reasonable theory, 
it must be that grin 


electric and magnetic form 


have a 


will have a factor like (m?) 
while fia will contain factors (m 


(u*), 
(u*), and Se , 
will have factors 1/y?. Then since we expect that m<uy, 
the terms in fx, fi should contribute very little com- 
pared to the fi g tu term 


The size of the coefficient Lei, £1 May be estimated 


from the decay rate u— e+y¥ 
reference 1. | 


we 


as given in Eq. (3) of 
ing the present limit of 10~* for this rate, 


can see that the term 


a’ 16 1 g “+ | a1 


167 m* 


give at 3e which is 7K 10~° the 
this is a much smaller rate 


than the presently known information on the decay 


can most a Tra ior 


Since 


rate for u >OtvtTry 


pu — 3e we shall neglect both these terms and the inter- 
ference term between fo and gy. In this approxima- 


tion the decay rate becomes 


dN 


Ay tA) SA,A 


donor | 


dd,dX T 
tA,A 
] T Ref f; 
An, T L 


m 


+ Re 


the 
he n 
cient ol QR) me 4 1 ‘ at we 


some terms which 


Here A, Ae ar 


muon 


two electron energies in units of the 


mass constant) in the coeffi- 
have neglected 
> +, compared 
to terms retained, w 


The terms other than w1|*+ | ga 


“+O AoA, 


j 


Mm \\\ PR 


In 


3m, 


This may be compared w 
+v+i, given by 
R 
where G is the Fermi coupling 
Feynman and Gell-Mann’ so that 


G?*m5/1922 1.6 10 


‘G*m5, 
constant a 
R 
R 
The present experiment 
R.,/R 
so that one obtain 
I} TIM x \ 


We have been informed that 
detect the 
magnitude less 

Such i 


decay be 


progress.* rate would | ymparal t he pre 


dictions of a modified interme theory, with 


identical Vi, 4 
Finally, we 


record u! qa tributior ol energie of 


electrons emitted in tl nergy spectrum 


is give n by 


Pte»? 


fir +f iit [ } A T 7 


2A Ae T 2A 2d 


Uf 1430 


are slowly varying functior I gy. with maximum 


in the neighborhood of L wi rre 


DO ids to the 


particles emitted at ar 


R 


‘] 
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The term with |ge:\?+|gwi\? is very large for A, 
or A» at or near }, which corresponds to one of the elec- 
trons coming out in the same direction are the positron. 
This behavior of the energy spectrum of pairs coming 
from internal conversion when the real photon decay is 
allowed is also well known.? However, in view of the 
fact that | ge:\*+ | gai? is very small or zero, this term 
is probably unimportant. 
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We conclude that present information about yu — 3e 
does not give such sensitive restrictions on the wey form 
>et+ p. 
However, they are consistent with the vanishing of all 
uch form factors, and future searches for ¢ — 3e may 
be sensitive enough to lower the limits on the form 


factors to those values predicted by the intermediate 
boson theory. 


factors as other measurements, such as w+) 
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Pion-Pion Interactions in < and <’ Decays* 


R. F 


University 


SAWYER 
f Wiscon 


Received 


rhe final-state interactions in 7 and r’ decays of K* mesons are 
studied by means of a Mandelstam representation. It is assumed 
that the § pion-pion scattering amplitude is large 
enough to have an appreciable imaginary part. Coupled, linear, 
singular, integral equations are found for the amplitudes describing 
K > +7 in the physical and unphysical regions. From the 
solutions to these equations the r and r’ decay matrix elements 


ony wave 


in 


may be constructed. In an approximation the equations are solved 


in terms of pion-pion phase shifts. Comparison with experiment 


is made using Chew and Mandelstam’s solution of the corré 


1. INTRODUCTION 


1 recent analysis of 900 7+ decays of K* mesons, 
y , it was found that the m~ energy 


ie 
K 
spectrum differs significantly from that predicted from 


the density of states alone.' The minimum pion wave- 
length in this process is about one pion Compton 


+e +r +r 


wavelength. If the weak interaction proceeds in some 
way through the heavy fermion pairs and has a range 


? 


determined by the intermediate mass, one would expect 
very little dependence upon the pion momenta in the 
matrix element, because the pion wavelength is large 
compared to the radius of interaction. Hence the ob- 
served deviation from a constant matrix element is some 
evidence for final-state interactions which extend the 
spatial region of interaction for the outgoing pions. This 
is an attractive possibility in view of the current 
interest in pion-pion interactions. The system of three 
low-energy pions should be an ideal analyzer for such 
effects. 

Thomas anc Holladay’ have investigated the effect of 
an attractive, T= 2, pion-pion interaction in 7 decay by 


* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by Research Committee of the Ur 
versity of Wisconsin with funds provided by the Wisconsin Alumni 
Research Foundatior 

S. McKenna 
Varshneva, Nuovo cimer 
7B Thomas and 
1958 


the i 


S. Natali, M Cc 
to 10 


W.G 


O'Connell, J 
763 (1958 


Holladay, Phys 


and N 


lietge, 


S Rev. 115, 1329 


AND 


n 


Apri 


es 
V adi 


11, 1960 
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m, Wisconsin 


sponding nonlinear equations for *—# scattering. Consistency 


1 i 
plying repulsive 7 =0 and 7 


with experiment is found for values of the coupling constant im 


2 phase shifts. Independently of the 


approximation the equations show that the implications in 7 and r’ 
AT =}, 4, are idet with those of the AT =4 
Hence the energy spectra in r’ decay cannot be a critical test 
of the AT =4$ rule 
shown that 
series of integral powers of the pion kinetic energies 


decay of the rule tical 
rule 
Also, inde pendently ol the approximation, it 1s 


the decay matrix element cannot be expanded in a 


using Watson’s final-state interaction formalism.’ This 
method is suited to discussion of the final-state scat- 
tering of a single pair of particles. It is applicable to the 
2, r— force because the 
T =2 and the other pairs, xtx-, 
are predominantly 7=0 the If, however, 
0 pion-pion effects, then a formula- 
tion is required which is capable of dealing simultane- 


ly with interactions between various pairs. The 


problem of r* decay with a T 
tate of two w®* is pure 
in S wave. 


there are strong 7 


ous 
Mandelstam representation can serve as the basis for 
uch an analysi an ordinary single variable 
dispersion relation can be used to discuss a single final- 
state interaction 

In the present work Mandelstam representations are 


just 


assumed for the + and 7’ decay amplitudes.™ It is as- 
sumed that only the S-wave pion-pion scattering ampli- 
tudes are large (have an imaginary part). Linear integral 
equations are obtained for the r+” — r+-_ scattering 
amplitudes in the physical and unphysical regions. 
These equations involve the pion-pion S-wave phase 
shifts. From the solutions the Mandelstam representa- 
tions for r and r’ decays may be constructed. In general, 
two new parameters are needed to characterize r decay. 
The AT =}, 4 rule can be applied to yield a simpler set 


of equations with only one parameter, which, if solved, 


Also, A. N. Mitra has investigated the effects of a T=2 pion 
pion resonance in the r decay [Nuclear Phys. 6, 404 (1958) } 

*N. N! Khuri and S. B. Treiman have also considered this 
problem (Phys. Rev. to be published 
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Fic. 1 
interaction, 
$3 


The r-decay 


T+rt fF 
us ™ 


should give r and r’ spectra free of new parameters. The 
implications of AT = 4 and AT = }, 9 are identical in our 
approach. In an approximation these equations have 
been solved in terms of pion-pion phase shifts and 
integrals over pion-pion phase shifts. The phases them- 
selves are obtained from nonlinear integral equations 
which follow from the same approach to the r—-r 
problem.‘ These equations (for large.S waves) have been 
solved® by Chew, Mandelstam, and Noyes, and we have 


used their solutions in analyzing our results. 


2. THE MANDELSTAM REPRESENTATION 


We begin by considering the problem of r+” — r+ 
scattering. The variables s;, 52, and s,; are defined by 


drawing all three pion momenta inward (Fig. 1). 
(pot ps)’, 
(pit ps)’, 
— (pit po)’. 


The three pions are referred to as m, m2, and m3. The 
assignment of charge will be deferred until the next 
section. For the process r+%3— m1+72 the variables 
$1, S52, and s,; are expressed in terms of the initial three 
momentum, q’, the final momentum, g, and a scattering 


angle, @, in the center-of-mass coordinate system, 
4(q°?+y"), 

(M x?/2) 

s;= (Mx?/2 


2qq’ cos8, 
2qq’ cosf, 
with 


2(g?+u (q’ tt Mf x?)8, (2) 


Here Mx is the mass of K* 
shall take, for the moment, M«=3u. 
the contributions to the unphysical 
eventually be argued that the r-decay matrix element 


and uw is the pion mass. We 
This will simplify 
region. It will 
does not vary strongly with the K-meson mass. For 
M x=3u the physica (3u7)*. Be- 
tween g= (3u*)! and g=( 

The amplitude A (s)52s3 


l re gion extends to qg 
), q’ is imaginary. 


for the reaction r+; — m 


+m (with ss the energy variable) is given by, 


(W)%e OU | Tar in 


‘G. F. Chew and S. Mandelstam, University of California 
Radiation Laboratory Report UCRL-8728 (unpublished) 

G. F. Chew, S. Mandelstam, and H. P. Noyes, University 
of California Radiation Laboratory Report UCRL-9001 (un- 
published ) 


AND K. 


WALI 


The continuation of this function A (s,50,53) to all 
constrained by the condition 
12u*, provides amplitudes for 
> w+ scattering and also for r 


values of 5), Se, and Sz, 
Sit Sot Sy 3u?+ M x’ 
other channels of r+7 
dec ay. Since 5), 59, and s; stand for energies of two-pion 
systems in their center-of-mass system, we expect the 
th is for x wr scattering. 


analytic structure to be the same 


In the case of each s the 


is that of two pions. We write therefore, 


owest mass intermediate state 


A (5},52,53) 


1 " . p10(S)',5 
f asi f ao 
Ww” J (9,4)? J ay 5 


This representation 


A ($1,S9,S5)} 


From the region of nonvanishing p determined by 

g 
he f y) vanish 
therefore, the typical 


Mandelstam‘ we see that the functions p(x,y) 


For small 


unless x+ y> 36p’. 
inside integral of (5) 


of . 
arrive at the approximate 


should be nearly independent Applying this argu- 


ment to each term in (5) we 
form,® 


used by M. Gourdin 


A representation similar t 
attributed by them 


and A. Martin (CERN prepr 
to M. Cini and S. Fubini 
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1 . o(s’) 
A(5},52,53) = ds 
os 2 s’—S, 


4p 


1 - a2(s’) 1 . a;(s") 
rs f ds’ + f ds . 
wa: S'—S. wlayt S'S; 


This simplification in the case of pion-pion scattering 
leads to exactly the Chew-Mandelstam nonlinear inte- 
gral equations for S-wave dominant amplitudes (that is, 
the equations in which the imaginary part is taken as 
pure S-wave). Chew and Mandelstam® have shown that 
within a wide range of pion-pion coupling constants 
consistent solutions with a small P wave exist. 

Now defining, for the process r+23 — m14+ 72 


1 pt 
= f A(51, Se, S3+t6€)d(cos@), 
) 
1 


we see that (in spite of the fact that s; and s, become 


complex in the region 4y? <s3< 16p?), 


[mA ,(¢*)=o34(¢?+u") ] © (8) 


for all g>0. Similar expressions relate 7, and a2 to the 
other two S-wave scattering amplitudes. Therefore, 
knowledge of the S-wave amplitudes for the three 
Titm, — wetts, Tite, — M+73, and 
T) +3 — m+, is sufficient for construction of the 
single-variable Mandelstam relation (6). 

In the physical region, g’>3y?, the S-wave unitarity 
condition including only 2” intermediate states is, 


processes, 


ImA ,(r733,7192) 

=[(g?/(g+1)}! > A,(rw3,20)t,'(2e,9192), (9) 
where ¢, is the S-wave pion-pion scattering amplitude. 
The sum is to be extended over all intermediate charge 
states. g is the pion momentum in the intermediate and 
final two-pion states. For an intermediate and final 
state of definite total isotopic spin, 7’, we have 


t.=((¢+1)/¢ }le*?™ sindy(q). 

To show the applicability of this unitarity condition 
also in the unphysical region, g?<3, we consider the 
quantity, 

0! K (0)! a 7 in) 
i 


~ (eos)8 


fe ips 2d4x(0| T(K (0)J3(x))} 7), 


where K (0) is some operator such that (0| K(O) | 27)+0. 
From standard methods it follows that 


Im(0| K (0) | a7 in) 
=[4/(2ws)!] > 5(p.— p-— ps) 


KO K(0) n(n J,(0) T), (10) 


where J; is the current associated with z;. For 
—(p-+> 3)" less than the four #-meson threshold the 
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only intermediate states are those of two pions. The 
operator K may be chosen to connect with a two-pion 
state of any particular angular momentum or isotopic 
spin. 

We note that (0|K(0) 2x out)y,, has the phase 
exp[ —idrz(q) }. If we require Im(O| K(O)| sr in) to be 
real, we find from (10) that (2x out! ryJ3(0)| 7) has the 
phase, exp[iér,(q) }]. This implies the conditions (9). 


3. «* AND +’* DECAY 


For r and r’ decays, m, and 7, will be taken as the 
identical pions and x, as the odd pion. Thus for the r*- 
decay representation the process, r+%3— m+2, is 
rit+at+—+rt+nrt. Then o;(s’) is determined from 
ImA,(r+xt,xtxt). The weight functions o; and a, are 
identical by the Bose principle and are both equal to the 
imaginary part of A,(r*#~,rtw~). In the unitarity con- 
dition for A,(rtx-,xtx) one encounters the inter- 
mediate amplitude A,(r*x~,x°x"). This must be de- 
termined from a separate dispersion relation for 1’ 
dec ay. 

p, we write 


Setting o;=¢ 


5 So 
, 
A*(S,52,53)=A4 ds 
© (s 


p(s’) 


.* Ge) 


and 


S3— So 
AP’(s;,S9,83) =A'4 ds’ 
© (s’ 


, 


p (s’) 


, 
\(s — So) 


a’(s’) 
(12) 


(s’—5,)(s’— So) 


In the case of r’ decay, s, stands for the energy in the 
center-of-mass system of the two #. A subtraction has 
been here inserted into the Mandelstam relation itself, 
rather than into the partial wave dispersion relations as 
in reference 4. This is essential since our aim is to discuss 
the continuation to r decay by constructing the complete 
Mandelstam relation. Solution of the S wave, r+2— 
«+x problem wil! give only the densities p and ¢. The 
point s» is chosen as the symmetrical point in pion-pion 
scattering, 5;= S2=5,;= 4y’. It is of no importance that 
this point does not obey the constraint between 5, 52, 
and s; in r decay. For any given 7 mass the function A 
is uniquely defined as an independent function of 5), 52, 
and 53, if one demands the analytic properties in (6). 
Equation (11) then results from defining A as A (S0,50,50). 
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In determination of p, ¢, p’, o’, the S-wave amplitudes 


of four processes will be,used, 
* a 

\T , ImA 
ImA 


ImA, 


© aes 
"7 aT 


Here g is always the momentum in the two-pion system. 


The unitarity conditions for the four amplitudes are 
given from (9) 


to(q*) and le(q? 


in terms of pion-pion S-wave amplitudes 
. They are 


tu 


| (g° + ue 


+(g° t Ts 
From (12) we derive S-wave disp rsion relations for 


the various A. When the angular integrations are per- 


formed an amplitude is expressed in terms of a subtrac- 


tion constant, an integral which gives a cut from g’=0 


to g’= , and an integral which has singularities to the 


left of the imaginary axis. These contributions can be 


expressed in terms of functions R(p; v) and L(p; v) with 


v= (q"/p 


lOns he come, 


+2] 


T R p,v 
T R o,v 
N+R(p's v 


lraken with the (14), these com- 


unitarity conditions, 
prise a set of four coupled linear integral equations for 


the four amplitudes A 


4. AT RULES IN 
AT 


this set 


« AND « DECAY 
The 


re duce 


\ l \ Tek r tor 


decay, would 
to two independent 
equations. For our AT=} 


rule im- 


plies the relat 


17 


AND K 


Essentially equiva 
Weinberg.’ 

The four equ 
order to show that tl 
same as those of A7 
AT =}, 3 implies that 
definitions of A as A’ 
When A is divided intoa 


of the three variables } 


npletely symmetric function 
function of mixed symmetry 
7, on that the function of mixed 
' point. For the 
completely symmetri: unction we need only AT < 
prove A,, ’ } 1. is in reference 7. Hence, \’ 
When A’= 2/2 is inserted into the tegral 
(16) and when the 14 


as in reference 


symmetry vanishe 


mmetrn 


» 1O 


are 
it is pos ible to set 


make the la juation nearly dependent upon the 
first Hen if tl oul uations h unique 
solutions (assuming particular bel rat infinity 
if \’=/2 tl 
(17) 


cone lusions a 


two ave 


and 
ation 
are same 


Al 


i 
aoes 


adopt 


the relations (17 


5. THE RELATION TO 
17 


PION-PION SCATTERING 
Under the condit 
similar in form to 
pion-pion S-wave 
write the two 


ombinations. 
B 


Equations (16) become 


»(v) =A+ R( Bat 


Bol(v)=3A+R(B 


This structure r 
rule the A 
therefore the K* 
same coefficient 
our “7 
Equations 


mu 


18 ns 
integra! equation However, 


these equation knows pion- 
pion phase shift 
to do extensive num 
further approximati 
The 


exactly the form of 


nonimear equ 
by ts, and A repla 
constant of referer 


identical in the t 


7S. Weinberg, Pt 
*R. Omnes, Nu 
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different. The function L(2¢; v) is given, e.g., for T= 2, 


in the case of r decay by 


—{- 1 1 
> , 
rT v p= J ( et 
] 


v’+4hv+ 4e[(v—3)/(v+1) }! 


xX} In 


, 


v’+4v—}eL(v»—3)/(v+1) }! 
[4 B2(v’ to'(v’) +2 Boly’ lot (v’) 


and in the case of r—7 scattering by 


v—vo 1 f dy’ ( y’ ) 
mw veg v—v\v'+1 


‘ , , 1 
XK [4lo(v’ lot (v’) + Flo(v' tol (v’) J 


v +1 


19b) 


If L(p; v) were the same function of p and v as L(p; v) 
then the solutions of Eqs. (18) could be expressed in 
terms of pion-pion solutions as 

Be —4(r Axle, 
Bo= —4}(A/Az)lo. 


(20) 


We shall take these solutions as a basis for further 
analysis. With given —a phase shifts one may de- 
termine whether L(p; v) is indeed a good approximation 
to —2\,L(p; v) when the relations (20) are assumed. 
We have investigated this question using integrable 
phase shifts and the results are discussed in the 
Appe ndix. 

These are the solutions we would have obtained had 
we begun with a K meson of mass yp. That is, in our 
approximation when the r-decay amplitude is expressed 
in terms of the pion variables 5), s2, and s3 in the stand- 
ard way, the weight functions are independent of the r 
mass. 

There is a diagrammatic interpretation that inde- 
pendently suggests this result. Consider all diagrams of 
the general form of Fig. 2, where one pair of pion 
interacts locally. The contribution of this diagram is a 
function only of the variable s;= — (p+ p2)*. The sum 
of such diagrams is of the form of Eq. (6). We note that 
each such diagram depends only upon the center-of- 


mass energy of some one pair of pions, and not upon the 


T mass. 
Substituting (20) and the unitarity conditions (14 


decay diagram 
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into the subtracted representation (11) we find, in 


terms of s 4(y2-+ 1)y?, 


A (yo, 


} 
y’ =, 


, 


Ao(v’ )tot(v’) v ) 
v+1 


j 
) . (21) 


For physical r decay the 7, v2, vs are the three relative 


pion squared momenta in the final state, 


Vv) P2—ps\*/4, ve=|pi—ps|?/4, vs= | pi—p2|?/4. 

rhe pion-pion scattering equations may be used once 
more to express the integrals in (21) in terms of #—# 
phase shifts at the momenta »,, subtraction constants, 
and left-hand cut integrals. These left-hand cut contri- 
butions are real. We obtain, finally, 
—{(2r,)/r \A*( 94,02," 

th + Lo(v3)+ bf tolv1)+le(v2) | 

| To(v) + To(v2) } 
To(v,) + 2] o(v3) l, 


+ } to(v;) + lo(v2) J+ (7/6 
+20 J o(y, +Jo(v2) | Ai 


where 


_ 
vy +1 


\ similar expression for r’ decay follows from (17). 


6. NUMERICAL RESULTS 


Chew and Mandelstam® have numerically solved 
the S-wave dominant pion-pion equations. We have 
their for A, 0.1, +01, +0.3 in 
order to analyze our Eq. (22). The integrals, J (which 
been expanded to first order 
in vy and have been evaluated using Gauss’ three- 


used solutions 


are nonsingular) have 
point technique, the points being read directly off 
the curves of reference 5. To evaluate the /(v) terms 
a linear fit to the reference 5 was made 
|} coté(v). Then the /(v) 
expanded in 
powers of (v)', with terms to order v retained. The re- 
sulting x~ and #* energy spectra in r decay were calcu- 
lated and the results were compared with the spectra 
predicted on the basis of a constant matrix element. 


curves of 
for the quantities, [ » 


[(y+1 


(v+1 


v | exp. 16(v) | sinéd(v) were 





ER 


' 
! J 
75 @) 
decay as a function of energy 


rhe experimental points 
indi 


Fic. 3. The x distribution in r* 
th 


e Gin units ol 1¢ maximum F 


The 


energy ) 


are from reference 1 curves are theoretical curves for 


cated values of A, 


+ 


Defining the ratios of the wt, x spectra predicted 
from (22) to the density of states spectra as r,__(w), we 
plot the results for r_(w) for A, -0.1, +0.1, +0.3 in 
Fig. 3. The experimental points are taken from refer- 
ence 1. 

The two repulsive values of A,, 0.1 and 0.3, are seen 
to give a r_(w) which increases with energy through 
most of the range of w, in qualitative agreement with 
\,=0.3 is a better fit to the data. The 


scattering lengths for \,=0.3 are about a» 0.48u"", 


experiment. 


ay O.8u . 
The spectrum rat is plotted in Fig. 4 for 
A,=0.1 and \,=0.3. It decreases with increasing energy, 
also in agreement with experiment. 
The 0.1 


spectra sloping violently the wrong way. 


0, Tilw 


attractive value A, gives wm and rt 

The energy spectrum for the wt in 7’ decay has been 
calculated for \,=0.1 and A, 
(Fig. 5) with increasing 7* 
density of states prediction. This is qualitatively in 
accord with Weinberg’s pre diction’ ; however, the curva- 
ture of the plots for r(w) are not compatible 
Weinberg’s Unfortunate ly, there 
enough experimental points near the high-energy end of 
the w~ spectrum to check the markedly curved aspect of 


0.3 and shows a decrease 
energy, compared to the 


with 


analysis. are not 


our r(w) in that region. 

Weinberg’ has analyzed the effect of the AT=}4 rule 
in the r and 7’ decay energy spectra on the basis of a 
development of the matrix elements in a power series in 
the invariants. He takes the invariants essentially to be 
the individual pion kinetic energies. They can as well be 
taken as our three v’s, being the squares of the pion 
relative momenta. Weinberg takes the first two terms in 
an expansion of the matrix element in integral powers of 
pi’, p2*, ps’ and shows that they lead to a linear form for 
Our deviation 


r,_(w) (up to relativistic corrections). 


AND K 


from this linear form is he presence of terms in 


pe §s xpal 1. These terms arise 


A |? which cannot 
from the fact that (» ‘(pLi6(v) | sind(y) is 


oO 
l 


an even 


function of v! only insofar as it is real. There are imagi- 
nary terms of the form iv’ in an 
have several phases entering (22 


find terms of the form, e.z., 


expansion. Since we 
, when we form | A 

and expand for small v’s we 

vy P2— Ps| |Pi-—P 

This kind of term 1 

p?’, Pp; and this effect is seen to be 


not expansible in powers of p,’, 
omewhat im- 
portant one in our analysi 

It is probably true in genera at n 


trong interactions 


itrix elements 
leading to three-particle stat 
cannot be expande d in integral ywers of the invariants, 
Pa‘ ps. In this problem we may see 
making our approximation of neglecting the dependence 
the looking back to the Mandelstam 


representation (12). For n the physical region 


his property without 


upon mass by 


(as in rt decay) each ‘Trai ma ye EXpre ed as a sum 


of subtraction terms, al for r+r#— 
the 


from left-hand cut 


n+ at momentum, ntribution 


Sine mpuiit v have 
the pion pion pha f W sum of 
terms with various pion-pion pl me real 
terms. The threshold beh: 


invalidates Weinberg’s expat 


, 
aione 


7. CONCLUSION 


We have seen how Chew and ‘ na tam’ 5 
is for predicting 


wave- 
dominant equations may serv 
the pion energy spectra in 7 
assumption that final-state i 
for the shapes of these spectra 
have been derived for fur 
decay matrix element 


| It; } The ¥ 
points are tron 
indicated values of 
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Fic. 5. The #* energy distribution 
in 7’* decay 
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Under the rather drastic assumptions we have made 
in approximating the solution of the integral equations, 
it would seem that a repulsive S-wave force is required 
to explain the observed features of the r*+-decay spec- 
trum. Since we are using the Chew-Mandelstam ap 
proach to r decay we must take seriously the similar 
equations for r—- scattering. For this reason we may 
not take arbitrary phase shifts, but must take the ones 
from reference 5. Thus we cannot duplicate Thomas and 
Holladay’s result® for an attractive T= 2 force, because 
this is seen to imply an attractive T7=0 force of greater 
strength. 

From the original equations, without approximation, 
we have derived some results. We have shown that the 
implications of AT=4, 3 are identical to those of 
4T=}. This is in spite of the fact that the matrix 
clement deviates markedly from a constant. (A con 
stant matrix element picks out the 7=1 or T=3 final 
states and makes AT= } unobservable.) 

The qualitative explanation for this result is that one 
may imagine a matrix element in the absence of final 
state interactions which is a constant. AT=}$, § then 
implies a pure T=1 final state. The r—-# coupling i 
now turned on and may induce some momentum de 
pendence in the matrix element; but it preserves thi 
T = 1 nature of the final state. Unfortunately this means 
that the spectrum in r’ decay, like the branching ratio, 
cannot be a critical test for AT = 4. 

The other result of our equations which is independent 
of approximation is that the matrix element may not be 
expanded in integral powers of the invariants as is 
assumed in reference 7. 
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APPENDIX 


The integrals in (19a) and (19b) have been performed, 
using (20), for a particular /(v) corresponding to a 
scattering length approximation to the phase shift 
[omitting the relativistic factor (y+ 1)*] 

+) = a*/ (a*v+1). 


The results for 0<»<3 are 


—2(\,/A) L(y) 


1+-ar 


vol+r 
(vo)! In ), 


a+ar* vol +r* 


with 


— (v9)? In 


——) 
voi+1 


We have examined these results for values of a between 
0.2 and 1 in units of the pion Compton wavelength. In 
the region 1<»<3 there is in every case a 20% to 30% 
difference between — 2A,A~"L(v) and L(v). In the region 
0<yv<1 the discrepancy is much larger and depends on 
the value of a. We conclude that the approximation 
leading to (20), while crude, does not neglect altogether 
the contributions from L(y). 
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| that the r-baryon interactions are universal and the 
neces between baryons. If further all baryon spins ; 


mass differer an be neglected, and the 


preset! 


! 
correct, then to all orders in the r-baryon coupling 


ling constants, one can obtain the essential feature 


the A-coupling constants that yield this mass spectrun 


l. INTRODUCTION actions is known 
: ts O % un [ u! I i | I th 1 one 
NEV ERAL attempt , have been made to deduce Con tan is to . mae _ 
faces the interesting juest ny iryons with 
different strangeness have mi teraction with K 


mesons but a different ue of the cou] onstant 


experimentally verifiable consequences from strong 
meson-baryon interaction under as umptions stronger 


than charge independence. Notable among these as- . 
sumptions is the universal w-baryon interactions in, In se —— —s i-mass of the baryon 
which one assume that in the absence of all strong K IS obtained In = 4 re ul i mong | baryon 
couplings the baryons are completely ma ; degenerate masses is obtained on the | I general arg iments. 
and then arrives at asymmetries between the A inter In Sec. 4, & compret © OF Neri S 
actions to account the mass difference among the introduced into the a , ; “ , —— and 
(isotopic spin) multiplets. There is no understanding of the one-baryon intermediate sta nd the state with 
masses of elementary particles within the framework 


one baryon plus a baryon pair are taken into account 
: - , stimating th baryon coupling ta inally 
ol present fie ld theori Che differences of masses, how a nan ay K - : ys 
, . . the result 1s uss 
ever, may be explainable on the basis of known inter oS Teor Se 
actions with reasonable assumptions. 7 
B 2. METHOD 
We assume all strong interactions are charge inde- 


pendent (formally invariant under rotation of isotopic The interaction Hamilto1 


spin) and neglect electromagnetic interactions so that mesons is the doublet represent 


masses within the baryon multiplets are identical Pais’ in which J/=} 


1 


Ne xt, let the T baryon interactions have universal to K, and K 
(global symmetry so that they do not contribute to 
the differences between baryon masses All possible 
self-mass corrections from the mw-baryon interactions 
give rise to ; generate baryon mass my. The mass 
differences among the baryon multiplets may only aris¢ 
from the virtual emission and reabsorption of various 
numbers of A mesons with their various corrections. where 
lhe mass relation that the sum of masses of .V and = 
is equal to that of A and Eq. (16) | is now derived to 


all orders in the coupling and to second order in K 


Vi 


coupling. This analysis provides the formalism for the 


estimation of the couplin 
Since one pres ibly cannot rely on a perturbation 


constant 


o 


calculation of th Interactions, no attempt was made 


to «¢ xplain the details of the mass splitting not even , 
4 : : - and the symbol of 
the (X,A) mass d mn Such details presumably : ’ 
—_ : ” : ‘ - that destroys it 
cannot be explainable until a reliable method of esti- ven . , 
rs : ; The assumptions underly 
mating the higher order corrections of A-barvon inter- : 
: that all strong intera 
the auspices of the | be) x interactions be 
erg ‘ 
. ae baryon spectrun 
M. Gell-Mant *hys. Rev. 106, 1296 (1957 a I 
Schwinger, Phys. Rev. 104, 1164 (1956); Ann. Physik 2,407 correct, the baryor 
he (,A) parity is e1 
1958 . = 
‘ wr Phys. 3.446 an be neglected 


calculation with 
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whose coupling constants are large compared to (say 
the electromagnetic interactions, we cannot expect to 


explain the (2,A) 


mass difference which is the smallesi 
baryon mass difference. 

In Eq. (1), the 1, m1’, n11, and ni’ stand for 1 or iys5 
If the (K°,K*) parity is even we have n1=91', n11= 11, 
and 1=I1(iys) corresponds to even (odd) parity of 

V,,A,A). Further, if the (ZV) parity is even, then 
Ni MN11; and it it is odd, then n= 1, NII ty; OF n1= 17s, 
niu= 1. If (K°K*) parity is odd, we have ini’ys= 1 and 
int1¥s=miu1. These factors » are suppressed in the 
following. 

If the (K°,K*) parity is odd, then there is an addi- 
tional possible strong interaction of the type AAxr 
whose coupling constant is presumably very small.® 
Neither this interaction nor other possible +A inter 
actions are considered here. 

It should be mentioned as a danger signal that Hx 
given by Eq. (2) with n;=91', n11= 11’ is incompatible 
with associated-production experiments.’ 

The total Hamiltonian of our system of interacting 
baryons, # mesons and K mesons is given as 


H Hy wt+Hoxt+Hr, (4) 


where Hy, is the Hamiltonian of the interacting baryons 
and z-meson field including counter terms for mass 
renormalization and four-meson divergence, Hox is the 
free Hamiltonian for the K-meson field, and Hx is the 
Hamiltonian for the K-baryon interactions given by 
Eq. (2). Equation (1) is a part of Hy,. 

An arbitrary Schrédinger operator is transformed as‘ 


expli(Hy.4 Hox l jO expl- i(Hy, T Hox)t |, (5) 


Ol 


1. Inserting the K-meson 
field K and its current operator jx (which is a bilinear 
product of baryon field operators) into O of Eq. (5 
one finds that the A(¢) is the bare operator and jx 

the dressed operator by the m-baryon interactions. 


where we have taken h=c 


In this interaction picture, the Sx operator is given as 


(—1)” 


fax dx, (1 Kx(x;)--- Hr =) 


n. 


the the chronological! 
P product of the parenthesis. The initial and final states 
of the Sx matrix are eigenstates of the 


Hy t+ Hor, i.e., 
(Hy,4 H K n 


where subscript+ designates 


Hamiltonian 


E,|n), 7 


so m) can be represented as the product of the eigen- 
states of the free K-meson Hamiltonian Hox and those 
of the Hamiltonian Hy, which includes the x-baryon 
interactions. In the following expressions the K-meson 
state is suppressed since it can be factored out. 
\. Pais, Phys. Rev. 112, 624 (1958). 
* An analogous situation has been discussed in S. Sunakawa anc 
K. Tanaka, Phys. Rev. 115, 754 (1959). The main steps are ir 
cluded here for the sake of completeness 
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To the second order in the A-coupling constants, the 
mass shift of the baryon is due to the virtual emission 
and reabsorption of a K meson by the (physical) baryon. 
In the rest system of the baryon, the S matrix is given 


by the « xpression 


mae 
Sk (n fas fava v)Hx(y)), ") 
;)2 
0 fex[avdiecite, 0), (8) 


where n;) is an eigenstate ol Eq. (7 
n, and no K The 


member of the baryon multiplet 7 


with one baryon 


mesons.’ letter m, represents any 
for example, proton 
or neutron for i=1). The baryons m, m2, m3, and mg, 
have the degenerate baryon mass mo which is already 
modified by the self-mass arising from m interactions 
his is exactly what would have been obtained from 
a term of the form* \ in the interaction Hamil- 


bm.N.N 
tonian Hx Xi | 


cording to Eq 6), 
tim] (m fo N(x) Nix n) 
(0 far8conn 0] 


have,®'® after sub- 


we thus get a term 


Eq. (8 


which eliminates o that we 


tituting Eq. (2) into Eq. (8) and changing variables 


to 2=2z%—Yy, 


Om au, 


+ 2F 2(N, 


+2Fi2(N NIN NAN NNN) ]\n). (9) 


rhe expression (9) for the self-mass can be represented 
graphically by Fig. 1. 


0! S¢ 0). The 
yperator with respect to the vacuum 
0 Sx \0) giv the second term on the right-hand side of 
Eq. (8). We shall suppress this term as it will not affect our argu 
in any way, but will restore it at the appropriate place later 
* This is based on the fact that Sx is a constant when the 
I with the x meson cloud) in the initial 
scripts 7 are not to be summed 
rhe cross terms_(whose coefficient is FiF 1) are of the type 
n, NiNa n)(n N.Nz n,) after introducing a complete set of 
As can be seen from Sec. 3, all such terms vanish 
For the proton and neutron self-masses a related expression 
Wick, Proceedings of the Seventh 
m High-Energy Nuclear Physics, 1957 


New York, 1957), p. 1-34; R. A 


The Sx matrix 
expectation value 


element is defined by (p| Sx p 
of the Sx « 


es rise to 


S a tree partic 


i final states. The sul 


has been obtained in G. ( 
innual Rochester Conference 
Publishers, Inc 


to be pub ished 


Ir terscience 


orensen 
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Fic. 1 


baryons 


Baryon self-mass diagram. The solid line represents 
rhe dotted line represents K mesons and the wavy lines 
represent » mesons. The shaded area represents all possible correc 
tions arising from virtua! mesons and baryon pairs 


Since the mass difference between ¢ harged and neutral 
K mesons is neglected, the T products of all the K 
mesons are identical so that the subscript may be 
dropped and these products factored out. The argu- 
ments of the baryon held operators in all terms in the 
bracket on the right-hand side of Eq. (9) have been 
suppressed because it is obvious that the argument 


c and that 


of the first two field operators is of the last 


two is the null vector 


For further discu 


1 
—1 facrec@x’ 0))>o 
) 


sion, we set 


(NiNo,n,). (10) 


a similar ex- 
self-masses are expre ssible as 


The remaining terms are defined by 


pre sion Then, the 


bm, 


2F 17{ (NiNo,n 


ViN3,ni)) 


Va Non + (NGN3,n,)}. 11 


The subscripts 7 designate the particles: i=1 

a 2.3 0 2. & 4to =. 

Equation (11) is our basic expression from which a 
| 


relation among the 


corre- 
sponds to A and 1 
self-masses will be obtained. It is 
noted again that all baryons that appear in the brackets 
have the same degenerate baryon mass mp and are dis- 


tinguished by their strangeness quantum number. The 
brackets will be called the 


letter 


inh the 


ind the las 


first two letters wit 


first argument the second argument 
The brackets are symme tric with re spect to the sub- 
scripts within the 


first 


argument so that, for instance, 
V Non 
(NaNon 


Vi None), 


(VagNo.ng). (12) 


3. SELF-MASS RELATION 
11). 
The 


first kind is that in which the subs« ript of the second 


The self-masses of the baryons are given by Eq. 
There are two kinds of brackets that appear here. 


argument of the bracket is identical te one subscript of 
the first argument such as (.V;.Vo,n,). The second kind 
is that in which the subscript of the second argument is 


different from the subscripts of the first argument suct 
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and } sna she Ww 


as (N4No,n) that 
brackets of the la 

In order to examine t 5,22) further, 
baryon field 
10). al cas > () as the 


can he nan Imlial al 1 


we need to consider the 
operators of Eq 
case 2 <0 introduce 


a complete set sta i th amiitor ) Ve 


13 


Because of intermediate 


states n consist of 


conservation of bary Lie 
states ne baryon, one baryon 
plus an arbitrary numbe 
antibaryon pairs 

The state 
clothed by the z-baryon interactior en a 


and baryon- 


vectors operators are 
7? meson 
kind of 


do« T n¢g Lhe 


interacts with baryon 
baryon as can be seen from Eq o that the baryon- 
antibaryon pairs have no net 
This 
possible state of the first tert 
of Eq. (13) should | 
N,N; increases § by one 
that the state 


ld 
sponding to m4) plus x me 


means that the bar 
ive trar 
shou OnsIst ¢ i icle (corre- 
pairs 30 as to 
conserve charge and strange 
After separating out the interaction 
Eq. (1) with its counter 
and baryons from Hy,, ‘ 
of the first factor of the 


Han 


between the T 


itonian 
mesons 


matrix elements’ 


14 


where 5S is the scattering operator baryon inter- 


| 


actions and designat ind dots desig- 


nate and baryon 
pairs. Since the S operato nge one kind of 
a Tae 


baryon into another kind, a ( natrix « 


an arbitrary numl 


iements as 
well as those of the 
that (V,\ 
the brackets of the 
and from Eq 

are given as 


13) inish SO 
Nn () } 


fi 


2F 


bm 
‘ z 
6me2= 2F | 


2F/* 


2F 11 


bm; 


bm, 


from which it follows tha 


The physical 


“di 
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which immediately yields the observable baryon mass 
relation" 


m+ m= Mot m3. (16) 


If the nucleon mass is taken as unity and the center 
of gravity of the masses of the A and 2’s is taken for mo, 
the experimental result is 


m,=1, mo=m3=1.248, and m,=1.408, 


so that Eq. (16) is valid to 4%. 

Equation (16) is correct for even (2,A) and (K°,K*) 
parities and is independent of the (Z,N) parity. 
Although we have taken direct type interactions of K 
mesons and baryons in Eq. (2), Equation (16) is also 
valid when derivative type interactions are taken. This is 
a powerful result because the essential feature of the 
spectrum of baryon masses is reproducible to all orders 
in the x-baryon coupling constant and to the second 
order in the K-baryon coupling constant, once it is 
assumed that the (2,A) and (K°,A*) parities are even. 
Relations similar to Eq. (16) have been discussed 
before under more special conditions such as to the 
second order in the K-baryon coupling constants and 
explicitly in the zeroth’ or second order” in the #-baryon 
coupling constant. 

Let us consider in the remainder of the paper that 
the (K°,K+) parity is even. Then the Hamiltonians 
Hy,, Hox, and Hx are invariant under the following 
combined interchanges’: 


N.:— N;, K+— K®, —K°— R+. (17) 


The T product of the K-meson field operators in 
Eq. (10) is invariant under the interchanges (17). The 
remaining part of Eq. (10) does not depend on the 
K-meson field operators so that we need to be concerned 
only with the interchanges between the baryon field 
operators. 

Let U be the unitary transformation which generates 
the interchanges (17). Since this commutes with the 
Hamiltonian Hy, that defines the states |m), it leaves 
the vacuum state invariant and generates interchanges 
in the one-particle states and field operators so that, 
for instance, inserting )Ut=1 in Eq. (10) leads to 


(NV iNo,n2) 


Z\ T(K Zz \K'(0)) o( Me UU(NN NN, 
+NiN.NN;)UUt No 


2(T(K (2z)K'(0)))o 


Kin T N, V,N, V,+N.NWN3) M3) 


=(N,iNo,n3). (18) 


The equality m2.=m:, which has been assumed, imposes the 
restriction that the (Ko,K ,) parity should be even 


” H. Katsumori, Progr. Theoret. Phys. (Kyoto) 19, 342 
20, 578 (1958 


(1958)- 
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From Eq. (15) and rules given in Eq. (18), we finally 
obtain 
4F 7A, 
2F°A+2F17B, 
b6m,=4F 7B, 


bm) 
bm.= bm; (19) 
where 


A=(NiNa,m;) and B=(N,4N2o,m:). 


Equation (19) leads to m,+-m,=2m, but we have not 
said anything about the relative magnitudes of m, and 
m,. This point will be discussed in the next section. We 
have explicitly obtained the relation (19) that can 
also be found in a perturbation theory of the # inter- 
actions in order to provide the formalism for further 
analysis. 


4. ESTIMATE OF K-BARYON COUPLING CONSTANT 


The expression 4F°A that appears in the self-mass 
relations (19) can be written with the aid of Eq. (10), 
after the second term of Eq. (8) is restored, as 


4F?°A= ~i f aec7eK z)K'(0)))o 


x | my|\ (jx (2) j«'(O)), | m4) 


(QO jx(z)7x'(0) 0) |, (20) 


where the baryon current is 
ix(z)=V2F Wi (2)nN2(z) ; 


The remaining term again vanishes for the reasons 
given in Sec. 3. The baryon current is clothed by the 
x-baryon interactions. The matrix elements of Eq. (20) 
are unknown so that again a sum over a complete set 
of states nm) of the Hamiltonian Hy, is introduced on 
the right-hand side of Eq. (20), and the 7’ product of the 
K-meson field operators is replaced by 


(T(K (2)K'(0)))o=4De(2); 


Dn 


4F°A ~if dzDp(z) > [ (my! jx(2)| n)(m! jx'(O)| m4) 


—(O) jx (z)| )(n)\ 7n*(0) 0) }. (21) 


A factor of 2 has been inserted on the right-hand side 
of Eq. (21) because of restricting the integral to the 
region 2o>0 since it can be proved that the contribution 
from the region zo>0 is idnetical to that from 29<0. 

In order to make some estimate, it is advantageous 
to treat the one-baryon intermediate state on an equal 
footing with the intermediate state with one baryon 
plus a baryon-antibaryon pair because a part of the 
latter gives rise to the contribution corresponding to the 
negative-energy state of the intermediate nucleon in 
perturbation theory. The one-baryon approximation 
would amount to retaining only the first diagram on the 
right-hand side of Fig. 1. 
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The one baryon tate and the state of one baryon 
plu a baryon antiba yon pair are taken from the first 
), and the 


term ol Eq 21 tate of a baryon antibaryon 


pair is taken from the second term. The one-baryon 


intermediate state is characterized by the momentum 
iq, (q?-+m 
being suppressed. It i 


of A-baryon interaction 


variable the other internal variables 


a phy ical state in the absence 
Let m, be a proton'® whose momentum variable is 
p(p=0, my). It follow 


and strangeness 


from the conservation of charge 
the fact that 
number by 


IK increases the 
that the 
hype ron state. The 


and 


strangeness quantum one unit) 


s 


intermediate baryon state is a =* 


further analysis may be carried out in a way analogous 


} 


to that in reference 6 so that it will not be repeated here. 


The result is 


Pq\ jxt(0){0 


Lp, 


i 
! 


1 side of Kq 22 


1 interaction that ppe 


V2 itil p)niu(g 


x GL (p—q)? |e 


form factor G is normalized such that 


G(—4p and is dependent on a three-dimensional 


moment anstfer. The matrix elements in the second 


term ! ight-hand ide of 22 can be 


writte 


0) 7K 


=p,Pq 
24 


The fa 
operator and 7; 
KA 

The 
tion D; 


tor A u¥utm Is 
depending on whether the 


a proje ( tion 


parity 
and the rela 


leads to 


23) and (24 


») 


substituti 


2iD 


into Eq 


xX {a p mA, 


+aa(p)mA, (25) 


nu 


Carrying out the integra as in reference 


the only 
with a 
spl 


vhic h cans 
nediate state 


Dir isotopic 


FANAKA 


6 and taking m 


whe re I 
and lower 


ind "1 


the mass 


signs o! Eq LY5, 


respectively 


It is appropriate to not ne ition between Eq. (26 
| 


and the more familia order irbation result 


pert 


without a cutoff fa : latter result is denoted 
by A’. The self-ma 


is by virtue of 
a virtual emis i 


given to the second order by 


ion ant meson 1S 


Integration of Eq 
ment, gives 


br ws 


Comparison of Eq 


ler perturbation 
itoff which 


present result imilar tot vest ore 
result but that it 
interaction 


is a manifestatior 


modifying the vertex oper and baryons. 
Equation (26) is essentially a consequ f retaining 
the 
baryon plus a baryon-antibaryor 


i ide of Eq. (26 


state with one barvor with one 


Che first term 
the contribution 
and 
negative- 

this 
s] ould be 


on the right-hand 


from the intermediate positiv nergy barvon state 
the 


encrgy 


second gives that from tl itermediate 


‘ 


baryor sti 1} I s between 
method and tl 
noted here. Si } i 

different ways by adding tl me term to both the 
first and second 1 si 
tributions from the 


in many 


con- 
with 
positive and negati nerg ire not uniqt Further, 
in perturba- 


tha ome rbitrary itoff must be 


the self-mass is los 
tion theory sO 
The 


‘ 


so far as lowest order ] tul tion theory Is co 


employed present difficulties 


erned 


However, an infinite number of other tern o order 


The 
result with ; 


J,in I 
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F?/4r have been left out, notable among them the 
state with one baryon and one meson. The consequent 
error is very difficult to estimate. 

Returning to Eq. (26), we have no information about 
the form factor G. For the sake of illustration, let us 


take a Yukawa model: 
G A’ (A?+ q’), 


a rms radius a?=6/A?= (0.56610 and 
let us evaluate Eq (26) in steps of 0.2 from k=0 to 2 
2 to 10 by use of Simpson’s 


with Pom’; 
and in steps of 2 from k 
rule. 

he first form factor that appears on the right-hand 
side of Eq. (26) depends on a space-like momentum so 
that it is in the experimental region, whereas the 
second form factor depends on a time-like momentum 
For the 
latter we assume a form factor that agrees with the 


so that it is in the nonexperimental region 


former in the experimental region. In the evaluation of 
Eq. (26), 
form factor® does 


the previously mentioned singularity in the 
not occur for the rms radius given 
above. 

The numerical result of 494A is 474A, 0.078 for 
ni=1 and 49rA 0.0064 for n1=iys5. If the (Z,\ 
parity is even, then we have B,= A, By= A 
it follows that 


from which 
according to Eq. (19), 


) 


5m2— 6m, = mMo— my 2(F ?/4e— FP ). 


r)4rA=0.2 


so that 
Ff? tyr - Fy tar J, 1 
15.6, ni=17s. 


=,.\) parity is odd, then we have A= A,, 


Ao, B A. so that 
12.2F/° ty -F yr 4dr 15.6, 


F ?/4e—12.2F 1;7/49= 15.6. 30 


In addition, if Fy Fy? Fr then EF dor 
m,> my, for the upper case of Eq. (30). 


1.4 satisfies 
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feature of the 


m(=)+m(\ 


the essential 
namely 


We have 


spectrum of 


that 
baryon 


shown 


masses, 
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2m(=), can be explained on the basis of universal 


interactions, reasonable spin assignments to the par- 
and even (2,A) and (A°,A*) parities with asym- 
K interactions to account for the 
result is correct to all orders in 


ticles, 
metries between the 
large mass splits. The 
the #-baryon coupling constant but only to the second 
order in the A-baryon coupling constants. 

The crude estimate of the A-baryon coupling con- 
stants, Eqs. (29) and (30), shows that if the (Z,N) and 
K°,K*) parities are even and if the (K,A) parity is 
even, then the (.V,.V2A) coupling constant should be 
F?/4r>1.3 and if it is odd F/4r> 15.6 to reproduce 
the observable mass differences between baryons. These 
values of the coupling constants depend on the assumed 
K-meson form factor so that they should be regarded 
only as an illustration. 

So far we have assumed the universality of the # 
interactions without any valid reason. There is also a 
possibility that the A interactions are universal and 
the x interactions are asymmetric so as to be able to 
account for the baryon mass splits.'® For this case also 
one can readily see that carrying out a calculation 
similar to that previously discussed (to all orders in the 
K-coupling constant and second order in the r-coupling 
lead to the 
the basis of inequalities of the coupling constants 
assume that the parities of (Z,A) 

This i 


case of universal x interactions in which the mass spec- 


constants) would baryon mass splits on 


because one must 


and (ZN) are even to be contrasted with the 
trum can be explained on the basis of inequalities of 
the coupling constants or relative parities or both. 

In the event that neither the unive rsality of w inter- 
actions nor that of A 


would be very difficult for present field theories to make 


interactions is valid, then it 


any reliable statements about baryon mass differences 
if the are a manifestation of the break- 
down of symmetries of the strong interactions. 


mass differences 
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